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Summary

Topological phases are states of matter characterized not by symmetry-breaking order

parameters, but by topological numbers whose values remain invariant under smooth

changes of the system parameters such as sample thickness and gate voltage. This

robustness establishes topological matter as a candidate for next-generation devices

such as low-dissipation spintronics components and far-infrared optical modulators.

In this thesis, we study the quantum transport of various topological states. We first

considered the Hofstadter model driven by a periodic field. Upon applying the Floquet

sum rule, robust quantized conductance plateaus as large as 8e2/h were found, and

algorithms for the calculations of the local current and density of states were proposed.

We then extended the method to tackle superconductivity to investigate the transport in

several Floquet quantum anomalous Hall-topological superconductor heterostructures.

Distinctive higher half-integer conductance plateaus were identified as signatures for the

scattering between multiple chiral Majorana and Dirac modes. Next, we studied how

topological phases as diverse as Weyl semimetals and second-order Chern insulators may

arise from gapping a nodal loop semimetal. The corresponding transport signatures were

also discussed. Lastly, motivated by the nonlinear response of graphene, we explored

the possibility of high harmonic generation with nodal network semimetals, by means

of the semiclassical Boltzmann equation.

v
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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

Topology is the study of global properties that are insensitive to continuous defor-

mation. If we have a Play-Doh of a coffee mug with a handle, we can remold it into

a donut without having to tear the clay apart. Indeed, the genus, or the number of

holes, of both objects is one. Hence, any two objects can be smoothly reshaped into one

another so long as this number, a topological invariant, remains the same. From a sheet

of graphene [1] to equatorial waves [2], the notion of topology is pervasive in nature.

While its history traces back to defects in superfluid 3He [3] and the Hall conductance in

two-dimensional electron gas [4], topology has arguably been brought into the limelight

of condensed matter physics following the advent of topological insulators (TI) [5, 6].

A striking consequence accompanying TIs is the existence of boundary modes

guaranteed by topology. To get from a donut to a baguette, the dough will first have to

be ripped apart. In this analogy, the donut represents a TI, the baguette corresponds

to the vacuum, and the ripped dough the boundary modes separating these two breads.

Often it is these boundary modes that are probed in experiments demonstrating

nontrivial topologies of matter. Notable examples include tunneling spectroscopy [7]

which probes the local density of states (LDOS), as well as multiterminal resistance

measurements [8] which asserts the nonlocal transport properties of edge modes in
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quantum spin Hall insulators. Be it to design innovative devices or to demonstrate

the bulk-edge correspondence, quantum transport is a key to decipher the intriguing

properties of topological matter.

This thesis aims at investigating the transport of various topological phases. To

that end, methods to study the transport of periodically driven systems are elaborated

and extended to deal with heterostructures and superconductors. This allowed the

identification of distinctive transport signatures of multiple Floquet topological edge

modes. Insights on transport in heterostructures under periodic driving are also

presented. For static models, an approach to generate different topological phases

from a nodal loop semimetal is introduced, and the resulting transport signatures are

examined. Lastly, the technological potential of topological metals with intricate linked

and chained band-crossings are explored in connection to high harmonic generation.

In this chapter, we give an overview of the plethora of topological phases that has

arguably spun off from the initial studies of TIs. Insulators bearing nontrivial topologies

are first reviewed in Section 1.1.1, followed by the gapless states in Section 1.1.2 and the

superconducting analogs in Section 1.1.3. The recurring theme of Floquet topological

matter in this thesis is surveyed in Section 1.1.4, and the section on topological phases

will be concluded by remarks on long-range entangled topological order in Section 1.1.5.

As for transport, the semiclassical Boltzmann theory is discussed in Section 1.2.1. After

a brief excursion into the Landauer-Büttiker formalism in Section 1.2.2, we present the

non-equilibrium Green’s function method in Section 1.2.3. Lastly, a synopsis of the

thesis, presenting the motivations underlying each chapter, is given in Section 1.3.
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1.1 Topological phases

1.1.1 Insulator

Preceding topological insulators is the quantum spin Hall (QSH) insulator, proposed

by Kane and Mele [1] as a new state of matter that could arise in graphene and is topo-

logically distinct from spin Hall insulators such as strained HgTe [9]. Specifically, Kane

and Mele showed that the intrinsic spin-orbit interaction in a multivalley bandstructure

yields two independent copies of the Haldane model for quantum anomalous Hall (QAH)

insulators [10] with opposite TKNN invariants, which as a whole restore the time

reversal symmetry (TRS) of the system. Shortly after, a Z2 topological invariant based

on a Pfaffian constructed from the time reversal operator and the Bloch wavefunctions

was proposed [11]. Considering the presence of inversion symmetry on top of TRS,

Fu and Kane [12] gave a simpler expression for the Z2 index based on the parity of

occupied bands at time-reversal invariant momenta (TRIM). The Fu-Kane invariant

has become a practical tool for physicists to diagnose the topology of materials, even in

apparently metallic systems such as the superconductor β-Bi2Pd [13].

Apart from famously affirming the claim that all mathematics will find use in

nature1, topological insulator also owes its prominence to the dissipationless transport

of its edge states. At the heart of such robust conduction channel lies the symmetry

protecting the topology. For example, the propagation of QSH edge states will not be

perturbed by weak interactions and disorder respecting TRS. This is because in presence

of TRS, spin2-flipping transition cannot take place, and since the QSH edge states are
1“There is no branch of mathematics, however abstract, which may not some day be applied to

phenomena of the real world.”–Nikolai Ivanovich Lobachevsky, quoted in Mathematical Maxims and
Minims (Raleigh N C 1988).

2Or pseudospin in the case of inversion symmetry breaking Rashba spin-orbit coupling in two-
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spin-momentum locked, a spin-up, forward moving state will not be backscattered. The

technological potential of such topologically protected transport amassed considerable

funding. More than a decade after QSH was first realized [14], significant efforts continue

to be dedicated to ameliorating its various aspects, such as the gap size and stability,

in both monolayer materials such as bismuthene [7] and WTe2 [15], as well as in the

layered mineral jacutingaite [16]. The recent demonstration [17] of electric-field-induced

toggling off of the topological edge states in ultrathin Na3Bi via scanning electron

microscope tip further marked an important milestone on the route towards topological

field effect transistors.

In a laboratory, strong magnetic field can yield quantum Hall insulators with large

Chern numbers, whose model Hamiltonian are studied in conjunction with a periodic

driving field in Chapter 2. The insensitivity to microscopic details of the Hall resistance

is of great interests for metrology [18], but its requirement of large magnetic fields is

prohibitive for device applications. Historically, it was long known that ferromagnets

can replace magnetic field to realize the anomalous Hall effect (AHE) [19]. Decades

after Haldane’s visionary work [10], interests on the quantized version of the AHE

proliferated [20–22] with the advent of TIs. After the quantum anomalous Hall insulator

(QAHI) was experimentally realized by magnetically doping TIs [23], the large Chern

number proposals by structural distortion [24] and tuning sample thickness [25] soon

followed. Interestingly, QAH state with Chern number larger than one was simulated in

photonic crystals [26] as early as 2015 but only in 2018 does it find solid-state realizations

in epitaxial (Bi,Sb)2Te3-CdSe magnetic TI-normal insulator superlattices [27] and more

recently in the intrinsic magnetic TI MnBi2Te4 [28]. While the translation to marketable

devices remains in its infancy, the emergence of QAH phase in multilayer graphene-
dimensional materials.
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hexagonal boron nitride (hBN) moiré superlattices [29, 30] will surely fuel the already

vigorous interests on this mother state of all topological insulators [31].

In 2011, Fu introduced the notion of topological crystalline insulator (TCI), in

which one can dispense with spin-orbit coupling and still distinguish two topologically

distinct classes of insulators, thanks to the discrete rotational symmetry in conjunction

with TRS [32]. Soon afterwards, the rocksalt-structured SnTe was predicted [33] and

verified [34] to be a TCI. The interplay between crystal symmetry and topology proves

to have lasting impacts on the study of topological matter. An example can be given

in the context of higher-order topology3. Shortly after this concept was proposed [35],

elementary bismuth was shown to be a second-order TI [36]. Apparently contradicting

the trivial Fu-Kane invariant ν = 1, it was found that the trigonal symmetry of bismuth

allows the topological index to be written as4 ν = ν(π)ν(π/3), and that the second-order

topology can be attributed to ν(π) = ν(π/3) = −1.

As mentioned, an attractive feature of topological edge modes is their robustness

against disorder and interactions, which under ordinary circumstances are detrimental

to device performances. In this sense, interesting counterexamples were given, where

electron-electron [37] and electron-phonon [38] interactions were found to contribute

positively to the trivial-to-topological phase transition. The finding of the so-called

topological Anderson insulator is somewhat more serendipitous. While investigating

the robustness against disorder of the Bernevig-Hughes-Zhang (BHZ) [39] model for the

quantum spin Hall insulator (QSHI), Li et al [40] numerically discovered that disorder
3If one characterizes the band topology by the presence or absence of topological surface states,

then an n-th order topology in d dimension means that the topological surface states exist on the
n− d-dimensional surfaces of the system. In Chapter 3, an alternative perspective was proposed for a
three-dimensional second-order Chern insulator, where it is considered as a descendant state from a
nodal loop semimetal having a special gap

4Here, ν(π) and ν(π/3) are the parity of occupied eigenstates with Ĉ3 eigenvalues −1 and eiπ/3

respectively, whereas Ĉ3 is the threefold rotation operator.
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can induce helical edge states with quantized conductance, even when the pristine

sample is a trivial insulator. Groth et al [41] later analyzed the same model using an

effective medium theory, where the effect of single-particle random disorder is embedded

into a self-energy. They found that the self energy can conspire with the quadratic

momentum dispersion in the BHZ model to induce band inversion, before Anderson

transition occurs. This state was later realized in photonic crystals [42] and ultracold

quantum gases [43].

1.1.2 Metal

That condensed matter systems admit eerily similar mathematical descriptions as

certain high-energy physics phenomena is not a foreign concept [44, 45], but topological

phases elevated this notion to newspaper columns [46, 47]. Often, such widespread

attention can be accredited to the gapless states, be it on the boundary for insulators

or in the bulk for metals. For instance, it was graphene [48, 49], a two-dimensional

semimetal, that unlocked the door to (2+1)D relativistic physics which was once only

of academic interests. Even though the spin-orbit gap in graphene is of the order of

10−3 meV [50] and therefore too small for the QSH effect, topology may still be considered

as buried within it. This is because barring spin degeneracy, each fourfold degenerate

Dirac point becomes twofold degenerate Weyl point with ±π Berry phases [51] and the

two Weyl points behave like a monopole-antimonopole pair.

The observation above invoked the notion of Weyl semimetal, first popularized

by Wan et al [52] when they studied the interplay between correlation and spin-orbit

coupling in pyrochlore iridates using first-principle calculations. An antiferromagnetic

ground state breaking TRS and harboring 24 twofold-degenerate band-crossing points

was identified. At a time when interests on topological insulators expanded at a feverish
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rate, Wan et al realized the significance of the gapless states they found: In three

dimensions, when spin degeneracy is lifted, the conduction and valence bands can touch

without the need of symmetry, because it is generally possible to look for points k0 in a

3D BZ that can satisfy di(k0) = 0 for i = 1, 2, 3, where d(k) ·σ describes the low-energy

Hamiltonian near any such possible k0, and σ are the three Pauli matrices describing

the conduction and valence bands. Such band-crossings are called Weyl points. They

act as sources or sinks of Berry curvature Ω, whose topological origins are evidenced by

the quantized surface integrals of Ω over a small sphere surrounding them, also known

as the chirality or topological charge of Weyl nodes.

Equally compelling is the surface states of a Weyl semimetal. Consider a minimal

Weyl semimetal with two Weyl points separated along the kz direction, located at the

Fermi energy. One may interpret the system as kz-parameterized Chern insulators,

whose mass gaps are a function of kz. Then the Weyl points may be understood as

topological phase transition points, partitioning the BZ into two regions, one in which

the slices of insulators have zero Chern number, and the other non-zero. Under open

boundary conditions (OBC), e.g. with (x, ky, kz), the surface at x = 0 will then exhibit

a so-called Fermi arc, which arises from the chiral edge states of the Chern insulator

slices pinned at the Fermi energy. Unlike ordinary 3D metals, Fermi arcs are not closed

Fermi surfaces, but emanate and terminate at the two Weyl points projected on the

surface BZ. In presence of a strong magnetic field, the bulk chiral Landau levels in a

Weyl semimetal thin slab connect the open Fermi arcs on both surfaces, constituting a

“Weyl orbit” which yields thickness-dependent quantum oscillations [53] and enables

IQHE in 3D [54].

Incidentally, the aforementioned transport evidences were found not in a Weyl but

a Dirac semimetal Cd3As2 [55, 56]. The simplest occurrence of the Dirac semimetal
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phase is at the critical point between a TI and a trivial insulator. Alternatively, as

alluded to previously, a Dirac semimetal may be understood as two copies of Weyl

semimetals with, e.g. opposite spins stacked together. Dirac semimetals from such

simple constructions either require fine-tuning of parameters, or are unstable against

SOC. Evidently, the Dirac semimetals that are experimentally realized belong to a more

robust category. For example, the Dirac points in Cd3As2 are enforced by band inversion

and protected by fourfold rotational symmetry [57]. A myriad of semimetal phases were

subsequently predicted and verified, spurring considerable interests because of their

violations of Lorentz symmetry which are only possible in condensed-matter but not

high-energy physics. These include the type-II Weyl fermion in MoTe2 (where electron

and hole pockets coexist with Weyl points due to a tilting term) [58], three-component

fermion in MoP (where two degenerate bands cross with a single nondegenerate band

due to band inversion, protected by threefold rotational and mirror symmetries) [59],

multifold fermion in AlPt (where the effective Hamiltonian near the symmetry-protected

crossings, h(k) = k · S, has spin-1 or spin-3
2 generalizations for the spin operator S,

due to structural chirality) [60].

Another intriguing possibility with topological semimetal is where the band-crossings

form not zero-dimensional points, but higher-dimensional objects such as 1D line

(loops) [61] or 2D surfaces [62]. Fang et al [63] elaborated on the simplest nodal loop

semimetal, h(k) = (m− k2)σx + kzσz, which constitutes the basis of Chapter 3 where

we study how various topological states can be understood as its descendants. Although

any 1D closed loop enclosing the band-crossings yields a π Berry phase, when the

radius parameter m is decreased, the nodal loop shrinks and disappears. Hence, unlike

Weyl points, such nodal loop can be annihilated locally under a continuous change of

parameters. The authors of Ref. [63] were able to define a Z2 monopole charge from an
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orthogonal matrix given by the overlaps between occupied bands on the northern and

southern hemispheres of a sphere enclosing the nodal loop. They then distinguished

two types of nodal loops, one which can be annihilated locally, and another which

cannot. Interestingly, regardless of the triviality of this Z2 monopole charge, both

types of nodal loops exhibit weakly dispersive “drumhead” surface states [64], which

are theoretically found to host unusual correlation effects, such as a ferromagnetic

ordering coupling both bulk and surface excitations, with a quantum critical exponent

different from conventional 2D or 3D metals [65]. Furthermore, their semimetallicity

and nonvanishing density of states signal a propensity towards excitonic instability [66],

which may explain the mass enhancement observed experimentally in ZrSiS [67]. A

wealth of systematic studies ensued [68], and the concept was pushed to the extreme

with the notions of double-helix semimetal [69] and Hopf-link semimetals [70], with

the latter having found realization in the Heusler compound Co2MnGa [71], whose

propensity for nonlinear transport was argued to be advantageous for high harmonic

generation in Chapter 5.

1.1.3 Superconductor

Long before the birth of TIs, studying the textures of order parameters in superfluid
3He, physicists applied homotopy theory, i.e. the theory of continuous mappings, to

classify and exhaust all possible topological defects in that quantum liquid [72, 73].

In 2001, chiral p-wave superconductors were investigated and topological properties

such as half-quantum vortices and Majorana fermions were theoretically predicted [74].

Pursuing Wen’s notion of topological order [75], it was found that, when viewed

as charged superfluids with dynamic electromagnetism, gapped superconductors are

topologically ordered [76].
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The history of topological phases is therefore intimately intertwined with super-

fluidity and superconductivity. Considering also the parallels between the mean-field

Hamiltonians of superconductors and that of non-interacting insulators, it is natural

that most if not all topological phases, gapped or otherwise, are rapidly generalized to

the case of superconductors.

Doped Bi2Se3 is one of the most important superconductors which closely resemble a

TI. Soon after it was synthesized and shown to be superconducting [77], Fu and Berg [78]

enumerated the possible pairings in CuxBi2Se3 on symmetry grounds. Analytically

solving the linearized gap equation based on a multi-orbital Hubbard interaction

model, they charted a phase diagram and singled out a pairing that exhibits TRS Z2

topology5 like its parent compound Bi2Se3. On the experimental front, nuclear magnetic

resonance (NMR) Knight shift measurements identified nematic superconductivity6 in

CuxBi2Se3 [83], which was also found in Nb-doped Bi2Se3 via torque magnetometry [84].

These findings narrowed down the superconducting pairing of doped TIs to the two-

dimensional irreducible representation Eu of the point group D3h, which has odd

parity and is fully gapped, serving as a telltale sign for nontrivial Z2 topological

superconductivity.

Prior to the dramatic turn of event in March 2019, strontium ruthenate (Sr2RuO4)

was once hailed as a candidate for odd-parity chiral px± ipy superconductivity7 [86]. In
5A superconductor in three dimension with TRS T 2 = −1 and particle-hole symmetry (PHS)

C2 = +1 belongs to class DIII in the Altland-Zirnbauer (AZ) [79] classification, and is characterized by
n ∈ Z. The ν ∈ Z2 invariant for doped Bi2Se3 is related to the Z invariant by ν = n mod 2 [78].

6In the context of topological superconductivity, by which is meant the superconductivity in doped
TI [80], nematicity refers to the breaking of the threefold rotational symmetry in the superconducting
state. Note however that theoretical analysis [81] argued for the case of vestigial nematicity, i.e. there
exists a transition temperature Tn below which the threefold symmetry is broken, and Tn > Tc where
Tc is the superconducting transition temperature. This is also backed by thermal and magnetization
measurements of Nb-doped Bi2Se3 [82].

7A preprint appeared in March 2019 [85], experimentally pointing out that the invariant NMR
Knight shift upon entering the superconducting state of Sr2RuO4, a 1998 experimental finding which
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the simplest case of a single band, such superconducting pairing gives a Chern number

|C| = 1, which corresponds to an orbital angular momentum of ±~ carried by the

superfluid. While the jury is out now on the pairing symmetry of Sr2RuO4, there has

been attempts at engineering solid-state systems to realize superconductors with the

much sought after topology from a chiral px ± ipy pairing. The first proposal was given

by Fu and Kane [87], in which they studied the surface of a 3D TI proximitized by an

s-wave superconductor. The spin-momentum-locked texture of the single Dirac cone

synergizes with the ordinary s-wave pairing to yield a helical p-wave pairing, similar

to the B phase of superfluid 3He [88]. When a TRS-breaking Zeeman field is further

considered, the resulting system harbors chiral Majorana edge states on the interfaces

between the insulator and superconductor.

While the pioneering proposal of superconductor-TI-magnet heterostructure has

yet to see the light of day, it paved the way for further studies [89, 90] both in thin

films [91] and nanowires [92], which ultimately outpaced their predecessor in terms

of experimental realizations [93, 94]. The realization of chiral Majorana fermions in

magnetic TI thin film and superconductor heterostructures is particularly relevant

to Chapter 4 of this thesis. It originated from the following consideration [95]: Just like

magnetization can undo the band inversion of the spin-down band in the BHZ model

to yield a QAHI with spin-up band [21], superconductivity can gap out half the degree

of freedom in a complex Dirac edge fermion, turning a QWZ model [20] expressed

in Nambu spinor basis into a chiral topological superconductor (TSC) with a single

Majorana edge mode. Soon to follow were detailed analysis of the scattering between

Dirac and Majorana modes in a QAHI-TSC-QAHI heterostructure [96], as well as
was widely taken to be an evidence for triplet superconductivity, was due to the heating effect due
to the laser pulse. When the laser power was decreased to ensure that it would not destroy the
superconducting state, a pronounced drop in the Knight shift measurements below Tc was observed.
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model studies based on magnetically doped TI [91], culminating in the groundbreaking

experiment in 2017 [94].

Attributing the half-quantized conductance plateaus at magnetization switching

transition of the QAHI-TSC-QAHI heterostructure to chiral Majorana fermions is by

no means unequivocal. A bone of contention is that at the magnetization reversal, the

sample is highly inhomogeneous, populated by domains of a different Chern number.

Casting the problem as a classical percolation model [97], it was found that e2/(2h)

conductance plateaus can arise from QAH chiral edge states alone as a consequence of

dephasing due to the random domains [98, 99]. A preprint with experimental results

on QAHI-SC heterostructures by another group also appeared recently [100]. The

authors reported (i) transparent electrical contacts between various magnetic TI films

and the superconductor Nb, (ii) the observations that the two-terminal conductance

above the upper critical field of Nb show no difference compared with its values at

zero magnetic field, as well as (iii) the presence of an additional Nb strip gives a

conductance of e2/(3h). With the above, it was argued that the superconducting

portion shunted the QAH samples, so that the half-quantized plateaus are simply

results of two QAH insulators connected in series, instead of the exotic chiral Majorana

fermion. Further investigations, such as the proposal of ferromagnetically proximitizing

an s-wave superconductor with Dirac-cone surface states [101], will be needed on this

twisty route towards two-dimensional chiral topological superconductors.

Synthetic topological superconductors in one dimension are based on the Kitaev

model [102], the celebrated superconducting analog to the Su-Schrieffer-Heeger (SSH)

model [103] for semiconducting polymers. Motivated by the possibility of performing

quantum information processing resilient against decoherence, Kitaev studied a one-

dimensional superconducting wire with spin-triplet p-wave pairing and focused on a
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single spin sector. By working in the so-called Majorana basis8, he found that the

Hamiltonian can be specified by a real antisymmetric matrix A. Based on the Pfaffian

of A, a Z2 invariant was given as a fermion parity signaling the presence or absence of an

unpaired electron in the superconducting ground state. While the requirements [90] of

(i) large spin-orbit coupling for band inversion, (ii) TRS breaking for spin-polarization,

(iii) superconductivity for Bogoliubov quasiparticles, seemed too daunting to ask for

in one go, physicists were able to circumvent the difficulties by proximitizing InSb

nanowires with NbTiN contacts under a Zeeman field [93]. This approach was refined

significantly, yielding a robust quantized Majorana plateau of 2e2/h in 2018 [104]. An

alternative solution where ferromagnetic Fe atomic chains are fabricated on top of

strongly spin-orbit-coupled superconductor Pb was also realized [105], allowing high

spatial and spectral resolution by STM of in-gap states, which can be evidence for

Majorana zero modes.

The topological superconductors discussed thus far suffer from complications on the

interfaces that inevitably accompany heterostructure engineering. Parallel to this devel-

opment is the hunt for nontrivial topology in single-material superconductors, sometimes

known as “connate topological superconductors” [106]. Surprisingly, superconductors

with multiple topological features such as band inversion, Dirac semimetal [107] are often

found in iron-based superconductors, which have rather high transition temperatures,

e.g. Tc = 14.5K for FeTe0.55Se0.45 [108]. With systematic studies on the zero-bias peaks

at vortex cores strongly favoring the presence of Majorana bound states [109], the

future of this “amazing new field for Majorana” [110] with iron-based superconductors
8If the spin-polarized electron creation and annihilation operators at site i are denoted by c(†)i ,

then the Majorana basis is obtained as a linear transformation given by γiA = (ci + c†i )/2 and
γiB = i(ci − c†i )/2.
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is looking bright ahead.

1.1.4 Floquet topological phases

With the salient prospect of tuning material properties in a non-invasive manner,

Floquet engineering has emerged as a promising research direction in solid-state and

cold-atom physics [111]. With relevance to topological states of matter, it was realized

as early as 2008 [112] that the double-kicked rotor, a prototypical quantum chaos model

readily solved by the Floquet theorem, exhibits Hofstadter’s butterfly, a hallmark of the

integer quantum Hall effect (IQHE). Shortly after, the possibility to exploit the time

reversal symmetry breaking property of circularly polarized light to realize the IQHE

in graphene without magnetic field was investigated [113]. In a similar vein, following

the realization of the quantum spin Hall state in HgTe/CdTe quantum well [14], the

use of microwave irradiation to induce topological band inversion was proposed in

2011 [114]. These works arguably marked the birth of Floquet topological matter, a

vibrant research area recently reviewed in [115].

Experimentally, angle-resolved photoemission spectroscopy demonstrated the apper-

ance of Floquet-Bloch bands gapped from the surface Dirac cone of a TI in 2013 [116].

Another breakthrough followed a year later, when scientists demonstrated the coherent

manipulations by light of valleys in monolayer transition metal dichalcogenides [117,

118]. The recent observation of transient anomalous Hall effect in graphene driven by

femtosecond pulses [119] will decidedly propel the experimental advances after a hiatus

of four years.
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1.1.5 Topological order

Since the tunability of solid state materials is often no match for synthetic systems

such as photonic crystal [120], acoustic metamaterial [121], and electrical circuit [122],

the field of artificial topological phases has taken on a life of its own. With research

agendas spanning from the identification of classical effective theories that mimic the

Schrödinger equation [123], to the meticulous designs yielding nontrivial topology on

classical tight-binding models [124], synthetic topological matter is an all-encompassing

scientific venture that challenges both our creativity and mastery of the subject.

On the other hand, the simulatibility of topological phases by classical systems and

the polynomial complexity of diagonalizing a topological bandstructure suggest that

truly quantum-mechanical properties are absent in topological phases. Physically, such

topological phases can be smoothly deformed into product states in the absence of the

relevant symmetries. Therefore, they are widely known as SPT states, which stands

for symmetry protected topological9 [127] states. The models studied in this thesis

belong by and large to the SPT phases10. The wider classes of topological phases, i.e.

those with long-range entanglement, known as topological orders, such as the Z2 spin

liquid [128] and the Laughlin states [129], are beyond the scopes of this thesis.
9Depending on one’s definitions of “topological”, SPT may also stand for symmetry protected triv-

ial [125, 126], e.g. if one requires the topological property to be robust against any local perturbations.
10A notable exception is the class A topological phases according to the AZ classification, to which

belong the IQHE and Chern/QAH insulators. By definition, class A has no internal symmetries, yet
may be characterized by different Chern numbers. Furthermore, topological metals are gapless and
hence strictly speaking not SPT phases.
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1.2 Quantum transport

1.2.1 Semiclassical equations of motion

Originally written down for a kinetic theory of gas [130], the Boltzmann transport

equation (BTE) was adopted by Lorentz, Sommerfeld and Bloch for the study of metallic

conduction [131]. Let f(r,k, t) be the distribution function of a single particle in a

phase space with canonical variables (r,k) at time t. The Boltzmann equation is given

by:
∂f(r,k, t)

∂t
+ k̇ · ∂f(r,k, t)

∂k
+ ṙ · ∂f(r,k, t)

∂r
= I[f ], (1.1)

where I[f ] is the collision integral describing the change in the distribution function

due to different scattering processes, e.g. electron-electron, electron-phonon, electron-

impurity. It is complemented by a set of dynamical laws on position r and momentum

(wavevector) k, governed by the semiclassical equations of motion [132]:

ṙ = ∂ε(k)
~∂k

− k̇ ×Ω(k),

k̇ = −e
~
E + −e

~
ṙ ×B

(1.2)

where ε(k) = ε0(k) −m(k) ·B is the band dispersion (ε0(k) satisfies H(k)|u(k)〉 =

ε0(k)|u(k)〉) corrected by the orbital magnetic moment m(k), which is given by:

m(k) = −e2~ Im
[〈
∂u(k)
∂k

∣∣∣∣∣× (H(k)− ε0(k))
∣∣∣∣∣∂u(k)
∂k

〉]
, (1.3)

the electron charge is −e < 0, the electric and magnetic field denoted by E and B, and

the Berry curvature

Ω(k) = i
〈
∂u(k)
∂k

∣∣∣∣∣×
∣∣∣∣∣∂u(k)
∂k

〉
. (1.4)

The above equations of motion can be derived from a Lagrangian formalism [132].

Together with the BTE (Equation 1.1), they serve as the starting point for understanding
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various magnetotransport phenomena and Hall effects. Equation 1.2 can be simplified:

ṙ =
[
∂ε(k)
~∂k

− −e
~
E ×Ω(k)− −e

~

(
∂ε(k)
~∂k

·Ω(k)
)
B

]/[
1− −e

~
(B ·Ω(k))

]
,

k̇ =
[
−e
~
E + −e

~
∂ε(k)
~∂k

×B −
(−e

~

)2
(E ·B)Ω(k)

]/[
1− −e

~
(B ·Ω(k))

]
.

(1.5)

Typically, one is interested in time-independent, translational-invariant transport with

weak electric field. Furthermore, if the scattering processes are of secondary importance,

one often invokes the relaxation time approximation, in which the collision integral I[f ]

is taken to be:

I[f ] = f0(k)− f(k)
τ

, (1.6)

where τ is the relaxation time, assumed to be independent of k, and f0(k) is the

equilibrium Fermi distribution. Thus the BTE (Equation 1.1) simplifies:

k̇ · ∂f(k)
∂k

= f0(k)− f(k)
τ(k) , (1.7)

which can be solved iteratively. With the above ingredients, one then proceeds to

compute transport properties, e.g. electrical current, by11:

j = −e
∫ d3k

(2π)3

[
1− −e

~
(B ·Ω(k))

]
ṙf(k). (1.8)

The presence of the factor
[
1− −e~ (B ·Ω(k))

]
is a consequence of the Liouville’s theorem,

mandating the conservation of phase-space volume under time evolution [133]. To linear
11In spatially nonuniform systems (where ∂

∂r 6= 0), there is a contribution of magnetization current
∂
∂r × [m(k)f(r,k)] in the integrand [132].
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order in the external fields (E,B), some insights can already be drawn:

j =
[
e2τ

∫ d3k

(2π)3

(
−∂f0(ε(k))

∂ε

)
vkvk

]
·E

+
[
e2

~

∫ d3k

(2π)3f0(ε(k))Ωk

]
×E

+
[
−e

2

~

∫ d3k

(2π)3f0(ε(k))vk ·Ωk

]
B

+
[
−−e

~

∫ d3k

(2π)3f0(ε(k))∂mk

∂k

]
·B,

(1.9)

where the first two lines feature the dissipative linear conductivity, and nondissipative

Hall conductivity, the third and fourth lines involve chiral magnetic effect and contri-

bution to electrical current from orbital magnetic moment. Thorough order-by-order

expansions were performed in Ref. [134] for magneto-optical properties and in Ref. [135]

for the chiral charge pumping, both in Weyl metals. In the absence of magnetic field

and Berry curvature, Equation 1.5 simplifies substantially. In Chapter 5, we work

within this framework to study the nonlinear electrical response of a real Hamiltonian

describing the bandstructures of Co2MnGa [136], hosting peculiar nodal chains and

Hopf links.

One may also construct microscopic models for the collision integral I[f ] or the

relaxation time τ to evaluate transport properties. For instance, the BTE was employed

to study the impacts of charged impurities and electron density on the electrical transport

in graphene [137]. In fact, even interference can be accounted for, as demonstrated by

the Altshuler-Aronov corrections on the conductivity of disordered conductors with

strong electron-electron interactions [138]. With advances in sample fabrications paving

the way for electron hydrodynamics12 [141], the BTE remains the starting point to
12In the regime of electron hydrodynamics, the system is described by conserved quantities obeying

Navier-Stokes-like equations [139], and boundary scattering (instead of lattice vibration) is the dominant
momentum-relaxing mechanism [140].
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explore this transport regime.

1.2.2 Landauer-Büttiker formalism

The Landauer approach [142] posits that electronic transport is dictated by the phase

coherence of electrons. It is particularly pertinent to samples whose dimensions are much

smaller than the electron mean free path at low temperatures and low electron density.

In this approach, the wave character of electrons is manifest, since the calculation

of conductance is formulated as a scattering problem with the Schrödinger equation,

which for most sample geometries admit the same form as the Helmholtz equation for

electromagnetic propagation in a waveguide. The transport is nonlocal, in that the

conductance is independent of the length of the sample, unlike an Ohmic conductor

which dissipates locally. When scattering is absent, e.g. in sufficiently clean or small

samples, electrons enter the ballistic regime, where each mode contributes a conductance

quantum of 2e2/h with spin degeneracy.

Nontrivial band topology can also provide ballistic channels to make way for electrical

conduction along edges. To demonstrate such nondissipative transport, it is customary

to add voltage probes to the sample to verify zero voltage drops on the edges. The

voltage probes were once thought to couple weakly to the sample, possibly because

they draw no current. In a seminal work [143] discussing the symmetry of electrical

conduction in a four-terminal sample, Büttiker provided grounds for treating the voltage

probes and current leads on equal footing. The Landauer aspect of coherent transport

combined with the Büttiker perspective on voltage probe constitute the Landauer-

Büttiker formalism. It is the basis of interpretations and predictions of a multiterminal
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mesoscopic transport experiment: The current entering terminal p is given by:

Ip =
∑
q

Gp←q(Vq − Vp), (1.10)

where Vq denotes the voltage at terminal q, the sum is over all terminals, and Gp←q is

the transmission from terminal q to terminal p. The Landauer-Büttiker formalism is

especially handy for topological matter which features quantized conductances insensitive

to symmetry-preserving scatterings Gp←q in Equation 1.10. It was applied to make

predictions on the detection of dissipative nonchiral edge modes [144], and to interpret

transport measurements of edge modes along the domain walls of magnetic TIs [145].

Variants are proposed for spinful systems such as the QSHI [8].

As an aside, that the voltage probes play the same role as the source and drain is

not exclusive to electronic systems. In fluctuation electrodynamics [146], it was shown

in Ref. [147], that given two three-dimensional slabs terminated with surfaces which

also radiate thermally, the same Landauer-Büttiker form as Equation 1.10 holds for the

energy balance, with the surfaces mirroring the voltage probes in the electronic case.

1.2.3 Non-equilibrium Green’s functions

While its history traces back to the 1960s by great minds like Kadanoff and

Baym [148], five decades on, the non-equilibrium Green’s function (NEGF) method

remains the state-of-the-art technique for transport calculations. For non-interacting

systems, NEGF is used for large-scale simulations [149] such as the QSHI bismuthene

on SiC substrate, with a sample of 106 lattice sites, each with four internel degrees of

freedom. For interacting systems, NEGF can deal with the interaction terms diagram-

matically, such as in a driven polaronic system where a single electron level is coupled

to a single phonon mode in an Anderson-Holstein model under a time-periodic driving
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field [150].

NEGF has also been extended to electron-phonon systems to study thermoelec-

tricity [151] and to electron-photon systems to study thermal radiation [152]. With

relevance to the latter, we note another strength of NEGF: Its field-theoretic approach

allows a transparent understanding à la Hubbard-Stratonovich [153], that in thermal

radiation, the Coulomb interactions in a purely electronic system play the same role

as an auxiliary photon field in an electron-photon system [154], as demonstrated in

Ref. [155]. In terms of device modeling, NEGF is about as first-principle as it gets when

interfaced with density-functional calculations [156], finding use in fields as diverse as

molecular electronics [157] and spintronics [158].

In this thesis, the “plain vanilla” NEGF for tight-binding Hamiltonians is used

in Chapter 3 to identify distinct transport signatures from different descendant topolog-

ical states from a 3D nodal loop. An extension of NEGF dealing with time-periodic

driving fields will be needed in Chapter 2 to study Floquet quantum Hall insulators.

In Chapter 4 it is further promoted to address superconducting samples where additional

scattering processes such as local and crossed Andreev reflections are possible. Here, we

give a derivation for the electrical current in a two-terminal setting, closely following

the canon by Haug and Jauho [159]. The relevant generalizations will be presented in

the respective chapters.

Consider a sample with Hamiltonian

HC =
∑
i

εic
†
ici, (1.11)

and a left lead with Hamiltonian

HL =
∑
j

εja
†
jaj, (1.12)
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and analogously for the right lead (with electron operators b(†)). The sample-lead

coupling is given by:

VLC =
∑
m,n

Vmna
†
mcn + h.c. (1.13)

The total Hamiltonian is thus given by:

H = HL + VLC +HC + VCR +HR. (1.14)

The current is defined as the rate of change of the number of particles in the left lead:

IL = −
〈

dNL
dt

〉

= − 1
i~ 〈[NL,VLC ]〉

= − 1
i~
∑
j,i

〈
Vjia

†
jci − V ∗jic

†
iaj
〉 (1.15)

where the minus sign in the first line indicates that a current leaving the left reservoir

is taken to have a positive sign. Consider now the mixed Green’s function in contour

time13,14

Gajc
†
i
(τ) = − i

~
〈
Tτaj(τ)c†i

〉
, (1.17)

where τ = (t, σ) is a contour time, with t ∈ R and σ = ± denoting the upper or lower

contour branch, Tτ indicates contour ordering. Tτ arranges operators with later contour
13The contour-time Green’s function differs from its ground-state and equilibrium counterparts by

the choice of contour, as discussed pedagogically in the treatise of Stefanucci and van Leeuwen [160].
For practical purposes one can treat it as a variable with respect to which differentiation and integration
are possible. A Green’s function with two contour times succintly encodes four possible functions when
resolved to real times, depending on the branches of the two contour times:

G(τ1, τ2) =


Gt(t1, t2), if σ1 = σ2 = +,
Gt̄(t1, t2), if σ1 = σ2 = −,
G<(t1, t2), if σ1 = +, σ2 = −,
G>(t1, t2), if σ1 = −, σ2 = +.

(1.16)

14In this chapter, contour-time Green’s functions will be written in bold, and real-time Green’s
functions in normal font.
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times to the left, incurring a minus sign for each swap, if the operators are fermionic.

With the help of this Green’s function, the current (Equation 1.15) can be expressed as:

IL = −2Re
∑
j,i

V ∗ij

∫ ∞
−∞

dω
2πG

<

ajc
†
i

(ω), (1.18)

where [. . . ]< means taking the lesser component of a contour-time Green’s function.

The equation of motion of Equation 1.17 is:

i~ ∂
∂τ
Gajc

†
i
(τ) =

∑
l

(
− i
~

)
Vjl

〈
Tτcl(τ)c†i

〉
+ εj

(
− i
~

)〈
Tτaj(τ)c†i

〉
, (1.19)

or (
i~ ∂
∂τ
− εj

)
Gajc

†
i
(τ) =

∑
l

VjlGli(τ), (1.20)

where the device Green’s function is:

Gli(τ) = − i
~
〈
Tτcl(τ)c†i

〉
. (1.21)

Equation 1.20 can be formally solved as follows:

Gajc
†
i
(τ) =

∑
l

∫
C

dτ ′gaja†j (τ − τ
′)VjlGli(τ ′), (1.22)

so that the current expression, Equation 1.18 becomes:

IL = −2Re
∫ ∞
−∞

dω
2π

∑
j,l,i

[∫
C

dτ ′
(
V ∗ijgaja†j

(τ − τ ′)Vjl
)
Gli(τ ′)

]<
(ω) (1.23)

Now we introduce the left lead self energy:

[ΣL]il(τ) =
∑
j

V ∗ijgaja†j
(τ)V ∗jl. (1.24)

The Langreth rule [159] for the lesser projection of the following type of product

C(τ1, τ2) =
∫
C

dτ3A(τ1, τ3)B(τ3, τ2) (1.25)
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is given by:

C<(t1, t2) =
∫ ∞
−∞

dt3 [A<(t1, t3)Ba(t3, t2) + Ar(t1, t3)B<(t3, t2)] , (1.26)

where the retarded (. . . )r and advanced (· · · )a components of a contour Green’s function

A are defined as:

Ar(t1, t2) = At(t1, t2)− A<(t1, t2),

Aa(t1, t2) = At(t1, t2)− A>(t1, t2).
(1.27)

Resuming the derivation for current, from Equation 1.23 one finds:

IL = −2Re
∫ ∞
−∞

dω
2πTr [Σ<

L(ω)Ga(ω) + Σr
L(ω)G<(ω)] , (1.28)

where the summation over modes in the sample and leads are written as a trace by

considering the device Green’s function and self energy as matrices. The device Green’s

function satisfies the following EOM:

i~ ∂
∂τ
Gij(τ) = δijδ(τ) +

∫
C

dτ ′
∑
k

[ΣL + ΣR]ik(τ − τ ′)
(
− i
~

)
〈Tτck(τ ′)cj〉

+
∑
k

[HC ]ikGkj(τ).
(1.29)

From the definition of a retarded Green’s function, Equation 1.27, as well as the action

of the contour-ordering operator Tτ , one obtains:

Gr
ij(t) = − i

~
θ(t)

〈
{ci(t), c†j}

〉
, (1.30)

where {·, ·} is the anticommutator. Then it can be shown that an equation similar to

Equation 1.29 holds for the retarded component. Below we suppress the mode indices

i, j to not encumber notation. Going to the Fourier domain ω, one finds:

Gr/a(ω) = [~ω ± iη −HC − {Σr/a
L (ω) + Σr/a

R (ω)}]−1, (1.31)
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where η → 0+ is a positive infinitesimal number. The above can also be cast in the

form of a Dyson equation:

Gr/a(ω) = gr/a(ω) + gr/a(ω)Σr/a(ω)Gr/a(ω), (1.32)

where gr/a is the retarded/advanced component of the sample Green’s function (i.e. the

Green’s function for HC alone).

Next, it is convenient to expand the real part, and to invoke cyclicity of matrix

products under trace:

2ReTr [Σ<
L(ω)Ga(ω) + Σr

L(ω)G<(ω)] = Tr[Σ<
L(ω)Ga(ω)− Σ<

L(ω)Gr(ω)

+ Σr
L(ω)G<(ω)− Σa

L(ω)G<(ω)]
(1.33)

where we used the identities

(A<)†(ω) = −A<(ω),

(Ar)†(ω) = Aa(ω),
(1.34)

as can be shown for A = G,Σ from their definitions. Furthermore, from Equation 1.27,

one has:

Ar(ω)− Aa(ω) = A>(ω)− A<(ω). (1.35)

Hence, the integrand in the current expression is simplified:

2ReTr [Σ<
L(ω)Ga(ω) + Σr

L(ω)G<(ω)]

= Tr[{Σ>
L(ω)− Σ<

L(ω)}G<(ω) + Σ<
L(ω){G<(ω)−G>(ω)}]

= Tr[Σ>
L(ω)G<(ω)− Σ<

L(ω)G>(ω)].

(1.36)

Now the missing ingredient for the current integrand, Equation 1.36, is the lesser

component of the device Green’s function. For that, we first derive a Dyson equation

for the contour device Green’s function from the EOM, Equation 1.29:

G(τ) = g(τ) +
∫
C

dτ ′′g(τ − τ ′′)
∫
C

dτ ′Σ(τ ′′ − τ ′)G(τ ′). (1.37)
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From the above, by iterating the Langreth rule for the lesser components (Equation 1.26)

twice, one finds:

G< = g< + gr ∗ Σ< ∗Ga + g< ∗ Σa ∗Ga + gr ∗ Σr ∗G<, (1.38)

where ∗ denotes a convolution in real time:

(A ∗B)(t) =
∫ ∞
−∞

dt′A(t− t′)B(t′). (1.39)

By the convolution theorem, from Equation 1.38 one finds an equivalent equation in

frequency:

G< = g< + grΣ<Ga + g<ΣaGa + grΣrG<, (1.40)

where the frequency dependences ·(ω) are suppressed. Reorganizing the terms, one

finds:

(1− grΣr)G< = g<(1 + ΣaGa) + grΣ<Ga. (1.41)

Using the Dyson equation for the retarded and advanced components, Equation 1.27,

we have:

gr(Gr)−1G< = g<(ga)−1Ga + grΣ<Ga. (1.42)

The resulting equation:

G< = Gr(gr)−1g<(ga)−1Ga +GrΣ<Ga (1.43)

is known as the Keldysh equation. For noninteracting systems, the lesser sample Green’s

function can be calculated:

g< = (ga − gr)f, (1.44)
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where f is the equilibrium Fermi function. Thus, the first term in the RHS of Equa-

tion 1.43 becomes:

Gr(gr)−1g<(ga)−1Ga = Gr(gr)−1
[
(ga − gr)f

]
(ga)−1Ga

= Gr
[
{(gr)−1 − (ga)−1}f

]
Ga

= Gr
[
{(~ω + iη −HC)− (~ω − iη −HC)}f

]
Ga

= Gr(2iη)Ga,

(1.45)

which vanishes since η → 0+ is infinitesimal. Now define the lead spectral functions,

ΓL/R = i(Σr
L/R −Σa

L/R). With the advanced and lesser device Green’s functions, we can

pursue the derivation from Equation 1.36 for the current:

Tr[Σ>
LG

< − Σ<
LG

>] = Tr
[
Σ>
L

{
Gr(Σ<

L + Σ<
R)Ga

}
− Σ<

L

{
Gr(Σ>

L + Σ>
R)Ga

}]
= Tr [ΓLGrΓRGa] {(1− fL)fR − fL(1− fR)}

= Tr [ΓLGrΓRGa] {fR − fL}.

(1.46)

We have thus reproduced the derivations of Meir and Wingreen [161] to recover the

Landauer formula for current in a noninteracting sample:

IL = −e
∫ ∞
−∞

dω
2πTr [Gr(ω)ΓR(ω)Ga(ω)ΓL(ω)] {fL(ω)− fR(ω)}. (1.47)

Lastly, we note that the equally popular boundary-condition-matching approach was

shown for the electronic case [162] and for the phononic case [163] to be consistent

with the NEGF method, reminiscent of the Fisher-Lee relation [164] connecting the

transmission from scattering matrix and the conductance from Kubo formula.

1.3 Thesis Synopsis

In this section, we give an outline of the thesis by providing contexts from which

each chapter sprung.
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Studying the topology of the Floquet bands in a ratchet-accelerator model [165],

Ho and Gong found system parameters yielding a Chern number as large as 32 with

merely three bands. A periodically quenched Haldane model for QAHI was analyzed in

Ref. [166], and Chern numbers that are substantially larger than their static counterparts

were found. Importantly, this topological invariant corresponds to the number of robust

edge states in OBC. Thus, to extend the tradition of designing useful quantum control

protocols, we embarked on a study of the transport properties of periodically driven

topological systems, which is presented in Chapter 2.

In Ref. [167], Li et al realized that the minimal model for 3D TI [168] may be

interpreted as a PT -symmetric (a combination of inversion and time-reversal symme-

tries) nodal loop semimetal gapped by two anticommuting Dirac matrices serving as

mass terms. Such a model TI may be called a chiral insulator, since as a whole its

Hamiltonian obeys SH(k)S−1 = −H(k), where S is identified as the chiral symmetry

operator. In Chapter 3, we ask: What if more general mass terms, such as those

breaking the chiral symmetry, are allowed? Various topological phases that may be

considered as descendants of a 3D nodal loop semimetal are examined, as well as their

corresponding transport signatures.

The ingenious application of Floquet driving to restore time reversal symmetry in

one-dimensional Kitaev chains, thereby generating multiple Majorana zero modes15

was proposed in Ref. [169]. Together with the groundbreaking observation of half-

quantized conductance plateaus as a signature for chiral Majorana edge modes (CMEM)

in QAH-TSC-QAH heterostructures [94], we were motivated to investigate whether
15The Kitaev model for spinless p-wave superconductors belongs to class D and is marked by

an absence of TRS. In one dimension, the topological invariant is the Majorana number M ∈ Z2,
representing the presence or absence of an unpaired electron in the superconducting ground state. In
the presence of TRS, this model is promoted to class BDI, whose topological invariant n ∈ Z counts
the number of Majorana zero modes.
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similar transport signatures could arise in presence of multiple CMEMs induced by

Floquet driving. Our findings are presented in Chapter 4.

One of the multitude of applications of graphene is as a nonlinear optical mate-

rial [170] for purposes such as parametric amplification and frequency doubling [171]. As

the Dirac cone physics is identical in both graphene and the surface of a TI, proposals on

TI-based optoelectronic devices, such as terahertz detectors and transparent electrodes

were similarly put forward [172]. Hence it is interesting to explore whether the same

technological promises hold, upon generalizing the concept of nodal point semimetals

to loops and even chains or links. Such a study is performed using the Boltzmann

equation in Chapter 5.
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Chapter 2

Computational study of the
two-terminal transport of
Floquet quantum Hall insulators

2.1 Preliminaries

The long-time behavior of a quantum system subject to time-periodic modulations

is governed by its Floquet states. With recourse to the Floquet theorem, one may

compute the Floquet bandstructures in analogy to the case when periodic drive is

absent. While the Floquet bandstructures under periodic boundary conditions may

look superficially similar to an equilibrium spectrum, the impression that periodically

driven systems are not much different from their static counterparts is deceptive. For

example, as evidenced by the works of Ho and Gong [165], a Floquet system in the

form of a quantum ratchet-accelerator model may exhibit Chern numbers that are

significantly larger than those carefully designed in a static Haldane model for the

quantum anomalous Hall effect [173]. Equally impressive is the amendment of bulk-edge

correspondence [174].

Historically, Floquet topological phases were first anticipated in the context of
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quantum chaos and nonlinear dynamics, back in 1990 [175] and more recently in

2008 [112]. It took off in the condensed matter community, arguably following the works

on photoinduced Hall effect in graphene [113] and on light-induced band inversion in

HgTe/CdTe quantum wells [114]. A wide variety of Floquet topological matter has since

then been proposed, from Weyl [176] to Hopf-link [177] semimetals, from insulator [178]

to superconductor [169].

As alluded to in the first paragraph, an attractive feature of Floquet topological

phases is their large topological invariants in the case of class A under the Altland-

Zirnbauer classification [179]. This suggests that one may harness the unusually large

number of edge state channels in Floquet topological matter to realize multiple lanes of

“electron superhighway”, to quote S. C. Zhang’s vision for electronics of the future [180].

At the time of publication, few studies have investigated this possibility in the context

of two-terminal transport, even though in the community of molecular electronics, many

efforts have been devoted to the study of driven transport at the nanoscale [181–183].

Conventionally, it is known and lauded aesthetically that in the quantum Hall regime,

the Hall conductance is quantized at plateaus of e2/h times the number of chiral edge

modes lying between Landau levels [184]. For a similar sample subject to time-periodic

drive, since the system is described stroboscopically by the Floquet operator and its

eigenstates, its transport properties may deviate significantly from the case without

periodic modulation. For instance, consider electromagnetic waves as the driving field.

Since electrons interact with these waves, they can absorb or emit photons, thereby

accessing states that would not have been possible without the periodic drive. Hence,

the two-terminal transport in Floquet topological matter is not exactly straightforward.

With regards to the potential of Floquet topological matter as useful devices, we

can formulate the following questions: (i) Are Floquet topological phases indeed useful
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in achieving tunable, appreciable and robust conductance? (ii) How is the Floquet

edge state conductance related to the symmetry and the topological invariants of the

system? (iii) Is the conductance of Floquet edge states quantized? If not, why and

when? Answers to these questions are of both theoretical and experimental interest.

In the literature, several studies had been dedicated to the edge state transport

in time-reversal symmetric Floquet topological states. It was shown in Ref. [185]

that the DC conductance of a Floquet topological insulator is not quantized because

it is not directly linked to the topological invariants of the full Floquet bands. By

employing a Floquet sum rule proposed in the context of one-dimensional topological

superconductor [186], a way to recover quantized condutance in Floquet quantum

spin Hall insulators was found [187]. This was further confirmed in a simple Floquet

Chern insulator model [188]. Introducing a scattering matrix invariant, the authors in

Ref. [189] studied the conductance of Floquet edge states, which only assumes integer

values. Generalizing the boundary-condition matching approach to Floquet systems, the

conductance scaling in an irradiated graphene nanoribbon was investigated in Ref. [190].

The effects of reservoirs on the transport of Floquet edge states were also explored in

Ref. [191]. With these interesting findings as well as the lack of experimental realization

of Floquet topological states in electronic systems, the transport properties of Floquet

edge states clearly deserve additional studies, in the hope that on-demand, non-invasive

tuning of electronic transport may one day be realized.

In this chapter, we apply the Keldysh nonequilibrium Green’s function (NEGF)

approach and the recursive Floquet-Green’s function method to explore the transport

of Floquet edge states in a two-terminal setup. As a concrete example, we choose the

Hofstadter lattice model in view of its rich topological bands even without periodic

drive, but our methods and conclusions are completely general. We consider such a
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sample subject to a harmonic driving and coupled to two metallic leads. The effective

magnetic flux in the Hofstadter model breaks time reversal symmetry, giving rise to

a model system even simpler than the driven quantum spin Hall system studied in

Refs. [187]. We present intriguing transport properties for different types of Floquet edge

states by calculating the DC conductance, DC profile and time-averaged local density

of states (LDOS) in both pristine and disordered samples. In particular, we answer

affirmatively that Floquet edge states indeed give rise to robust and tunable edge current

as we change the system parameters and the driving field. Remarkably, quantized DC

conductance as large as 8e2/h is found in certain parameter regimes after applying the

Floquet sum rule. Possible experimental observations of such theoretical observations

are also discussed. Furthermore, we evaluate the robustness of three types of Floquet

edge states by introducing disorder and defects to the driven sample. It is found that

co-propagating Floquet chiral edge states are more robust than counter-propagating

and symmetry-restricted ones. Finally, we study how the transport property of Floquet

edge modes is modified if the leads have a finite bandwidth. All these detailed results

constitute a necessary guide towards the potential use of Floquet topological matter in

designing novel transport devices.

This chapter is organized as follows. In Section 2.2 we outline the theoretical

framework and introduce the transport quantities studied in this work. Readers not

interested in technical details may skip this section. In Section 2.5, we introduce the

harmonically-driven Hofstadter model in a two-terminal setup. In Section 2.7, we

analyze the two-terminal transport via Floquet edge states in pristine samples. In

Section 2.8, we study the response of Floquet edge states to disorder and defect. We

then investigate the implications of finite-bandwidth leads on the quantization of DC

conductance in Section 2.9.
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2.2 Theory

In this section, we first outline the Keldysh framework for quantum transport. Next,

we introduce the Floquet representation of Green’s functions [192]. This then leads

us to three transport quantities: (1) DC conductance, (2) local DC profile, and (3)

time-averaged local density of states (T-LDOS), which we use to investigate edge state

transport. Lastly, we discuss how to compute the Floquet-Green’s functions of interest.

Throughout this chapter, we use the following notations: T for the period of the driving

field, Ω = 2π/T for the driving frequency, ε for quasienergy and E for energy. Note

that although the central system is under periodic driving and hence what matters is

its quasienergy, the leads are however not driven and its energy must be specified in a

theory of quantum transport.

2.2.1 Transport within the Keldysh-NEGF framework

The Hamiltonian of noninteracting electrons in a tight-binding lattice subject to

driving fields is written as H(t) = ∑
〈i,j〉 Jij(t)c†icj + h.c., where c†i (ci) is the creation

(annihilation) operator on lattice site i, Jij(t) is a time-dependent hopping amplitude

or onsite potential, and 〈i, j〉 indicates summation over nearest neighbors. Following

Ref. [193], we consider the driving fields to be switched on in the distant past, but

not switched off throughout the duration of our interest. In a two-terminal device,

the central system H(t) is connected to a left and a right electronic lead, which are

kept in equilibrium with chemical potentials µL and µR, respectively. The electronic

current from the left lead to the central system is given by IL(t) = e〈dNL/dt〉, where

the electron charge is −e, and NL is the particle number operator of the left lead. The

explicit time dependence of the current is due to the driving field applied to the center.
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In the Keldysh-NEGF framework, the contour-ordered Green’s function is defined

as G(τ, τ ′) = − i
~

〈
T c(τ)c†(τ ′)

〉
, where T orders contour time variables τ, τ ′ along the

Keldysh contour [159, 194]. Following the Meir-Wingreen prescription, the expression

of the current reads [193]:

IL(t) = e
[∫
C

TrΛ

[
ΣL(τ, τ̃)G(τ̃ , τ ′)

]
dτ̃
]<
τ=τ ′ 7→t

+ c.c., (2.1)

where ΣL(τ, τ̃) is the self-energy of the left lead.
∫
C dτ̃ · · · is an integral over the Keldysh

contour [194]. TrΛ[· · · ] is a trace over the central lattice system. [· · · ]< means resolving

a contour function into its lesser component, which can be done following the Langreth’s

rules [159]. The notation · · · |τ=τ ′ 7→t means setting the two contour times τ, τ ′ at equal

time t.

2.2.2 Green’s functions in Floquet representation

Under a periodic driving field, even if a periodic steady state is achieved, the

Green’s functions no longer depend on just one single variable (i.e. the relative time).

Thus both the average and relative time need to be treated. Consider the Wigner

representation [195] of a two-point correlation function g(t, t′), given by ḡ(T = t+t′
2 , τ =

t − t′) = g(t, t′), where T (τ) is the average (relative) time variable. Its Floquet

representation is obtained by the following transformation [195]:

gmn(E) = 1
T

∫ T

0
dT ei(m−n)Ωt

∫
R

dτ ei(E+m+n
2 ~Ω) τ~ ḡ(T, τ). (2.2)

The Floquet representation is especially convenient when manipulating convolution

integrals, because it turns them into (infinite) matrix product [195]:

[
∫
R

dt̃ f(t, t̃)g(t̃, t′)]mn(E) =
∑
k∈Z
fmk(E)gkn(E). (2.3)
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The following convention for Floquet representation of Green’s functions will be used.

If the spatial components of a Green’s function in the Floquet representation need to

be specified, we write g(i,j;m,n)(E), with the first two indices of the subscript (i, j;m,n)

corresponding to lattice site indices i, j, and the last two indices m,n corresponding to

Floquet indices as in Equation 2.2.

2.3 Transport quantities

If a periodic steady state is attained, the correlation functions in the Wigner

representation are also periodic with respect to the average time T , i.e., ḡ(T, τ) =

ḡ(T + T, τ). This allows for the Floquet decomposition and it can be shown that the

DC component of the current is given by [183, 196]:

ILDC = e
∫
R

dE
2π~

∑
k∈Z

{
TrΛ

[
Gr
k0ΓL

00G
a
0kΓR

kk

]
fL − TrΛ

[
Gr
k0ΓR

00G
a
0kΓL

kk

]
fR
}
, (2.4)

where Gr(a)
k0 (E) is the Floquet representation of retarded (advanced) Green’s functions

Gr(a)(t, t′), defined by:

Gr(t, t′) = − i
~
θ (t− t′)

〈
{c(t), c†(t′)}

〉
,

Ga(t, t′) = i
~
θ (t′ − t)

〈
{c(t), c†(t′)}

〉
,

(2.5)

and fL(R) is the Fermi function of the left (right) lead. ΓL(R) = i{Σr
L(R) − [Σr

L(R)]†} is

the level width function of the left (right) lead, with ΓL(R)
kk being the corresponding

matrix in the Floquet representation. In general, all these functions depend explicitly

on energy E.

2.3.1 DC Conductance

We now define the transmission coefficient at an energy E from the left to right

lead as TLR(E) = ∑
k∈Z TrΛ

[
Gr
k0ΓL

00G
a
0kΓR

kk

]
[and analogously for TRL(E) with L↔ R].
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When a bias voltage V is applied between the two reservoirs, the chemical potentials of

the leads become µL/R = µ0±eV/2. At zero temperature and to first order in V , one can

linearize the Fermi function as: fL/R(E) = θ(µ0±eV/2−E) ≈ θ(µ0−E)∓δ(µ0−E)eV/2.

Under this condition, Equation 2.4 simplifies to:

ILDC = e
∫ µ0

−∞

dE
2π~ [TLR(E)− TRL(E)] + e2

h

TLR(µ0) + TRL(µ0)
2 V. (2.6)

When there is an inversion symmetry between left and right leads (which is the case in

all our numerical calculations), we have TLR(E) = TRL(E) [185]. Under this condition,

the DC conductance dILDC/dV at a given energy E is simply given by e2/h times the

transmission coefficient T (E) = TLR(E) = TRL(E), which reads

T (E) =
∑
k∈Z

TrΛ
[
Gr
k0(E)ΓL

00(E)Ga
0k(E)ΓR

kk(E)
]
. (2.7)

2.3.2 Local DC Profile

The Heisenberg equation for the particle number operator ni = c†ici at lattice site i

is given by 1:

〈ṅi(t)〉 = Ji+x̂,i(t)G<
i,i+x̂(t, t) + Ji−x̂,i(t)G<

i,i−x̂(t, t)

+ Ji+ŷ,i(t)G<
i,i+ŷ(t, t) + Ji−ŷ,i(t)G<

i,i−ŷ(t, t) + c.c.,
(2.8)

which is similar to the case without a driving field [197], apart from the explicit time

dependences of the hopping terms. We may then define the local current from site i+ x̂

to site i as: Ii←i+x̂(t) = Ji+x̂,i(t)G<
i,i+x̂(t, t) + c.c. = −Ii+x̂←i, and analogously for all

1This equation (continuity equation for local particle number) remains valid on the edges of
the central system, with the understanding that, on the top and bottom edges, Dirichlet boundary
condition is used, e.g.: Ji,i−ŷ = 0 if yi = 0, whereas on the left and right edges, scattering boundary
condition is used, e.g.: Ji,i−x̂ = tx (the left-center coupling) and G<i,i−x̂ = − i

~ 〈a
†
i−x̂ci〉 if xi = 0, where

we recall that a† is the creation operator of the left lead.
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other neighbors of i. From this one defines the time-averaged local current vector:

~Ii = 1
T

∫ T

0
dt
{

x̂[Ii←i−x̂(t) + Ii+x̂←i(t)] + ŷ[Ii←i−ŷ(t) + Ii+ŷ←i(t)]
}
, (2.9)

which represents both the magnitude and direction of the local current at site i.

Numerically, the time-averaged local current, e.g., 1
T

∫ T
0 dt Ii←i−x̂(t), is given in the

Floquet representation by:

1
T

∫ T

0
dt Ii←i−x̂(t) =

∑
m∈Z

∫
R

dE
2π~ J̃i−x̂,i(m)G<

(i,i−x̂;0,m)(E), (2.10)

where J̃i−x̂,i(m) = 1
T

∫ T
0 dt eimΩtJi−x̂,i(t) is the mth Fourier component of the T-periodic

function Ji−x̂,i(t). Furthermore, at a particular energy E, the energy-resolved time-

averaged local current is defined as: Ii←i−x̂(E) = ∑
m∈Z J̃i−x̂,i(m)G<

(i,i−x̂;0,m)(E). Corre-

spondingly, the energy-resolved local DC component of current vector at site i reads:

~Ii(E) =
∑
m∈Z

x̂
[
J̃i−x̂,i(m)G<

(i,i−x̂;0,m)(E) + J̃i,i+x̂(m)G<
(i+x̂,i;0,m)(E)

]
+ŷ

[
J̃i−ŷ,i(m)G<

(i,i−ŷ;0,m)(E) + J̃i,i+ŷ(m)G<
(i+ŷ,i;0,m)(E)

]
+ c.c.

(2.11)

The DC profile is constructed by plotting this quantity at every site i of the central

system.

2.3.3 Time-averaged LDOS

The time-averaged LDOS describes the spatial distribution of states, thus allowing

us to inspect whether edge states are present at a certain energy E. For static

systems, the LDOS is defined by LDOSi(E) = − 1
π
ImGr

ii(E). To extend this notion to

Floquet systems, we need to decompose the dynamics into two parts, corresponding

to the average time T and relative time τ in the Wigner representation of Green’s

functions [198]. When a periodic steady state is achieved, it is natural to average the
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Green’s function over a driving period, yielding the following expression of time-averaged

LDOS: T-LDOSi(E) = − 1
π
Im 1

T

∫ T
0 dT Ḡr

ii(T,E). In the Floquet representation, it has

the following expression:

T-LDOSi(E) = − 1
π

ImGr
(i,i;0,0)(E), (2.12)

which is used in our numerical studies.

2.4 Floquet-Green’s function

Thus far, we have expressed physical quantities in terms of the Green’s functions

and self-energies. We also have the following relations to help simplify algebraic

manipulations: (i) causality, i.e., [Gr
(i,j;m,n)]†(E) = Ga

j,i;n,m(E), and (ii) fluctuation-

dissipation relations for leads, i.e., Σ<
L/R = −[Σr

L/R− (Σr
L/R)†]fL/R [159, 194]. As shown

in Equations 2.7, 2.11 and 2.12, for the calculations of physical quantities, it all boils

down to two Green’s functions: the retarded and lesser. Hence, we give here their

governing equations, which can be calculated with the center Hamiltonian and lead

self-energies as input.

The retarded Green’s function satisfies the Dyson equation, which in the Floquet

representation is given by [199]:

∑
k∈Z

[
(E +m~Ω)δmk −Hm−k − (Σr

L + Σr
R)mk

]
Gr
kn(E) = δmn. (2.13)

The solution of this equation is found by truncating over the Fourier components,

followed by a matrix inversion. In practice, if we need to deal with large system sizes

and large number of harmonics, direct inversion is not feasible, since its complexity

scales like (NxNynF)3, where Nx (Ny) is the number of lattice sites along x (y) direction,

and nF is the truncated number of harmonics in frequency space. To surmount this
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Figure 2.1: Schematic of the system studied in this chapter. The left (right) lead has
chemical potential µL (µR). The central system is a square tight-binding lattice subject
to a perpendicular magnetic field ~B and a harmonic driving field with driving amplitude
Jy cos(Ωt).

difficulty, we adapt the recursive Green’s function method [197] to Floquet systems (see

Appendix A). The lesser Green’s function is related to the retarded Green’s function

through the Keldysh equation [159, 194]. In the Floquet representation, it reads:

G<
mn(E) =

∑
p,q∈Z

Gr
mp(E)(Σ<

L + Σ<
R)pq(E)Ga

qn(E). (2.14)

2.5 Model

We consider a two-terminal device as illustrated in Figure 2.1. The central system

is a quantum well heterostructure described by the harmonically driven Hofstadter

model (HDHM). This model has been studied before and features many interesting

Floquet topological phases, e.g. with nearly flat bands, large Chern numbers, and

counter-propagating edge states [200]. In this work, we put this model in a two-terminal

transport setup: the central system is coupled to two metallic leads, which are kept

separately in thermal equilibrium with chemical potentials µL and µR. The total
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Hamiltonian H(t) describing the central system, leads and their couplings is given by:

H(t) = HL + VL +H(t) + VR +HR, (2.15)

where

H(t) =
∑
i

{Jxc†ici+x̂ + Jy [s+ cos(Ωt)] ei2παxic†ici+ŷ + h.c.} (2.16)

is the Hamiltonian of HDHM at the center, with a magnetic flux α = p/q ∈ Q per

unit area. q ∈ N is the number of sublattices in each magnetic unit cell, and Ω is the

frequency of the driving field. We abbreviate the lattice coordinates as i ≡ (xi, yi). The

leads are modeled as two semi-infinite (along x) square lattices, with nearest-neighbor

hopping amplitudes tx/y along x/y directions and a uniform onsite potential v:

HL/R =
∑
i

[(
txa
†
iai+x̂ + tya

†
iai+ŷ + h.c.

)
+ va†iai

]
. (2.17)

In our transport calculations, we take the tunneling amplitude between the leads and

central system along x-direction to be the same as tx. Under this choice, the Hamiltonian

describing the coupling between the left (right) lead and the central system is give by:

VL(R) = tx
∑

`,i:[x`=−1(+1),xi=0]

(
a†`ci + h.c.

)
. (2.18)

Along y-direction, we take open boundary condition for the central system in all our

transport calculations below.

2.6 Floquet spectrum

Taking periodic boundary conditions along x/y-direction and open boundary condi-

tion for the other direction, we can Fourier transform the coordinate x/y in Equation 2.16
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into a quasimomentum kx/ky. The resulting Hamiltonian is given by either of the

following:

Hky(t) =
Nx−1∑
x=0
{Jx

(
c†x,kycx+1,ky + h.c.

)
+ 2Jy [s+ cos(Ωt)] cos(2παx+ ky)c†x,kycx,ky},

Hkx(t) =
Ny−1∑
y=0

{
Jx

(
c†q−1,yc0,yeikxq +

q−2∑
j=0

c†j,ycj+1,y

)

+ Jy [s+ cos(Ωt)]
q−1∑
j=0

(
c†j,ycj,y+1ei2παj + h.c.

)}
.

(2.19)

These are just 1D descendants of the HDHM, also called the driven Harper model [201].

One can then obtain the Floquet spectrum with respect to kx or ky by solving the

Floquet-Schrödinger equation [202, 203] using Hkx(t) or Hky(t). The nontrivial topology

of a Floquet band is then signaled by the presence of gapless edge states. Furthermore,

as the quasienergy is defined module the driving frequency, it is possible for gapless

edge modes to wind around the Floquet-Brillouin zone, a scenario absent in static

systems [174, 200]. Note also that, one may intuitively prefer to inspect the edge states

with open boundary condition along y, so as to plot the dispersion relation of the edge

states as a function of kx to understand the transport along the x direction. However,

in terms of understanding the bulk-edge correspondence and locating the edge states in

connection with the Floquet spectrum gap (exceptions to be discussed below), choosing

Hky(t) or Hkx(t) for the Floquet spectrum to digest the transport results is just a matter

of taste.

2.7 Edge-state transport under harmonic driving

Using the theoretical and computational methods discussed in Section 2.2, we now

investigate the transport of Floquet edge states in the two-terminal device introduced in
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Section 2.5. We first look into the DC conductance of our model system in the pristine

limit, where we observe a conductance quantization by the Floquet sum rule [186,

187]. Next, we introduce defects and disorder into our system, and present a detailed

comparison of the robustness among three different types of gapless Floquet edge states.

Finally, we consider a practical situation in which the leads have a finite bandwidth,

and discuss its impact on Floquet edge state transport. In all calculations presented

below, we take Jx = 1 as the unit of energy.

Following the discussions of Section 2.2, the DC conductance at low bias in zero

temperature is given by Eq. (2.7) in units of e2/h. Using the HDHM (Eq. 2.16)

as our Hamiltonian, we now present results of DC conductance for different sets of

system parameters (Figure 2.2). The curves (except black triangles) in the left panels

of Figure 2.2a represent T (E + n~Ω), i.e. the DC conductance in units of e2/h at

energy E + n~Ω, with different values of n. In other words, T (E + n~Ω) is the

contribution of the nth Floquet sideband to the DC conductance at a given quasienergy

µ = E ∈ [−~Ω/2, ~Ω/2].

For the self-energy of the leads, we take the wide-band approximation (WBA), which

is valid when the lead has a much larger bandwidth than that of the central system [193,

204]. Under this approximation, the self energies due to the leads are independent of

energy E. More explicitly, these self-energy functions satisfy ΣL
ij ∝ −iδxi,0δi,jΓL/2 and

ΣR
ij ∝ −iδxi,Nx−1δi,jΓR/2, where ΓL/R > 0 are constants taken to be the same as Jx. In

Section 2.9, we shall discuss the consequences if this assumption is lifted. Also, in all of

our calculations, we have made sure that the number of Floquet sidebands nF is large

enough. Specifically, nF = 13 is a truncation dimension that guarantees convergence in

all our computational examples.

For the parameters used to compute Figure 2.2a, the system admits five Floquet
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Figure 2.2: Two-terminal DC conductance of the HDHM at zero temperature. Left
panels: transmission T (E + n~Ω) vs. energy E of an incoming electron at different
Floquet indices n, whose markers are indicated in the bottom legend. Curves with
black triangles are obtained after applying the Floquet sum rule, with insets zoomed in
to the plateaus of interest. Right panels: Floquet spectrum of the same model with
PBC (OBC) along y(x)-direction. Red “|”s and green crosses denote states localized at
left and right edges of the sample. System parameters are Jy = 1.6, α = 1/5,Ω = π, s =
1, Nx = Ny = 100 for panels (a) and (b), Jy = 1.3, α = 2/7,Ω = π, s = 1, Nx = Ny = 80
for panels (c) and (d), and Jy = 1.3, α = 1/5,Ω = π/2, s = 0, Nx = Ny = 100 for panels
(e) and (f).
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bulk bands, as shown in Figure 2.2b. In the first gap above the middle band, there are

four Floquet edge states, with a net gap chirality of two. Within this quasienergy gap,

the transmissions of each Floquet sideband (curves other than black triangles) form

well-defined plateaus. The non-quantization of these plateaus can be understood as

follows [187]. Each Floquet sideband n, corresponding to an incoming state at energy

E + n~Ω, has a non-unity overlap with the Floquet edge state at quasienergy ε = E

hosted by the central system, leading to a transmission smaller than the expected

number of edge states. This understanding [187] provides an intuitive motivation to

the so-called Floquet sum rule [186], a transport feature unique to Floquet topological

phases that was not yet well recognized at the time this research was carried out.

More concretely, the Floquet sum rule dictates that, if one observes gapless edge

modes in the Floquet spectrum, then quantized transmission at a quasienergy ε0 =

E0 ∈ [−~Ω/2, ~Ω/2] can be recovered by summing over the transmissions at energies

E + n~Ω due to different Floquet sidebands:

T (ε0) =
∑
n∈Z

T (E0 + n~Ω). (2.20)

As shown in Figure 2.2a, we found T (ε0) = 4, 4, 2 for ε0 in the first, second and third

quasienergy band gaps above the middle Floquet band, an observation fully consistent

with the Floquet gap features (such as the number of edge states) shown in Figure 2.2b.

In addition to several studies involving the Floquet sum rule in quantum spin Hall

insulators [187] and Chern insulators [188], here we confirm it in quantum Hall insulators.

Furthermore, in the first and third quasienergy gaps above ε = 0 in Figure 2.2b, we

observe counter-propagating gapless edge modes at the same edge [200, 205], which are

unique to Floquet topological phases2. The corresponding DC conductance calculations
2Counter-propagating edge states may also exist in static systems, e.g. in quantum spin Hall effect
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(Figure 2.2a) confirm that these counter-propagating edge modes also adhere to the

Floquet sum rule.

We note that any possible observation of the Floquet sum rule would be rather

challenging. One needs to prepare different initial states at chemical potentials E+n~Ω

to execute different experimental runs in order to measure the contributions from all

Floquet sidebands to the transport at quasienergy ε = E. Nevertheless, it would be of

great interest to experimentally confirm the results in Figures 2.2c and 2.2e. There, one

sees that with suitable system parameters, the DC conductances due to Floquet edge

states (after applying the Floquet sum rule) can reach 5e2/h and even 8e2/h, which

surpass the largest edge state conductance ever realized experimentally in undriven

systems. By contrast, for transport situations where the chemical potential is held

constant and not allowed to be adjusted, the Floquet edge state transport is unlikely to

be substantially larger than static systems, as indicated by the individual sidebands

(curves other than black triangles) in Figures 2.2a, 2.2c and 2.2e. The robustness of

such Floquet edge state transport will be studied in the next subsection.

2.8 Topological protection of Floquet edge currents

One advantage of topological edge state transport is its robustness against structural

imperfections. While this has been demonstrated by the conductance plateaus in

disordered quantum Hall samples [18], the robustness of Floquet topological systems

are yet to be confirmed experimentally.

Here we numerically study the response of gapless Floquet edge modes to disorder
(which is spin-degenerate). However, here our system breaks time reversal symmetry and consists of
spinless electrons. To our knowledge, such systems are not expected to host counter-propagating edge
modes in absence of driving.
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Figure 2.3: Schematic of three different types of edge states. The open boundary
condition is taken along only one direction. Shaded regions represent bulk bands. Lines
represent co-propagating edge bands in panel (a), counter-propagating edge bands in
panel (b), and symmetry-restricted gapless edge bands in panel (c). In panel (c), only
when the open (periodic) boundary condition is taken along y-direction (x-direction)
does one observe the edge states.

and defects. Thanks to the richness of the harmonically-driven Hofstadter model, we are

able to realize: (i) co-propagating, (ii) counter-propagating, (iii) symmetry-restricted

gapless edge states, and probe their robustness with the tools we developed.

Before presenting the numerical results, we briefly describe each type of edge modes.

The first kind, co-propagating Floquet edge states, are chiral in the following sense:

under a stripe geometry, each edge only hosts states dispersing in a fixed direction.

They have a modified bulk-edge correspondence to the nontrivial topology of the bulk

bands [206] as there may exist anomalous winding edge states in Floquet systems.

The second type, counter-propagating edge modes, are as the name suggests: under

a stripe geometry, each edge hosts states that are moving forward and backward. If

the chirality (number of left movers minus number of right movers) is zero, unlike the

spin-momentum-locked helical edge states in quantum spin Hall effect, one generally

does not expect protection of these counter-propagating edge modes against disorder.

The third kind, dubbed symmetry-restricted edge modes, are gapless but only exist

when the stripe is taken in a particular way. They may be co- or counter-propagating,

but in our model the ones we found are counter-propagating. An illustration of the

47



CHAPTER 2. TRANSPORT OF FLOQUET QUANTUM HALL INSULATORS

Floquet spectra in presence of these edge modes is given in Figure 2.3.

Since these three types of edge modes are not mutually exclusive (i.e. two of them

may simultaneously exist at different quasienergies for the same system parameters),

we organize the following discussions by the type of imperfections (disorder or defect).

Our computational studies are summarized in Table 2.1.

2.8.0.1 Response to on-site disorder

We introduce disorder to the HDHM by assigning to each site a random on-site

potential. The resulting Hamiltonian of the disordered central system is given by:

Hdis(t) = H(t) +
∑
i

ξic
†
ici. (2.21)

The term ∑
i ξic

†
ici changes the potential on each site i by ξi, where ξi is a random

number uniformly distributed in [−W,W ], where W is the disorder strength.

Consider first the case in which the Floquet spectrum of the HDHM without disorder

is shown in Figure 2.5a, where there are three co-propagating chiral edge states in the

first gap above the middle Floquet band, and a pair of counter-propagating edge states

winding around quasienergies ε = ±~Ω/2. Such counter-propagating edge states are

unique to Floquet systems. To investigate their robustness to disorder, we calculate the

transmission coefficients and T-LDOS at different quasienergies.

From the T-LDOS for a pristine lattice depicted in Figures 2.4a and 2.4d, we see that

the chiral modes at ε = 0.25 and the counter-propagating modes at ε = 1.3 are indeed

localized at the edges. Upon the introduction of disorder—even at a strength comparable

to the size of the spectral gap—the T-LDOS still retain their edge features. At first

glance, this seems to suggest that both types of edge states are favorably robust against

disorder. However, if we inspect the DC conductance, where, as shown in Figure 2.5b for

ε/(~Ω) ∼ 0.4−0.5, the conductance plateau due to counter-propagating anomalous edge
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(a) (b)

(d) (e)

Figure 2.4: Time-averaged LDOS at quasienergy ε = 0.25 for panels (a), (b), and
ε = 1.3 for panels (c), (d), after summing over the contributions from Floquet sidebands
as in the Floquet sum rule. Panels (a) and (c) show results for pristine central systems,
whereas panels (b) and (d) show results for disordered central systems, each averaged
over 200 different disorder realizations. The disorder is implemented via onsite random
potentials, which penetrates all four edges by a depth of three layers each. The disorder
strength is W = 0.7. The system size is Nx = Ny = 40. Other system parameters are
Jy = 1.5, α = 1/5,Ω = π and s = 0.7.
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Figure 2.5: Left panel: Floquet spectrum of the HDHM with PBC (OBC) along y(x)-
direction. Red “|”s and green crosses denote states localized at left and right edges of
the sample. Right panel: transmission coefficient T (ε) (after applying the Floquet sum
rule) at different quasienergies ε in the upper half of the Floquet quasienergy Brillouin
zone for both pristine and disordered samples. The disorder strength W = 1. The
results for disordered sample are averaged over 100 different disorder realizations. Other
system parameters are the same as those shown in the caption of Figure 2.4.

states is appreciably pushed down by disorder from being quantized at 2. Thus from

the perspective of conductance quantization, counter-propagating Floquet edge states

are actually not robust. Indeed, the net winding number at quasienergies ε = ±~Ω/2 is

zero. Therefore the corresponding edge states are topologically trivial and are generally

not expected to resist disorder. This is in contrast to the anomalous Floquet edge modes

with non-vanishing winding numbers studied in Ref. [206], which are robust against

disorder. From Figure 2.5b one can draw two more observations. First, the plateau

due to co-propagating chiral edge states remains intact in presence of disorder, akin

to the static quantum Hall insulators. Of topological origin, this robustness is related

to the Chern numbers of the Floquet bands which cannot change without closing the

spectral gaps. Second, the very high conductance peaks are suppressed when disorder

is introduced into the pristine sample. This is evidence that these peaks originate from
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Figure 2.6: Panel (a): Floquet spectrum of the HDHM with PBC (OBC) along y(x)-
direction. Red “|”s and green crosses denote states localized at left and right edges of
the sample. Panel (b): Floquet spectrum of the HDHM with the same parameters, but
with PBC (OBC) along x(y)-direction. Panel (c): transmission T (ε) (after applying the
Floquet sum rule) at different quasienergies ε in the upper half of the Floquet quasienergy
Brillouin zone for both pristine and disordered samples. The disorder strength W = 1.
The results for disordered sample are averaged over 100 different disorder realizations.
The other system parameters are Jy = 1.25, α = 1/3,Ω = π/2, s = 0 and Nx = Ny = 45.
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Floquet bulk states and as such they are not topologically protected. This remarkable

response of bulk states to disorder should allow one to clearly distinguish conductance

contributions from bulk and from topological edge states.

As an aside, we consider another type of Floquet edge states restricted by the

symmetry of the system. One such example is presented in Figures 2.6a and 2.6b for

a 3-band case, where counter-propagating edge modes appear in quasienergy band

gaps around ±~Ω/2, only if the periodic boundary condition is taken along the x-

direction. This is similar to graphene, where dispersionless edge states appear only in

zigzag ribbons [207] but not in ribbon with armchair edges. To study the robustness

of transport contributed by such kind of Floquet edge states, we resort to the DC

conductance in the presence of disorder. As shown in Figure 2.6c, there are two plateaus

corresponding to the same quantized conductance 4e2/h. The one closer to the central

Floquet band (due to co-propagating Floquet edge modes) is manifestly more robust

against disorder than the one further away (due to symmetry-restricted Floquet edge

modes).

For the sake of completeness, we also studied the transport property of topologically

trivial gapped Floquet edge states, and found that they are indeed not robust to disorder

and defects. More details are presented in Appendix C.

2.8.0.2 Response to sample defects

A hallmark of quantum Hall insulators is the existence of chiral edge modes, which

can move past defects located at sample boundaries and maintain their propagation

directions without being scattered backward. In photonic and phononic analog of

Floquet topological insulators, the robustness of edge states against sample defects

have been demonstrated in Refs. [208, 209]. Here we propose the local DC profile
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Figure 2.7: Panel (a): Floquet spectrum of the HDHM with PBC (OBC) along y(x)-
direction. Red “|”s and green crosses denote states localized at left and right edges
of the sample. Panel (b): transmission coefficient vs. quasienergy with the Floquet
sum rule applied. The curve with crosses (circles) corresponds to the perfect (defective)
sample shown in left (right) panels of Figure 2.8. Other system parameters are chosen
as Jx = 1, Jy = 1.6, α = 1/3, Ω = π, s = 1.

(Section 2.3.2) as a tool to study the response of edge states to defects in Floquet

quantum Hall insulators. We introduce a defect to the system by removing all terms

coupled to the defect from the system Hamiltonian. For example, the Hamiltonian of

the HDHM with a single defect at site d ≡ (xd, yd) is given by:

Hdef(t) = H(t)−
{
Jxc
†
dcd±x̂ + Jy [s+ cos(Ωt)] e±i2παxdc†dcd±ŷ + h.c.

}
. (2.22)

The local DC profile is then determined as follows: at each site of the lattice, evaluate

Equation 2.11 and then represent the result as an arrow. Following the rationale behind

the Floquet sum rule, this will be done for not just a single energy and chemical

potential at (E, µL, µR), but also for those that are at integer multiples of the driving

frequency away, i.e., with chemical potentials at (E + n~Ω, µL + n~Ω, µR + n~Ω).

We present the DC profile at energy E = 1.5 + n~Ω in Figure 2.8, with the same

system parameters as in Figure 2.7. The chemical potentials of the left and right leads
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(a) n = −1 (b) n = −1

(c) n = 0 (d) n = 0

(e) Floquet sum rule applied (f) Floquet sum rule applied

Figure 2.8: Local DC profile for perfect (left panels) and defective (right panels) samples.
Arrows point along the direction of local currents, whose magnitude is indicated by the
color intensity as given in the colorbar (in units of Jx/~). The system parameters are
E = 1.5, µL = 1.51, µR = 1.49, Nx = 41, Ny = 30, Jy = 1.6, α = 1/3,Ω = π and s = 1.
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are set at µL = 1.51+n~Ω and µR = 1.49+n~Ω, both within the Floquet band gap. We

introduce small blocks of defects to our sample as shown in Figure 2.8. In Figures 2.8a

and 2.8c, we see that the local currents due to harmonics n = −1 and n = 0 flow mainly

along the top and bottom boundaries of the sample, respectively. Contributions from

other Floquet sidebands are negligible and therefore not shown. After applying the

Floquet sum rule, we obtain the DC profile as shown in Figure 2.8e, which shows two

edge channels propagating from the left to the right leads along the sample boundaries.

We then turn to defective samples. In Figure 2.8b, the local current associated with

harmonic n = −1 bypasses the defects and maintains its propagation direction along

the upper edge. Similarly, along the lower edge, the local current due to harmonic n = 0

is immune to backscattering (Figure 2.8d). Remarkably, along the upper boundary, the

harmonic n = 0 contributes a non-vanishing current that flows against the bias. This

backward-moving channel clearly indicates the sensitivity of counter-propagating edge

modes to sample defects. Figure 2.8f presents the overall DC profile after summing

over contributions from all Floquet sidebands at quasienergy ε = 1.5. Here a weaker

edge current signal compared to that of Figure 2.8e is observed, suggesting a deviation

from conductance quantization due to defects. This is confirmed by the string of circles

hanging off the plateau of crosses in the right end of the transmission characteristics

shown in Figure 2.7b. For completeness, we also checked the case with co-propagating

Floquet edge states, and find that they are robust against defects (C.1b and C.3d in

Appendix C).

In summary, we have confirmed that counter-propagating Floquet edge states are

not robust against defects, as expected from a vanishing winding number across the

Floquet-Brillouin zone. Also, as a computational tool, the local DC profile carries more

information than the DC conductance and T-LDOS, in that it is able to distinguish
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DC conductance Time-averaged LDOS Local DC profile
Plateau Stable Edge pattern Disorder Flows on edge Defect

(A) × – X × X ×
(B) X × X × X ×
(C) X × X X X X
(D) X X X X X X

Table 2.1: Four types of edge states and their response towards disorder and defect. The
check mark (cross mark) means robust (not robust) to the corresponding perturbation.
(A): Gapped, (B): Symmetry-restricted gapless, (C): Counter-propagating gapless, (D):
Co-propagating gapless.

the chirality of different harmonics, which all correspond to the same quasienergy.

In Table 2.1, we summarize the robustness of Floquet edge states studied in this

subsection. For completeness, the robustness of topologically trivial gapped edge states

is also listed here, with more details spelled out in Appendix C. The co-propagating

chiral edge states in Floquet quantum Hall insulators are the most robust against local

perturbations, and therefore potentially most useful in realizing high-precision electronic

transport devices.

2.9 Beyond the wide-band approximation

Up to now, our calculations were done under the WBA [193, 204], where the leads

are assumed to be able to accommodate uniformly all energy states of the central

system. However, in Floquet topological systems, the transport at a quasienergy

requires contributions from energies spanning several Floquet-Brillouin zones. Thus, it

is all the more appealing to model the leads as having only finite bandwidths. For this

purpose, it suffices to focus on a parameter regime as given in Figure 2.9a. We model the

leads as square lattices with nearest-neighbor hoppings described by Equation 2.17 and

compute the DC transmission. For broadband leads (dash-dotted line in Figure 2.9b),
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Figure 2.9: Panel (a): Floquet spectrum of the HDHM with PBC (OBC) along y(x)-
direction. Panel (b): DC component of the transmission coefficient T (ε) at different
quasienergies (with the Floquet sum rule applied) for leads with three types of bandwidth.
The broad (narrow) bandwidth corresponds to tx = ty = 3 (tx = ty = 0.5). The crosses
mark the points at which we analyze the contribution of each side-peak to T (ε) in
Figures. 2.10 and 2.11. The systems parameters are taken as Jy = 1.6, α = 1/3,Ω =
π, s = 0 and Nx = Ny = 30.

upon applying the Floquet sum rule, the conductance quantization remains intact for

quasienergies that are close to the center of the gap. On the contrary, for the case of

a narrow-band leads (dotted line in Figure 2.9b), one no longer observes conductance

quantization. These two results should be compared with the ideal case under the

WBA, which corresponds to the use of leads with infinitely-broad band (dashed line in

Figure 2.9b).

To understand these observations, let us select a quasienergy in the middle of

the gap, ε = E0 = 1.5 (crossed markers in Figure 2.9b). Consider now the three

Floquet sidebands that contribute to a quantized conductance in the WBA [dashed

rectangles in Figure 2.10(b) and Figure 2.11(b)]. When the WBA is relaxed, the leads

must have non-vanishing density of states in these Floquet zones, in order for the

corresponding sidebands to participate in the transport at ε = 1.5. This is the case for
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Figure 2.10: When attached to leads with a finite, yet broad enough bandwidth
(tx = ty = 3), quantized transmission is observed after applying the Floquet sum rule.
In (a), the color indicates the local density of states of the leads, calculated over 0,±1
Floquet zones, with energy as the vertical and y-direction as the horizontal axis. The
HDHM has a quasienergy spectrum which repeats itself over integer multiples of the
driving frequency Ω. The red dashed line at E0 = 0.5 refers to the energy of the
incoming electron. In (b), the side-peak contributions to the quantized DC conductance
are shown. Dashed rectangles indicate the case of wideband limit.

the broadband leads [Figure 2.10(a)], whose DOS spreads uniformly throughout the

first three (0,±1) Floquet zones. Hence, undeterred by a slight redistribution of the

sideband weights [colored rectangles in Figure 2.10(b)], the DC conductance remains

quantized as shown by the crossed marker in Figure 2.9b. Next, consider the case of

narrow-band leads. Since their density of states is non-vanishing only at the n = 0

Floquet zone [Figure 2.11(a)], no electrons at energies E0 ± ~Ω can contribute to the

transport at quasienergy ε = E0. Indeed, as shown in Figure 2.11(b), there is only one

single colored rectangle at the center, which is, worse still, diminished compared to the

case of WBA (dashed rectangle). Therefore, even the Floquet sum rule cannot salvage

its conductance quantization [green cross in Figure 2.9b], because the lead bandwidths
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are simply too narrow for anything other than E = E0 to contribute to the transport.

The above observation calls attention to the leads when studying the transport of

Floquet topological systems. Suppose the central system is governed by a certain energy

scale J , with the bandwidths of the leads characterized by Γ, such that Γ� J . In static

systems, one can then simplify the problem using the WBA. But if the Floquet edge

modes of interest are scattered throughout N dominant sidebands, such that NΩ� Γ,

then the leads have states only within Γ, which, by the assumption NΩ� Γ, do not

span some of the Floquet zones. It would then be inappropriate, in this case, to invoke

the WBA from the get go.

In brief, unless sufficiently broad, the bandwidth of electronic leads may result in

non-quantized DC edge conductances in Floquet Hall insulators. This suggests that

any attempt at detecting quantized DC conductance (upon applying the Floquet sum

rule) must involve electronic leads with bands wide enough to cover all contributing

Floquet sidebands.
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Figure 2.11: For leads with narrow bandwidth (tx = ty = 0.5), there is no quantized
transmission even after performing the Floquet sum rule. This figure is plotted the
same way as Figure 2.10

.
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Chapter 3

Engineering topological phases
with a three-dimensional
nodal-loop semimetal

3.1 Preliminaries

Topological phases are often characterized by their remarkable symmetry protected

surface states. A topological insulator in d dimensions harbors metallic states in its

(d − 1)-dimensional surfaces [5, 6]. In a topological semimetal, the conduction and

valence bands touch in a region of co-dimension p > 1. For example, in nodal-point

semimetals (NPSM), Fermi surfaces are zero-dimensional (0D) points connected by

Fermi arcs in the surface Brillouin Zone (BZ) [210], whereas in the three-dimensional

(3D) nodal-line (or loop) semimetals (NLSM) [211, 212], the touching region of bulk

bands is one or several one-dimensional (1D) loops, with degenerate surface states within

the projection of the loop in the two-dimensional (2D) surface BZ, commonly called

“drumhead” surface states. In addition, NLSM with a plethora of loops with different

topological features has been proposed [63, 69, 213]. Experimental identifications of

NLSM have also been carried out in solid state systems recently [214, 215].
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Connections between different topological phases have proved to be extremely helpful

in the development of this research area. In particular, NLSM subject to a restricted

class of gap terms opening up the bulk bands can yield familiar TI phases [167], with

their topological feature characterized by a winding number defined for a gap term

along the nodal loop of the original NLSM. The same winding number can be connected

with the number of Dirac cones in the surface BZ. Thus, we are motivated in this

chapter to seek a rich variety of topological phases under a unified scheme, namely, the

introduction of an additional 2D gap term with a spin degree of freedom to 3D NLSM.

Simply by tailoring the gap term whose dispersion relation can be carried over to the

topological surface states, a number of intriguing topological phases can be engineered,

including the previously discussed chiral insulator and those constructed recently by

other means. For instance, we obtain an insulating phase with degenerate surface loop

(DSL) in certain parameter regimes, and a higher-order topological insulator with 1D

surface states on the hinges of two surfaces [35, 216, 217]. Since distinct topological

surface states can be engineered by a tailored gap term applied to a common NLSM,

studies of topological transitions between them will be fruitful. To distinguish these

phases, we numerically study their two-terminal transport properties and discuss their

different behaviors in transport measurements.

3.2 General approach

To illustrate how different topological phases may arise from NLSM, we consider

the simplest two-band model for a 3D NLSM, the tight-binding Hamiltonian of which

is given by

HNL =
t ∑

i=x,y,z
cos ki −m

 τ1 + sin kzτ3, (3.1)
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with τ the Pauli matrices acting on a pseudospin-1/2 space, e.g. a sublattice space. t is

a hopping parameter, which is scaled to unity and serves as the energy scale hereafter.

The dispersion relation of HNL is given by ENL =
√(∑

i=x,y,z cos ki −m
)2

+ sin2 kz,

which yields one or two nodal loops. Throughout, we concentrate on the case of

1 < m < 3, with a single nodal loop L0 defined by cos kx + cos ky = m − 1 in the

kx–ky plane with kz = 0. This nodal loop is protected by PT symmetry, where P is

the conventional parity operator and T represents the time-reversal operator, with

PT HNL(k)T −1P−1 = HNL(k). A k-dependent gap term M(k)τ2, if turned on, will

break the PT symmetry, yielding a Weyl semimetal or a trivial band insulator (BI).

To systematically generate different topological phases, we introduce the following

gap term on top of HNL,

Hgap =
M0(k)s0 +

∑
i=1,2,3

Mi(k)si

 τ2, (3.2)

with s0 the 2 × 2 identity matrix, si the Pauli matrices acting on another (pseudo)

spin-1/2 degree of freedom. The existence of surface states of H = HNL + Hgap (say

along z), as well as their energy dispersion, is related to H projected on a plane in the

3D BZ perpendicular to kz [218]. Below we take advantage of this explicit bulk-edge

relation to facilitate the construction of surface states localized along the z direction.

To that end we consider a gap term which is independent from kz, so that Hgap is only

a function of k‖ = (kx, ky). Physically, Hgap = Hgap(k‖) may describe a 2D spin-orbit

coupling. The spectrum of Hgap(k‖) itself is given by αMgap,±(k‖), where α = ±1 is

the eigenvalue of τ2, and

Mgap,±(k‖) = M0(k‖)±
√∑

i

M2
i (k‖). (3.3)

The dispersion relation of the total Hamiltonian H = HNL + Hgap can be found
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accordingly, which is given by

E = ±
√
E2

NL +M2
gap,±(k‖). (3.4)

The surface states of H = HNL + Hgap under open boundary condition (OBC)

along the z direction can now be analyzed from the effective Hamiltonian Heff,± =

HNL + Mgap,±(k‖)τ2 as a 2 × 2 Dirac Hamiltonian winding with kz [212]. Because

Mgap,±(k‖) is independent of kz, this gap term does not affect the winding behavior

of Heff,±, and hence will not play any role in determining the existence of 2D surface

states. Indeed, applying the method in Ref. [218], we arrive at the following condition

(see Section D.1 for details) for surface states to exist, namely,

| cos kx + cos ky −m| < 1. (3.5)

Thus, surface states of H can only appear in the region bounded by the nodal loop

L0 associated with the original HNL. Remarkably, under this condition, the dispersion

relation of the surface states is found to be precisely ±Mgap,±(k‖) (see Section D.2).

That is, provided that surface states do exist, the 3D Hamiltonian H directly inherits

the dispersion relations of its surface states from ±Mgap,±(k‖), the spectrum of the gap

term Hgap itself. It is this finding that allows us to engineer below a variety of topological

phases by tailoring their surface state dispersions at our will. From Equation 3.4, it is

clear that when the zero-energy surface states overlap with L0, the 3D system becomes

gapless.

Before moving on to the following sections of different topological phases, we would

like to point out that HNL in Equation 3.1 is chosen to satisfy the PT symmetry, which

is a key factor to realizing NLSMs in many recent studies. However, in this chapter

we aim to propose a method to study diverse topological phases embedded in a nodal
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loop structure of the system. In other words, our method works as long as the total

Hamiltonian can be divided into a NLSM-like Hamiltonian which gives the nodal loop

structure, and some extra terms anticommuting with the NLSM-like Hamiltonian. In a

specific system, the NLSM-like Hamiltonian may take form different from HNL, provided

that the extra terms are revised accordingly.

3.3 Chiral insulators

As a simple case, we discuss how a chiral-symmetry-protected topological insula-

tor [219] can be created from our approach. We set M0 and one of the three Mi’s

(say M3) to be both zero [167]. H = HNL +Hgap then possesses a new PT symmetry

with Ps2H
∗(k)s2P−1 = H(k), as well as a chiral symmetry with SH(k)S−1 = −H(k),

where S = s3τ2. In this case, the two effective Hamiltonians Heff,± = HNL+Mgap,±(k‖)τ2

yield identical spectrum, implying that H is two-fold degenerate. The surface states, if

they exist, should be also two-fold degenerate. Consider a specific example with

Hgap = [(sin kx)s2 + (sin ky + µ)s1] τ2, (3.6)

whereM0 = M3 = 0. The spectrum of Hgap itself represents a 2D nodal-point semimetal.

When µ = 0, a four-fold degenerate 2D Dirac point at (kx, ky) = (0, 0) lies at the center

of L0 in the 2D surface BZ, as shown in Figure 3.1(a). The full system H = HNL +Hgap

inherits this dispersion relation via its surface states. As µ is tuned, the Dirac point

moves around in the surface BZ. When the Dirac point falls right on L0, the bulk gap

closes and the system undergoes a topological phase transition. Consistent with this, as

the Dirac point leaves L0 [Figure 3.1(b)], the system becomes a trivial insulator. Due

to the chiral symmetry S, the system belongs to either AIII or DIII class, depending

on whether time-reversal symmetry (TRS) is respected. In both cases, the topological
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properties are characterized by an invariant in Z, e.g. a winding number assigned to

the nodal loop L0,

ν =
∮
L0

M1(k‖)dM2(k‖)−M2(k‖)dM1(k‖)
M2

1 (k‖) +M2
2 (k‖)

. (3.7)

This winding number is equivalent to the Chern number defined on a 2D plane containing

L0 [220].

As discussed in Ref. [167], the topology of a 3D topological insulator of the Bi2Te3

family [168] can be characterized using a similar method, since its effective Hamiltonian

near the time-reversal-invariant point can be divided into a NLSM-like Hamiltonian

constructed by two Dirac matrices γ1 = τss0 and γ2 = τxsz, and extra terms given by

γ3 = τxsx and γ4 = τxsy. However, the aforementioned study only focuses on the case

with two anticommuting extra terms. In this chapter, we consider more general extra

terms and show that richer topological phases can be obtained, as discussed below.

3.4 Degenerate surface loop insulator and
Weyl semimetal

Next we introduce a k-independent M0(k) = m′, which breaks both the PT

symmetry and the chiral symmetry mentioned above. A simple gap term of this type

with M3 = 0 is given by

Hgap = [m′ + (sin kx)s2 + (sin ky + µ)s1] τ2. (3.8)

Without loss of generality, we choose m′ > 0 hereafter. The two-fold degenerate

spectrum of the chiral insulator is lifted, so is the four-fold degenerate surface Dirac
1The sketches are only for small m and m′, so that L0 and the DSL are both nearly perfect circles.

In general, the zeros of Hgap give four closed loops in the surface Brillouin zone when µ = 0. For larger
m′, each two of these loops will merge into one loop when increasing µ. Nevertheless, the topology
and the structure of surface states are hardly affected, and the transition from a DSL insulator to a
trivial insulator through a nodal point semimetallic phase still exists.
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Figure 3.1: Sketches of surface Dirac cones inherited by H = HNL +Hgap from Hgap and
the nodal loop L0 (black solid lines) of HNL. Dashed lines represent the DSL obtained
from the zero solution in Equation 3.3. A DSL exists only if it lies within the regime
enclosed by L0. The Dirac cones in (a) and (b) are two-fold degenerate, whereas this
degeneracy is lifted in (c)-(f) by a nonzero m′.1

point. Indeed, focusing on the spectrum of Hgap, the mere effect of a nonzero but

constant M0 = m′ is to shift its Dirac cones by ±m′ in energy, which results in a gapless

loop at zero energy as shown by the dashed lines in Figure 3.1(c)-(f). According to

our general insights above, this feature is now carried over to the surface states of H

and so we have degenerate surface zero modes along a 1D loop. Hence, by tuning the

magnitude of m′, one can engineer the size of the degenerate surface loop (DSL). We

stress that the DSL is robust unless it falls outside of L0 in the surface BZ [Figure 3.1(c)

and (d)]. We also note in passing that DSL here is protected by the symmetry

CH∗(k)C−1 = −H(k), (3.9)
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with C = s1τ2. Such a symmetry is a combination of parity and particle-hole symme-

tries [79], which is ensured by M3 = 0, namely, the absence of s3τ2 in Equation 3.8.

Further, a nonzero µ in Hgap depicted in Equation 3.8 shifts the DSL center, yielding

more topological phases [Figure 3.1(e) and (f)] as we tune µ. Indeed, as the DSL

center moves and touches L0, the spectrum of H = HNL +Hgap becomes gapless and

a topological phase transition occurs. Specifically, one finds the following gap closing

conditions,

kz = 0, cos kx + cos ky − (m− 1) = 0,

sin2 kx + (sin ky + µ)2 = (m′)2. (3.10)

For m = 2, H describes an insulator with DSL under the condition µ+m′ < 1, and a

trivial band insulator otherwise.

Because the winding number ν defined in Equation 3.7 is unrelated to M0(k‖) = m′,

and yet changing m′ can close the bulk gap, we see that the topological invariant

ν does not suffice to characterize different types of insulator phases with DSL. To

find a second topological invariant, we return to the effective Hamiltonians Heff,± =

HNL + Mgap,±(k‖)τ2 defined earlier. The two effective Hamiltonians Heff,± depict a

nodal-loop semimetal HNL subject to a gap term Mgap,+(k‖)τ2 or Mgap,−(k‖)τ2. In

either case, the surface loop due to Mgap,+(k‖)τ2 or Mgap,−(k‖)τ2 alone is not protected

by a bulk gap because it can shrink to a point and disappear altogether without closing

the bulk gap of Heff,±. However, our DSL phase must be described by the two effective

Hamiltonians at the same time. Indeed, what is protected by a nonzero bulk gap is

the intersection of the two pairs of surface Dirac cones, given by αMgap,± with α = ±1

respectively. This motivates us to seek a topological invariant based on both surface
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Figure 3.2: A topological phase diagram with m = 2, with the phase boundary
determined from Equation 3.10. Different insulating phases are characterized by two
topological invariants ν and CM defined in the main text, which are ill-defined in the
semimetallic NPSM phase.

Dirac cones. Specifically, consider the Berry curvature along the loop L0,

V L0
± =∇k ×AL0

± =sgn(ML0
gap,±)

4π|ML0
gap,±|2

(sin ky,− sin kx, 0), (3.11)

withAL0
± being the Berry connection on the lower band of HamiltoniansHeff,±, evaluated

along L0. So long as the bulk is gapped, Mgap,+(k‖) and Mgap,−(k‖) must be nonzero

along L0, and hence cannot change their respective signs. Thus, either the Berry

curvatures V L0
+ and V L0

− always point in the same direction along the loop L0, or they

always point in the opposite direction along the loop L0. Such a binary feature can be

captured by the integer

CM = [sgn(ML0
gap,+)− sgn(ML0

gap,−)]/2, (3.12)
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where CM = 0 for the first and CM = 1 for the latter case. Consider now m′ = 0 (which

yields CM = 1). For each fixed kx, ky on the nodal loop L0, ML0
gap,− increases with m′,

and changes sign after the DSL intersects L0 (and then the DSL vanishes as m′ is

further increased). This topological phase transition is captured by a jump in CM from

CM = 1 to CM = 0. On the other hand, changing µ can move the DSL center out of the

loop L0, thus turning the DSL insulator into a trivial BI without affecting CM . Thus

both ν and CM are needed to characterize the topological properties of gapless surface

states. A full phase diagram based on this insight as well as the conditions listed in

Equation 3.10 is presented in Figure 3.2. In the (blue) shaded region of Figure 3.2, the

DSL and L0 touch at discrete points, yielding a NPSM (Weyl) semimetal. That there

is no fine-tuning needed for the NPSM phase can also be understood by inspecting the

ways for L0 and the DSL to touch, which span a continuous parameter regime. The

Fermi arcs connecting different Weyl points are given by the portion of the DSL that

stays inside L0, as illustrated in Figure 3.1(e). Since the calculations of both ν and CM

require a nonzero gap along L0, they are not defined in the NPSM phase.

In Figure 3.3 we present the zero-energy modes with open boundary condition

(OBC) along the z direction, and their corresponding bulk spectra. The zero-energy

surface states form a single point, a closed ring, or one or several arcs in the surface

BZ [Figure 3.3(a1)-(d1)], corresponding to a 3D chiral insulator, a DSL insulator, or a

Weyl semimetal respectively. In Figure 3.3(d) there are four Fermi arcs connecting eight

Weyl oints. This is because for µ = 0, although both the DSL and L0 are centered at

kx = ky = 0, neither of them is a perfect circle, and they cannot fully overlap. Instead,

the DSL and the loop L0 cross each other at multiple Weyl points in the momentum

space. By tuning parameters, these Weyl points can move in the BZ and annihilate with

each other, while the Fermi arcs may shrink into points and disappear, or extend into
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Figure 3.3: The surface zero modes with m = 2, and their corresponding bulk spectra
with kz = 0 in (a2)-(d2). The zero modes are indicated by the bright markers in
(a1)-(d1). The parameters are (a) m′ = 0, µ = 0; (b) m′ = 0.8, µ = 0; (b) m′ = 0.8,
µ = 1; (d) m′ = 1.1, µ = 0.

a closed loop as in the DSL insulator phase, depending how the transition-associated

parameter varies. These processes describe transitions between a Weyl semimetal to a

trivial insulator or a topological one respectively, and the latter has been predicted in

the material Ta3S2 [221].

3.5 Second-order insulators

As the final topological phase created by our general approach, we consider a nonzero

M3(k‖). In this case, Hgap itself in general depicts a 2D insulating system that can be

topologically nontrivial. The presence of the s3τ2 term in H = HNL +Hgap breaks the

symmetry C previously discussed, and as a result the 2D surface states are fully gapped.
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As an example, we consider

Hgap = [sin kxs2 + sin kys1 + (µ′ − cos kx − cos ky)s3] τ2.

(3.13)

Hgap above is similar to a Chern insulator model [20], with two topologically nontrivial

phases for −2 < µ′ < 0 and 0 < µ′ < 2, with a 2D Chern number C = ±1. For |µ′| > 2,

Hgap itself describes a 2D trivial BI. Below we only consider positive values of µ′.

The surface states of H under OBC along z, which inherit their dispersion relations

from that of Hgap, should be fully gapped in the 2D kx–ky surface BZ. Because Hgap itself

can be topologically nontrivial, it is anticipated that upon opening another direction,

gapless edges can emerge. This is confirmed in Figure 3.4(c), where we show the

spectrum versus ky, with OBCs in both x and z. We observe gapless states localized

in the 1D edges of a 3D sample along the y direction for 1 < µ′ < 2, thus realizing a

second-order topological insulator [35, 216, 217], a subject of great interest recently.

Such intriguing “edge states of surface states” are obtained here using exactly the same

philosophy as how we engineer other interesting topological phases discussed above.

We now explain the criterion (1 < µ′ < 2) for the generation of a second-order

topological insulator. Following [220], we consider the gap term as a 2D nodal loop

semimetal, (µ′ − cos kx − cos ky)s3, gapped by sin kxs2 + sin kys1. The topological

property of Hgap can then be characterized by a chirality assigned to the 2D loop

l0 : cos kx + cos ky = µ′. Hence, for this nontrivial topology to manifest as surface states

of the 3D system H, the parent 3D loop L0 must be able to capture the chirality of l0,

i.e. L0 must enclose l0, whence the condition µ′ > 1. To understand the upper bound,

it suffices to notice that, for µ′ > 0, the gap term Hgap admits non-zero Chern number

only if µ′ < 2.
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It has been argued that crystal symmetries, e.g. reflection symmetries [35, 216] or

the combination of a C4 rotation symmetry and the TRS [217], play crucial roles in

the existence of higher-order topological phases when OBCs are chosen in directions

that respect the symmetries. In our model, the TRS is already broken in HNL, and the

chiral symmetry is broken when Hgap of Equation 3.13 is introduced. It is important

that Hgap breaks the chiral symmetry of HNL without destroying its winding with kz,

because then the topological nature of Hgap will determine the topological nature of

the surface spectrum. Therefore our system falls in class A of the ten-fold way of

symmetry classification [79], which has been discussed in Ref. [216]. In contrast to their

reflection-symmetric second-order topological phases, our model satisfies anti-reflection

symmetries in all three directions, i.e.

RiHHO(ki)R−1
i = −HHO(−ki), (3.14)

with i = x, y or z, HHO the total Hamiltonian of our second-order insulator, Rx = s2τ2,

Ry = s1τ2, and Rz = τ3. On the other hand, our system has a C4 rotation symmetry, as

Cz4HHO(kx, ky, kz)(Cz4)−1 = HHO(−ky, kx, kz), (3.15)

where Cz4 = τ0 exp{−iπsz/4}. In comparison, our numerical results show no surface

states when OBC is taken in any of the three directions, while hinge states exist only

for OBCs taken in z direction and one of the rest two direcitons, as long as the system

falls into a topologically nontrivial phase (1 < µ′ < 2).

3.6 Transport properties

To conclude our study, we now examine how the surface states in each class of

topological phase may lead to different transport properties. We consider a 3D sample
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Figure 3.4: Spectrum versus ky with open boundary condition in x and z directions,
for the gap terms as in Equation 3.13. The parameters are m = 2, and µ′ = 0.5, 1, 1.5
for the three panels, respectively.

of our model with metallic leads (in the wide band limit) attached along the y direction,

and computationally investigate the differential conductance T (in units of e2/h) using

the Caroli formula [222]: T (EF ) = Tr[GΓRG†ΓL]. Here EF is the Fermi energy,

G = (EF −H − ΣL − ΣR)−1 is the retarded Green’s function, ΣL/R is the self energy

due to the left (right) lead (taken in the wideband limit ΣL/R = −iδss′δττ ′δij/2 for

simplicity), ΓL/R = i(ΣL/R−Σ†L/R) is the line-width function, and Tr[. . . ] is a trace over

both the spin and pseudospin subspaces. For efficient simulations of large systems we

employ the method of recursive Green’s functions [197] which reduces the complexity

from O(N3
xN

3
yN

3
z ) to O(N3

xNyN
3
z ).

In Figure 3.5(a) we illustrate T versus Fermi energy EF for the four topological

phases engineered from our general approach. For the chiral topological insulator,
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as EF increases, the Fermi surfaces evolve from a point at EF = 0 to loops of sizes

proportional to EF . Beyond a transition point at EF ∼ 1, one eventually arrives at

the bulk bands and expects much larger conductance. The corresponding conductance

behavior agrees with these insights. For the Weyl semimetal phase, the system is always

metallic for finite EF , which is reflected by the steady increase of the conductance. For

the DSL insulator, it is curious to see that the conductance first stays around a certain

value. This is because as EF increases, the Fermi surface intersects with two Dirac

cones, resulting in two 1D loops, one increasing in size and the other decreasing in size.

As EF continues to increase, the surface states merge into the bulk (EF ∼ 0.25), where

the system becomes metallic and the conductance increases at a much faster rate. For

the second-order topological insulator, we observe two transitions in the conductance.

For EF . 0.4, the plateau of T is due to the 1D surface states along the hinges, which

are similar to the surface states of a 2D Chern insulator. For 0.4 . EF . 1, gapped

surface states start to contribute and conductance increases with EF . Finally, EF & 1

corresponds to bulk spectrum and the conductance also becomes that of a metal. Like

in other cases, these transition values of EF are in good agreement with our numerical

results based on the system spectrum alone.

Since the DSL insulator and Weyl semimetal phases share similar conductance

behavior as shown in Figure 3.5(a), we consider the responses of these two topological

phases to disorder so as to distinguish between them. In Figure 3.5(b), we look into

the conductance T as a function of µ, for a sample with on-site disorder, diagonal in

both s and τ space, uniformly distributed in [−W,W ]. We set m′ = 0.8 and the Fermi

energy EF = 0. As discussed above, tuning µ induces a transition from a DSL insulator

to a Weyl semimetal. Consistent with this, the Weyl semimetal for (0.4 . µ . 1.5)

exhibits robust quantized plateaux due to the quantum anomalous Hall effect along the
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Figure 3.5: (a) Conductance T vs Fermi energy EF for four topological phases. Inset
zooms in to 0 < EF < 0.5. (b) T versus µ at EF = 0 for a disordered sample with
different strengths W , with the gap term given by Equation 3.8 and m′ = 0.8, averaged
over 100 disorder realizations. For small µ′, the system is an insulator with DSL and T
is not robust. For larger µ′, the system is a Weyl semimetal and the conductance is
robust and quantized due to edge state conductance on the Fermi arc. (c) T versus
µ′ at EF = 0, for a second-order topological insulator using the gap term defined in
Equation 3.13, with parameters m = 2,m′ = 1.5. The transitions at µ′ = 1 and µ′ = 2
agree with our theory.
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Fermi arc connecting the Weyl points [223]. By contrast, the DSL phase is not resistant

against disorder, as reflected by the curves in the leftmost part of Figure 3.5(b). This is

justified since the disorder we apply is diagonal in both s and τ space, and the presence

of s0τ0 violates the symmetry (Equation 3.9) needed to protect the DSL.

Finally, we verify the criterion for the existence of second-order topological insulator.

We set m = 2 as in Figure 3.4 for the gap term given by Equation 3.13. Figure 3.5(c)

presents the conductance at EF = 0 as a function of µ′. The plateau due to the hinge

states is clearly observed. The phase transition points are identified at µ′ = 1 and µ′ = 2,

in agreement with our previous discussion. The transition becomes more pronounced

as the sample size N increases.
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Chapter 4

Photoinduced half-integer quantized
conductance plateaus in topological-
insulator/superconductor
heterostructures

4.1 Preliminaries

The search for excitations with Majorana-like properties in solid state systems is an

active ongoing research topic [224]. A vast majority of efforts focuses on zero-dimensional

Majorana bound states (MBS) at the ends of proximitized semiconductor nanowires [93,

104] or magnetic atom chains on superconductor substrates [105]. Another candidate in

the race is the one-dimensional chiral Majorana edge modes (CMEM) on the surface of

topological superconductors [87] (TSC). Recently, transport measurements [94] have

been carried out in magnetic topological insulator (TI) thin films proximitized by s-wave

superconductor. Half-quantized conductance plateaus were identified and interpreted

as the signature of the existence of a pair of CMEM, a conclusion which has sparked

vivid debates [98, 99] and inspired a number of stimulating follow-up studies [225, 226].

Such intense attention is not unwarranted for: Majorana zero modes hold promising
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prospects for topological quantum computation (TQC) [227], and their discovery should

demonstrate the ability of table-top experiments in simulating fundamental particles

not yet found in nature. With such far-reaching impacts, the pursuit of Majorana

fermions naturally spans beyond the realm of solid state materials. Be it on cold atom

systems [228] or photonic lattices [229], proposals towards the realizations of Majorana

fermions are regularly put forward.

A recurring theme among these approaches is the manipulation of electromagnetic

waves. Indeed, the revelation that light can interact with matter and give rise to

nontrivial Floquet-Bloch states [113] has propelled our understanding of topological

phases [165] and opened up a new avenue in the conception of novel topological mat-

ter [230]. From the surge of research activities emerges the field of Floquet topological

phases [115], and rightfully so: Not only do they exhibit unusual bulk-edge correspon-

dence with no static analog [206], the tunability of periodic driving fields also allows

the generation of intriguing phases with large topological invariants [166]. Of course,

ingenious engineering finds its way also in non-optical settings. Concepts of Floquet

topological phases have since been extended to acoustic or mechanical systems [231,

232].

In the context of superconductors, Floquet systems have an additional bonus:

Because of the torus topology of the Floquet-Brillouin zone, there is no distinction

between quasienergies ε = ±~Ω/2 (Ω being the frequency of a periodic drive). Thus zero

energy no longer reigns supreme, because excitations γ obeying the Majorana condition

(γ† = γ) [233] can now be sought at quasienergy ε = ±~Ω/2 as well. In the literature,

most studies have so far concentrated on dissecting the topological features [169].

While the transport properties of driven one-dimensional systems hosting MBS have

also been investigated [186], studies on the quantum transport of two-dimensional
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Floquet topological superconductors [234] are still scarce, not to mention the possible

quantization signature of Floquet CMEMs.

Motivated by the importance of active manipulation of CMEMs, as well as the

fascinating interplay between light-matter interaction and topology, we investigate the

possibility of creating and detecting Floquet CMEMs in hybrid topological devices,

which consist of a Floquet topological superconductor (FTSC) sandwiched between

two Floquet Chern insulators (FlCI). In the literature, this type of heterostructures

(without the time-periodic modulation) was studied in Refs. [94, 96], which established

theoretically and experimentally that the existence of CMEM in the TSC implies

half-quantized longitudinal conductance plateau. Naturally, it is tempting to ask:

What happens when more than a single pair of CMEMs are present in the TSC? Do

Floquet CMEMs exhibit half-integer conductance plateaus? If so, is there any additional

constraint and why must it be satisfied? If there is a constraint, can one observe any

sign hinting at the existence of photoinduced CMEM even if the constraint is not met?

Practically, how can one model a periodically driven heterostructure, given that the

left and right parts may serve either as leads or parts of the sample? In this chapter,

we tackle the above questions, in part building on previous works on the Floquet sum

rule [186].

Our main results are twofold: (a) the numerical observations of conductance plateaus

at 1
2
e2

h
and 3

2
e2

h
(upon invoking the Floquet sum rule [186]), due to photoinduced CMEMs

in a driven junction, and (b) the finding that in a FlCI-FTSC-FlCI hybrid device, if

there is a conductance plateau, then for all Floquet sidebands, the normal and Andreev

processes always share equal probabilities. While the conductance of a homogeneous

sample is expected to scale up according to the number of edge modes, whether this

remains the case for a heterostructure is a priori unclear, because the edge states
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may interfere with each other in coherent transport. The presence of periodic drives

render the situation even more uncertain. Indeed, by irradiating a QAHI-TSC-QAHI

sample with high-frequency light, one observes suppressed DC conductance, which

might suggest some sort of light-induced interference. Here, it is shown, by means of

extensive numerical results, that the nontrivial topology of an irradiated junction may

still be probed by DC conductance, the value of which will be quantized upon summing

over Floquet sidebands. Even without such a summation, one still observes equal

Andreev-normal scattering coefficients at each sideband, implying that for photoinduced

CMEMs, the property of being equal superpositions of electrons and holes extends to

all Floquet sidebands.

The half-quantized conductance plateaus discovered in this work are found to be

robust against static and time-periodic disorder. They are rather subtle because they

emerge only after summing over contributions from all Floquet sidebands. They can thus

serve as a hallmark of photoinduced CMEMs in topological insulator-superconductor

junctions. In particular, the conductance plateau at 3
2
e2

h
marks the existence of three

pairs of CMEMs, indicating a possible way to simultaneously create, detect, and

manipulate multiple pairs of CMEMs by light. Because to our knowledge the 3
2
e2

h

conductance plateaus have not yet been computationally or experimentally observed

in any other superconducting system, their experimental realization will be a ground-

breaking progress. To that end we shall briefly discuss cold-atom systems as one possible

platform to experimentally explore photoinduced CMEMs. In passing, we also elaborate

on a few other aspects of transport in Floquet topological junctions. For example, we

argue that in a driven device, to probe the topology by means of transport, one must

also cover the two sandwiching systems by light irradiation, but not treat them as leads.

These results offer more insights into the pursuit of Majorana fermions and contribute to
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the general understanding of transport in Floquet hybrid devices. Recently, controlling

Majorana modes by magnetic writing [235], and the verification of the non-Abelian

statistics of Majorana modes [236] by electrical transport have been proposed. Along

the same line, we hope that the present work will further stimulate interests on class

D topological superconductors in two dimension. The experimental breakthrough

in Ref. [94] demonstrated that it is possible to meticulously design heterostructures

for fractionalized excitations to not only emerge but also directly manifest via half-

quantized conductance. Hence, in a larger context, our theoretical study illustrates

that, in principle, similar approaches may also extend to optoelectronics.

This chapter is structured as follows. In Section 4.2, we propose system Hamiltonians

and driving protocols modeling certain time-periodic modulations such as light-matter

interaction. Various junctions consisting of FlCI and FTSC are thus constructed. In

Section 4.3 we briefly discuss the DC conductance that is used to probe the topological

edge states in this chapter. Section 4.4 presents our main findings on conductance

plateaus with detailed supporting results, including the effects of disorder. In Sec-

tion 4.5, we elaborate on several aspects of quantum transport in Floquet topological

hybrid devices. In Appendix E, we outline some aspects of the transport theory of

superconducting systems.

4.2 Models

We study the two-terminal quantum transport of hybrid structures consisting of a

superconductor sandwiched between two [left/right (L/R)] Chern insulators, detailed

below, that are attached to two metallic leads (Fig. 1). The entire sample is periodically

driven at the same fundamental frequency Ω, such that Floquet theory applies, although
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FlCI FlCIFTSCLeft 

lead

Right 
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Figure 4.1: Schematic of the model studied in this chapter. The sample is composed of a
Floquet topological superconductor, sandwiched between two Floquet Chern insulators
which are attached to two leads. Continuous driving fields are characterized by the
amplitudes (AFlCI, AFTSC), and polarization angles (φFlCI, φFTSC) for the left/right
Floquet Chern insulators and the central superconductor. The frequency Ω is set to be
homogeneous throughout the heterostructure.

the amplitudes of driving fields themselves need not be homogeneous throughout the

sample.

The central (C) superconducting region is described by a noninteracting Hamiltonian

hC, proximitized by an s-wave superconductor of pairing strength ∆. The two Chern

insulators on its left and right are described by noninteracting Hamiltonians hL/R. In

the Bogoliubov-de Gennes (BdG) formalism, the left/central/right Hamiltonians in

momentum space read HL/C/R = 1
2
∑
k Ψ†kHL/C/R(k)Ψk, with:

HL/R(k) =

hL/R(k) 0

0 −h∗L/R(−k)

 , HC(k) =

hC(k) −i∆σy

i∆σy −h∗C(−k)

 , (4.1)

where σx,y,z are the Pauli matrices in sublattice or spin space, and the Nambu spinor

Ψk = (ĉk,↑, ĉk,↓, ĉ†−k,↑, ĉ
†
−k,↓)T, where ĉk,s is the annihilation operator for an electron at

momentum k with spin s(=↑, ↓). Since we study junctions, in actual calculations the

Hamiltonians are discretized on a lattice in real space. When the driving fields are
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switched on, the left and right Hamiltonians describe the same Floquet Chern insulators,

whereas the central Hamiltonian describes the Floquet topological superconductor.

Below, we shall describe two specific choices for our static Chern insulator Hamiltonians

hL/R, as well as two specific Floquet driving protocols (time modulations). These

prototypical choices capture the essential properties of generic Chern insulators and

Floquet drivings, and will be used to generate our results in Section 4.4(A–D).

4.2.1 Static Hamiltonians

We choose either the Haldane [10] or the QWZ [20] model as two prototype systems.

We split the system into three regions (left/center/right), and turn on s-wave supercon-

ductivity in the central part. For ease of presentation, we write the Hamiltonians in

momentum space, but in actual calculations we always work in real space with open

boundary conditions.

4.2.1.1 Haldane model

The Haldane model is the first proposed model for a quantum anomalous Hall

insulator (QAHI), and was recently realized with ultracold fermions in an optical

lattice [237]. It consists of non-interacting electrons on a honeycomb lattice, with time

reversal symmetry broken via phases in the second neighbor hoppings that simulate a

magnetic vector potential. It is expressed as the Hamiltonian hH(k) = f(k) · σ, where:

fx(k) = t1[1 + cos(k · a1) + cos(k · a2)],

fy(k) = t1[sin(k · a1) + sin(k · a2)],

fz(k) = 2t2 sin Φ
{

sin(k · a1)− sin(k · a2)− sin[k · (a1 − a2)]
}
.

(4.2)

Here, t1,2 are the first and second neighbor hopping parameters, Φ is a phase factor,

a1 =
√

3x̂,a2 = (
√

3x̂ + 3ŷ)/2 are the primitive vectors of honeycomb lattice with
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zigzag edge, a geometry chosen for convenience.

4.2.1.2 Qi-Wu-Zhang (QWZ) model

The QWZ model is another classic two-band Chern insulator (CI) model with Chern

numbers ±1. Also known as the lattice Dirac model, it is arguably the most local CI

model which is symmetric in both momenta. Due to its elegant simplicity, it has also

been employed in describing (half) of the Bernevig-Hughes-Zhang model for quantum

spin Hall effect in CdTe/HgTe heterostructure [39]. Its Hamiltonian is given by:

hQWZ(k) = A sin k1σx + A sin k2σy +
[
m+ 4B(cos k1 + cos k2)

]
σz, (4.3)

where m,A,B are tunable material parameters.

4.2.2 Periodic drives

With the static heterostructure described by either of the Hamiltonians above, we

further subject them to driving fields. The effect of driving fields amounts to adding a

periodic time dependence to the Hamiltonians. In the following, we discuss two types of

driving protocols: continuous drive by elliptically polarized light and periodic quenches.

4.2.2.1 Continuous driving field

For continuously driven models, the Hamiltonians are modified by Peierls’ substitu-

tion, k 7→ k + eA(t), where −e < 0 is the electron charge, A(t) is the vector potential.

On honeycomb lattices, we take the driving fields to be of the form

A(t) = A
[

sin(Ωt)a1 + sin(Ωt+ φ)a2
]
, (4.4)

where φ is an angle characterizing the rotating electromagnetic waves.
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4.2.2.2 Periodic quenches

A quench is an abrupt transition of a physical system. It is widely employed in

experiments to study thermalization, localization, and nonlinear dynamics. When two

quenches are periodically alternated, one obtains a two-cycle quench model, described

by:

H(t) =


h(1), 0 < t < T1 mod T ,

h(2), T1 < t < T1 + T2 mod T ,
(4.5)

where T = T1 + T2 = 2π/Ω is the period. In Section 4.4.1, Section 4.4.4 we consider

periodically quenched heterostructures. Thus h(1,2) are given by the (superconducting)

QWZ [Equation 4.3] and Haldane [Equation 4.2] model in Section 4.4.1 and Section 4.4.4

respectively, where the superscripts are appended throughout, indicating the parameters

for different steps in the quench protocol.

Physically, periodic quenches of period T1 + T2 are driving fields containing many

different frequencies, commensurate with Ω = 2π/(T1 + T2). This is evidenced by the

Fourier series: H(t) = ∑
k∈Z exp(ikΩt)hk, where

hk =


h(1)T1 + h(2)T2

T1 + T2
, k = 0,

1
kπ

[
h(1)e−i ΩT1

2 sin kΩT1
2 + h(2)e−i Ω(T1+T2)

2 sin kΩT2
2

]
, k 6= 0.

(4.6)

Thus hypothetically one may envisage to implement approximate quenches using lights

at frequencies commensurate with each other.

4.3 Method

We apply the method of recursive Floquet-Green’s function for the calculations of

the DC conductance at each sidebands [238]. These so-called sideband contributions are
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then summed to fully probe the Floquet edge modes, in accordance with the Floquet

sum rule [186]. Here, we briefly sketch the ideas behind the transport calculations in

this chapter (please refer to Appendix E for more elaborate descriptions). For undriven

samples where superconductivity is present, one can show that if the left (right) lead is

set at bias VL/R = ±V/2, the electrical current flowing in the sample reads [239, 240]:

I = e

h

∫ ∞
−∞

dE
[
g(E) + gLAR(E)

][
f−V (E)− fV (E)

]
, (4.7)

with the normal and local Andreev reflection coefficients given by:

g(E) = Tr
[
G(E)ΓR(E)G†(E)ΓL(E)

]
,

gLAR(E) = Tr
[
G(E)ΓL(E)G†(E)ΓL(E)

]
.

(4.8)

whereG = (E−H−ΞL−ΞR)−1 is the retarded Green’s function, ΞL/R is the left/right self

energy due to coupling with metallic leads, Γ = iP e(Ξ− Ξ†)P e and Γ = iP h(Ξ− Ξ†)P h

are the electron- and hole-projected line-width functions, P e/h = (1 ± τz)/2 is the

electron/hole projector, τz is the Pauli matrix acting on Nambu space, and fV (E) =

{exp[β(E + eV )] + 1}−1 is the Fermi function at inverse temperature β. One can

extract from Equation 4.7 a differential conductance by linearizing the Fermi function,

assuming a small bias V . For zero-temperature, at energy EF, one obtains the differential

longitudinal conductance as:

gLR(EF) = e2

h

[
g(EF) + gLAR(EF)

]
. (4.9)

In presence of time-periodic drive, the time-averaged DC conductance for normal

transmission becomes [183]:

gDC(E) =
∑
k∈Z

Tr
[
Gk0(ΓR)00G

†
0k(ΓL)kk

]
, (4.10)
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and analogously for the local Andreev reflection, where bold characters are Floquet-

Green’s functions, satisfying, e.g.:

[(E +mΩ)δmk − (H)mk − (ΣL + ΣR)mk]Gkn(E) = δmn, (4.11)

and the subscripts mean:

Hmn = Ω
2π

∫ 2π/Ω

0
dt exp[i(m− n)Ωt]H(t) (4.12)

(see Appendix E for the definition of Green’s functions in the Floquet representation).

Finally, to faithfully reflect the topology of Floquet systems via transport calculations,

a summation over different Floquet sidebands is performed:

ḡ(EF) =
∑
n∈Z

gn(EF), (4.13)

where gn(EF) = g(EF + n~Ω), applicable to both normal and Andreev processes.

4.4 Results

We first summarize our results to be presented below. We begin in Section 4.4.1,

by demonstrating how Floquet engineering can achieve a desirable conductance signal

by periodically alternating two static copies which when left alone will fail. Then, in

Section 4.4.2, we ask the question: What happens when a normal-superconducting-

normal (NSN) graphene junction is irradiated by circularly polarized light? These

results set the stage for the bolder question in Section 4.4.3: What is expected of the

DC conductance in a Floquet junction where the superconducting part harbors multiple

pairs of photoinduced CMEMs? Finally, in Section 4.4.4, we consider how the DC

conductance may help to distinguish π Floquet CMEMs and the more conventional 0

Floquet CMEMs. For a more pleasant reading experience, we illustrated these findings

in Figures 4.2, 4.4, 4.6, 4.9 for each section.
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We now describe the organization of our results. In panels (a) and (b) of Figures

4.3, 4.5, 4.7, 4.8, we show representative Floquet spectra [(a) for the sandwiching FlCI,

(b) for the sandwiched FTSC], where chiral edge modes are highlighted in red and green

for states localized at top and bottom. In panels (c) and (d) of Figures 4.3, 4.5, 4.7, 4.8,

we display the DC conductances evaluated at quasienergy εF = 0, or εF = ~Ω/2 in

Section 4.4.4 (y axis), when two different types of parameters are swept (along the x

axis). For the case of continuous driving fields (Sections 4.4.2, 4.4.3), we vary laser

parameters, namely, amplitude, polarization angle, or frequency, of either the FlCI

or FTSC. For the case of periodic quench (Sections 4.4.1, 4.4.4), we vary the two

quench durations. The goal is to observe half-integer conductance plateus over different

drive-related parameters, which demonstrate the existence of photoinduced CMEMs

over a diverse choice of wide parameter windows.

Dealing with scattering in superconducting systems, there are several transport

coefficients to consider. For our purpose, we display the normal transmission (g) and

the local Andreev reflection (gLAR), because the longitudinal conductance is a sum of

only these two. In static QAHI-TSC-QAHI junctions, theoretical and experimental

studies [94, 96] showed that half-quantized longitudinal conductance may signal the

existence of CMEM in the TSC (see Section 4.5.2 for an explanation of this transport

signature, which is based on Refs. [94, 96]). Extrapolating from static results, one might

expect the period-averaged conductance to also be quantized in the Floquet case.

It turns out that although the DC conductance enjoys stability against disorder

and achieves plateaus within topologically nontrivial regimes, it is not quantized at

integer [185] (or half-integer as in this work). To understand this, suppose we wish to

probe a Floquet edge mode |ψε(t)〉 at quasienergy ε = EF ∈ [−~Ω/2, ~Ω/2] by transport

measurement. To this end, not only can we inject states at energy EF, all modes
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|φn(t)〉 at energies En = EF + n~Ω (with n ∈ Z) are also viable candidates, thanks to

the periodic drive at frequency Ω applied to the central hybrid structure. Since the

incoming states |φn(t)〉 are physically distinct, they cannot all have unity overlap with

the Floquet mode |ψε(t)〉. Hence the transport measurement at EF only probes the

part of the edge modes that are not scattered to other energies, and to fully reconstruct

the edge state by DC conductance, one has to sum over all sideband contributions En.

Therefore, in our results for DC conductance, we display the dominant sideband

contributions gn, gLAR
n , typically for n ∈ {−2, · · · , 2}. The purpose is to demonstrate

that despite bearing little resemblance to any topological quantization, the crucial

equality of local Andreev reflection and normal transmission still holds at each sideband.

Thus, the DC conductance at any Floquet gaps actually contains topological information

of the heterostructure harboring a certain number of Floquet CMEMs and chiral

fermions.

4.4.1 Half-quantized plateau by quenching two devices with
mismatched Chern numbers

We begin with the s-wave superconducting Qi-Wu-Zhang (QWZ) model, which was

first studied in Ref. [95]. For a single CMEM to manifest as half-quantized conductance,

an important topological prerequisite is that one must have Chern numbers C = 1 and

N = 1 for the two layers of Chern insulators and the topological superconductor in the

middle respectively. This is because for N = 2, the incoming chiral ordinary fermion

travels unimpeded, whereas if N = 0, then it gets completely reflected [96].

Suppose now we periodically quench two devices with mismatched Chern numbers:

C = 1,N = 2, and C = −1,N = −2. With two additional parameters, i.e. the quench

durations T1,2, the resultant device can explore a much larger topological phase diagram.
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...

... ...
...

Figure 4.2: Given two copies of Chern insulator-superconductor-Chern insulator het-
erostructure (h1,2), each of which does not yield equal Andreev-normal scattering, one
can perform Floquet engineering and obtain a system where the CMEM in the FTSC
may manifest as half-integer quantized longitudinal conductance [H(t)]. In the top
panel, the two static heterostructures have weak superconducting pairing, so that the
incoming chiral fermions travel unimpeded in the superconductor. By subjecting these
two devices to square waves [s(t) and 1− s(t) in the middle panel], one can arrive at
a time-periodic system which harbors a single Floquet CMEM in the superconductor
(bottom panel), yielding half-quantized conductance.
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Figure 4.3: Periodic quench turns two static Chern insulator-superconductor-Chern
insulator junctions with mismatched Chern numbers into a FlCI-FTSC-FlCI junction
yielding half-quantized DC conductance. Top panel: Representative spectra in the Flo-
quet hybrid device with fixed quench durations T1 = 1, T2 = 1.5, where the parameters
during the quench duration T1 are m(1) = −2.1, A(1) = B(1) = 1,∆(1) = 1.6, and the pa-
rameters during the quench duration T2 are m(2) = 1.6, A(2) = B(2) = −1,∆(2) = −1.4,
applicable to both (a) FlCIs and (b) FTSC except the pairing ∆ which is present only
at the FTSC. Middle panel: DC conductance of Floquet sidebands En = 0 + ~Ω due to
normal transmission (gn) and local Andreev reflection (gLAR

n ). When the sideband con-
tributions are summed, half-quantized conductance plateaus are observed over different
drive parameters. (c), the plateau is observed over the first quench duration T1, when
T2 = 1.5 is fixed. (d): T2 is varied for the manifestation of a plateau, when T1 = 1 is
held constant. Bottom panel (e): Legends of plots for (c) and (d).
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In particular, with a judicious choice of T1,2, the Floquet junction realizes a single chiral

fermion at the FlCIs [Figure 4.3(a)] and a single CMEM at the FTSC [Figure 4.3(b)].

This idea is schematically illustrated in Figure 4.2. Physically, if we denote the square

wave for the first quench duration as

s(t) =


1 0 < t mod T < T1,

0 T1 < t mod T < T1 + T2,

(4.14)

then the Hamiltonians read:

HFlCI(k, t) = s(t)h(1)(k) + [1− s(t)]h(2)(k),

HFTSC(k, t) = s(t)
[
h(1)(k) + ∆(1)σyτy

]
+ [1− s(t)][h(2)(k) + ∆(2)σyτy],

(4.15)

where T = T1 + T2 is the period, σ acts on the orbital space and τ acts on Nambu

space, h(i)(k) is given by:

h(i)(k) =

h
(i)
QWZ(k) 0

0 −(h(i))∗QWZ(−k)

 (4.16)

and h(i)
QWZ(k) is given by Equation 4.3, with the superscript appended to indicate the

different parameters for different quench cycles (i = 1, 2). Hence, we perform DC

conductance calculations at EF = 0 by tuning the quench durations T1 [Figure 4.3(c)]

and T2 [Figure 4.3(d)]. We observe that the individual sidebands for both normal

transmission and local Andreev reflection (gn, gLAR
n ) vary, but their sums (ḡ, ḡLAR) form

plateaus of 1/4, resulting in DC longitudinal plateaus of 1/2.

4.4.2 Photoinduced CMEM in graphene hybrid structure

In the previous example, the two pre-quench junctions can actually realize a single

pair of CMEM [95] with other choices of parameters. A natural question to ask is
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Figure 4.4: Schematic of elliptically polarized light turning a graphene
normal-superconductor-normal junction into a Floquet Chern insulator-topological
superconductor-Chern insulator heterostructure. Starting from Dirac cones in normal
graphene (top panel, left and right) and topologically trivial superconductor (top panel,
middle), light irradiation breaks time-reversal symmetry, result in chiral edge modes in
both the normal and superconductor part (bottom panel).

thus: In a device where the existence of CMEM is forbidden by symmetry, can periodic

driving fields lift this restriction? Inspired by Ref. [113], here we answer this question

affirmatively by considering the dynamical generation of a single Floquet CMEM from

a graphene NSN junction, as depicted by Figure 4.4.

More specifically, the Hamiltonians of the FlCI and FTSC are given by:

HFlCI(k, t) =

hH[k −AFlCI(t)] 0

0 −h∗H[−k −AFlCI(t)]

 ,

HFTSC(k, t) =

hH[k −AFTSC(t)] −i∆σy

i∆σy −h∗H[−k −AFTSC(t)]

 ,
(4.17)
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where the periodic driving fields are inhomogeneous on the FlCI and FTSC. In above,

the graphene Hamiltonian hH can be written as in Equation 4.2, but keeping only nearest

neighbor (t2 = 0,Φ = 0). As for the driving field, on the Floquet Chern insulators one has

AFlCI(t) = AFlCI
[

sin(Ωt)a1 + sin(Ωt+ φFlCI)a2
]
, where a1 =

√
3x̂,a2 = (

√
3x̂+ 3ŷ)/2

are the primitive vectors of honeycomb lattice with zigzag edge, and we have a similar

expression for the driving field on the photoinduced topological superconductor. The

static device now consists of a graphene ribbon, where the center is proximitized by

s-wave superconductor. Once periodic driving fields with appropriate parameters are

added, we observe a C = 1 FlCI [Figure 4.5(a)] and N = 1 FTSC [Figure 4.5(b)] in

some representative spectra.

Knowing that our Floquet device may yield a single FlCI fermion and a single

CMEM at one edge of the system, we proceed to probe the DC transport.

In Figure 4.5(c), the DC conductance is calculated as a function of the polarization

angle at the FlCIs. We observe that within [0, π], almost all angles, except those at the

boundary values 0, π, yield half-quantized DC conductance. This is because for φFlCI =

0, π, the light is linearly polarized and does not break time-reversal symmetry. Next,

we vary frequency and find that beyond a critical value [near Ω = 3 in Figure 4.5(d)],

one always obtains 1/4 normal transmission and local Andreev reflection. In fact,

extrapolating to the high-frequency regime and performing a Magnus expansion [113], it

is expected that one can always gap the normal-superconducting graphene to generate a

chiral regular fermion and a CMEM, except that the ±1 Floquet sideband contributions

tend to zero asymptotically as Ω increases.
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Figure 4.5: Photoinduced chiral Majorana edge mode in a graphene normal-
superconductor-normal junction irradiated by elliptically polarized light. Top panel:
Representative spectra in the junction, with (a) FlCI: t1 = 1, AFlCI = 1.25,Ω =
3.4, φFlCI = 0.9π, (b) FTSC: t1 = 1,∆ = 0.5, AFTSC = 1.9,Ω = 3.4, φFTSC = π/2.
Middle panel: DC conductance at different Floquet sidebands En = 0 + n~Ω, which
when summed (ḡ + ḡLAR) yields half-quantized plateaus. Parameters are the same as
in (a),(b) except the polarization angle at the FlCI and the drive frequency. (c): The
polarization angle at the FlCIs, φFlCI, is varied when Ω = 3.4 is held constant. (d): The
drive frequency Ω is varied when φFlCI = 0.9π is fixed. Bottom panel (e): Legends of
plots (c) and (d).
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Figure 4.6: Schematic illustration of transport signature of a Floquet Chern insulator-
topological superconductor-Chern insulator junction, in presence of three chiral edge
modes in both the FlCIs and FTSC. The topological properties of the system are
described by the three CMEMs in the FTSC and three chiral fermions in the FlCIs. If
these topological edge modes do not interfere with each other, the Anantram-Datta-
Landauer-Büttiker formula predicts a longitudinal conductance of 3/2 for a static sample.
In Floquet systems, edge states are distributed by photons to different sidebands
(n = −1, 0, 1) and the DC conductance deviates from 3/2. Remarkably, at each
sideband there is equality among Andreev and normal scattering processes (gn = gLAR

n

for example). One can recover half-integer quantized conductance by summing over
the Floquet sidebands (the Floquet sum rule), as depicted by the schematic bar chart
(inset), where ḡ(LAR) = ∑

n g
(LAR)
n and the two-terminal conductance is g12 = g + gLAR.
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4.4.3 Higher half-quantized plateaus from a driven Haldane
model

As alluded to, Floquet systems boast a wide range of phases with large topological

invariants [166]. This feature is all the more appealing for the transport signature

of CMEMs: While alternative mechanisms may explain half-quantized plateaus [98,

99], it is unlikely that these mechanisms, of static origin, are able to induce higher

half-quantized plateaus from models with minimal number of bands. In addition, for

the purpose of TQC, a larger number of MZMs allows more qubits to be encoded.

Therefore, we investigate the transport signature of devices harboring more than

one CMEMs. The key findings and ideas are summarized in Figure 4.6. To look for

light-induced large-topological-invariant phases, we choose the Haldane model with s-

wave pairing potential, described by Equation 4.1 and Equation 4.2. Experimentally, by

means of ultracold fermionic gases, the former was realized using 40K atoms modulated

in time [237], the latter via 6Li hyperfine state pairs close to Feshbach resonance [241].

The left and right parts are given by the Haldane model without s-wave pairing, and the

entire device is irradiated by elliptically polarized light. More precisely, the Hamiltonians

are:

HFlCI(k, t) =

hFlCI(k, t) 0

0 −h∗FlCI(−k, t)

 ,

HFTSC(k, t) =

hFTSC(k, t) −i∆σy

i∆σy −h∗FTSC(−k, t)

 ,
(4.18)

where the diagonal term is given by the Haldane model. For example, on the Floquet

Chern insulators one has:

hFlCI(k, t) = fFlCI[k −AFlCI(t)] · σ, (4.19)
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where the Haldane model f is described in Equation 4.2 and elliptically polarized light

given by Equation 4.4. Similar expressions hold for the FTSC, with the labels replaced

accordingly.

We now discuss the anticipated transport behavior when several CMEMs are present.

For the case of a single CMEM, the splitting of a chiral ordinary fermion into two

CMEMs (see Section 4.5.2) is a major reason behind its half-quantized conductance.

Now suppose the device hosts 2n+ 1 chiral ordinary edge modes and 2n+ 1 CMEMs,

with n > 0. Guided by Occam’s razor, an immediate intuition is that each of the

2n + 1 incoming chiral modes will undergo its own splitting, giving rise to 1/4 local

Andreev reflection and normal transmission each, so that the conductance will be given

by (2n+ 1)/2.

To verify our insight above, considering that the next entry in the hierarchy of

half-quantized conductance is 3/2, we seek phases with three edge modes in both

the FlCIs and the FTSC. An example is given in Figures 4.7(a-b), where the three

chiral edge modes of interest occur at the central Floquet gaps. Note that the driving

parameter A and Ω considered here are rather realistic, insofar as they are indeed

within the range achieved in the cold-atom experiment reported in Ref. [237]. Then, we

compute the DC conductance at EF = 0 by varying the vector potential at the FlCIs

[Figure 4.7(c)] and the polarization angle at the FTSC [Figure 4.7(d)]. In Figure 4.7(c),

the n = ±1 sidebands already constitute plateaus, with the n = 0,±2 sidebands drifting

not too far away from their respective values. In Figure 4.7(d), all sidebands form non-

quantized plateaus themselves. While the exact conductance values may not bear any

discernible feature, the sidebands again always have equal normal transmission and local

Andreev reflection. Furthermore, when they are summed over, we obtain 3/4 plateaus

(ḡ, ḡLAR), which in turns yield 3/2 for the total longitudinal DC conductance. This
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Figure 4.7: Existence of three chiral fermions in the FlCI and three CMEMs in
the FTSC leads to higher half-quantized DC conductance plateau at 3/2 after the
Floquet sum rule. Top panel: Representative spectra in the junction, with (a): FlCI:
tFlCI
1 = 0.8, tFlCI

2 = 0.3,ΦFlCI = π/2, AFlCI = 1.25, φFlCI = π/2,Ω = 1.5, (b): FTSC:
tFTSC
1 = 1, tFTSC

2 = 0.45,ΦFTSC = π/2,∆ = 0.6, AFTSC = 1.75, φFTSC = π/3,Ω = 1.5.
Middle panel: DC conductance of Floquet sidebands En = 0 + n~Ω (where Ω = 1.5)
for both the normal transmission (gn) and local Andreev reflection (gLAR

n ), which sum
to give higher half-quantized plateaus (ḡ + ḡLAR). The parameters are the same as in
(a),(b), except the vector potential at the FlCI and polarization angle at the FTSC.
(c): The vector potential at the FlCIs is varied for the manifestation of plateau, where
φFTSC = π/3 is fixed. (d): The polarization angle at the FTSC, φFTSC, is tuned with
AFlCI = 1.25 held constant. Bottom panel (e): legends of plots for (c) and (d).
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result strongly supports our earlier intuition that for multiple incoming chiral fermions,

if the FTSC permits formation of CMEMs with the same number and chiralities, then

equal scattering processes for each incoming mode is favored, and higher half-quantized

plateaus ensue.

4.4.4 π Floquet CMEMs and their transport

With a glimpse of the transport properties of multiple CMEMs, we are now ready to

address the case of CMEMs that can only exist in Floquet topological phases, namely,

those crossing ε = ±~Ω/2 in Floquet spectra. Because quasienergies ±~Ω/2 correspond

to eigenphases ±π of the Floquet operator, they are also known as Floquet π modes.

Many peculiar features of Floquet systems owe their existences to these π modes,

such as non-adiabatic quantized pump [206]. In the quest for Majorana fermions, the

fact that quasienergies ±~Ω/2 are identical implies a larger search space for their

realizations [169].

To look for Floquet π modes, we consider a periodically quenched Haldane model

with third-neighbor hoppings. Then, we periodically quench the parameters Φ, t3. The

Hamiltonians can be described similarly as in Eqs.Equation 4.14,Equation 4.15, but

with the bare (i.e. non-superconducting) system replaced by hH(k) + V (k), where:

V (k) = t3{2 cos[k · (a1 − a2)] + cos[k · (a1 + a2)]}σx

+ t3 sin[k · (a1 + a2)]σy.
(4.20)

Two representative Floquet spectra are illustrated in Figures 4.8(a-b), where the gaps

at ε = ±~Ω/2 harbor three pairs of π modes for both the FlCIs and the FTSC.

Thus, we study the DC conductance at EF = ~Ω/2, as functions of quench durations

T1,2. The explanation for 3
2
e2

h
DC conductance in Section 4.4.3 carries over, because
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Figure 4.8: Transport signature of three winding chiral Majorana edge modes in a
periodically quenched FlCI-FTSC-FlCI heterostructure, where three photoinduced
chiral fermions are present in the FlCIs. Top panel: Representative spectra in the
junction with fixed quench durations T1 = 0.7, T2 = 0.6, where the parameters during
the first quench duration T1 are t(1)

1 = 1, t(1)
2 = 0.8, t(1)

3 = 1,∆(1) = 1.5,Φ(1) = π/6, and
the parameters during the second quench duration T2 are t(2)

1 = 1, t(2)
2 = 0.8, t(2)

3 =
−1,∆(2) = 1.5,Φ(2) = −π/2, applicable to both (a) FlCIs and (b) FTSC, except the
pairing ∆ which is present only at the FTSC. Middle panel: DC conductance of different
Floquet sidebands En = ~Ω/2 + n~Ω/2 [where Ω varies from points to points, since
we calculate the conductance as we vary the quench durations which change Ω via
Ω = 2π/(T1 + T2)], for both the normal transmission (gn) and local Andreev reflection
(gLAR
n ), where 3/2 conductance plateaus are observed. The parameters are the same as

in (a),(b) except the quench durations T1,2. (c): The plateau manifests as the quench
duration T1 is tuned, keeping T2 = 0.6 fixed. (d) A plateau is observed as T2 varies,
with T1 = 0.7 held constant. Bottom panel (e): Legends of plots.
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Figure 4.9: The sideband profile of Floquet π CMEMs in a FlCI-FTSC-FlCI heterostruc-
ture. The top panel depicts the Floquet spectra of the Floquet Chern insulators (left
and right) and the Floquet topological superconductor (middle), where conductance is
probed at energy E near the upper Floquet gap, where π Floquet chiral fermions and
CMEMs are present. When one probes the DC conductance, in contrast to edge modes
occuring near the central Floquet gap, for π modes, the sideband contributions towards
the conductance are evenly distributed, i.e. dominated by a double peaks (n = −1, 0)
in the bottom bar chart, instead of a single peak.

both the number and chirality of the incoming FlCI chiral fermions and CMEMs are

the same, and ε = ~Ω/2 is degenerate with ε = −~Ω/2.

Notice however that for Floquet CMEMs at ε = 0, the sideband contributions are

symmetrically distributed around a single n = 0 sideband, so that there is an odd

number of dominant sidebands [n = ±1 around n = 0 in Figures 4.5-4.7(c-d)]. On the

contrary, for the ε = ~Ω/2 CMEM, the non-negligible sidebands are distributed around

a twin central sidebands [n = −1, 0 in Figure 4.8(c-d)], i.e. there is an even number of

dominant sidebands, as illustrated in Figure 4.9. This observation is consistent with

103



CHAPTER 4. PHOTOINDUCED HALF-INTEGER QUANTIZED PLATEAUS

Figure 4.10: Robustness of the DC conductance against random onsite potential of
a continuously driven FlCI-FTSC-FlCI junction harboring three edge modes in the
central Floquet gap [Section 4.4.3], evaluated at εF = 0. The parameters used for
the heterostructure are the same as in the representative spectra [panels (a),(b) in
Figure 4.7]. (a): Result for static disorder. (b): Result for time-periodic disorder at
frequency Ω. The disorder is uniform in sublattice space and has a box-like distribution
in [−W,W ], where W ≈ 0.4δ, with δ the size of the central Floquet gap in Figure 4.7(b).
The error bars are magnified by three times, and represent the standard deviation of 45
disorder realizations.

previously-reported results in Floquet quantum Hall insulators [238], and may serve as

a telltale sign of distinguishing π and zero CMEMs in Floquet systems.

4.4.5 Disorder

In the first TI-based experimental realization of CMEM [94], half-quantized plateaus

were observed during sweeps of magnetic field. While this induces topological phase

transitions for a single CMEM to emerge, it also generates many magnetic domains [242],

resulting in a highly-disordered sample. Hence, based on the theory of percolation
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transition, several authors have proposed alternative mechanisms [98, 99] that can

give rise to half-quantized conductance in QAHI-TSC-QAHI heterostructures without

CMEMs.

Considering the prominent roles that disorder may play, here we ask whether the

higher half-quantized plateaus due to multiple Floquet CMEMs can survive disorder. To

that end, we model disorders as random onsite potentials, uniform in spin or sublattice

space, and distributed uniformly in [−W,W ]. We consider disordered samples from

Sections 4.4.3, 4.4.4, and compute the DC conductance for different Floquet sidebands

at εF = 0. In Floquet systems, one may incorporate the effect of time-dependent

disorder, provided the time dependence is periodic at the same fundamental frequency

of the driving field. Explicitly, such a term is described by

Hdis(t) =
∑
i,s

ξi cos(Ωt)ĉ†i,sĉi,s, (4.21)

where i ranges over the lattice site in both the FlCIs and FTSC, s refers to the spin or

orbital degree of freedom, and ξi is a random number drawn uniformly from [−W,W ].

As shown in Figure 4.10, at εF = 0 we observe the topological protection of the three

Floquet CMEMs against disorder of magnitude up to ≈ 0.4 times the superconducting

gap in Figure 4.7(b). Interestingly, for static disorder, the 3/4 plateaus for both normal

transmission and local Andreev reflection are robust at each realization. On the other

hand, the system appears to be less resistant against time-periodic disorder, since it is

only after averaging that the 3/4 plateaus remain stable.

Next, we probe the robustness of the π Floquet CMEMs Section 4.4.4 in Figure 4.11.

For the sake of comparison, we similarly choose a disorder strength ≈ 0.4 the size of

the ±π Floquet gap in spectrum 4.8(b). Remarkably, the robustness against disorder is

swapped as compared with the zero modes considered previously. More precisely, the
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Figure 4.11: Robustness against random onsite disorder of the DC conductance due to
the three winding chiral modes in a FlCI-FTSC-FlCI device [Section 4.4.4], evaluated
at εF = ~Ω/2. The parameters used are the same as given by the representative spectra
[panels (a),(b) in Figure 4.8], except for Ω which varies from point to point since we
compute the DC conductance as a function of the second quench duration T2. (a):
Result for static disorder. (b): Result for time-periodic disorder at frequency Ω. The
disorder is uniform in sublattice space and has a box-like distribution in [−W,W ], where
W ≈ 0.4δ, with δ the size of the ±1 Floquet gap in Figure 4.8(b). The error bars are
magnified by 10 times, and represent the standard deviation of 45 disorder realizations.

π Floquet modes are more robust to time-periodic disorder, less so to static disorder,

whereas for the zero CMEMs it is the reverse. In total, the π CMEMs from Section 4.4.4

are more resistant against disorder compared with their zero analogs from Section 4.4.3,

since the errorbars are magnified by 10 and 3 times respectively [Figures 4.11, 4.10].
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4.5 Discussions

4.5.1 On chiral Majorana edge modes

Several authors [99, 227] have cautioned against the misuse of terminologies such

as “Majorana zero modes” and “Majorana fermions”. Thus we deem it necessary to

explain in what context we are referring to the edge states in our systems as CMEMs.

By definition, superconductors always preserve the particle-hole symmetry, so that

in two dimension with mixed boundary condition, eigenstates Ψk at energy Ek always

have charge-conjugation partners CΨ∗−k at energy E−k [233], where C is the unitary

part of the particle-hole symmetry. Thus, if the superconductor is gapped and yields

zero or π quasienergy solutions Ψk, one may construct an eigenstate Ψ̃k = Ψk + CΨ∗−k

which obeys the Majorana-like condition CΨ̃−k = Ψ̃k. It is in this regard that we refer

to the gapless modes in the FTSC spectra [Figures 4.5-4.8(b)] as CMEMs.

4.5.2 Origin of half-quantized conductance

The half-quantized conductance in a QAHI-TSC-QAHI heterostructure observed

in Ref. [94] relies on the following facts: (i) domain wall forms as CMEM between a

C = 1 QAHI and a N = 1 TSC, and (ii) a CMEM is an equal-weight superposition of

electron and hole. Therefore, an incoming chiral regular fermion from the QAHI can

be scattered into two CMEMs: γa on the interface between the QAHI and the TSC,

or γb on the interface between the TSC and vacuum. Now, γa corresponds to normal

reflection and local Andreev reflection, whereas γb corresponds to normal transmission

and crossed Andreev reflection. These processes must occur with equal probabilities

(= 1/4), because γa,b being Majorana fermions, are linear combinations of electron and
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hole with equal weights.

Next, working within the Anantram-Datta generalization [243] of the Landauer-

Büttiker formalism, we model the sample as a three-terminal device, the three terminals

being left, right, and superconductor, at voltages VL, VR, Vsc respectively. If the following

conditions are met: (i) the superconductor is grounded, Vsc = 0, (ii) the left and right

leads are biased symmetrically, VL = −VR, and (iii) all normal and Andreev processes

have equal probabilities, then one can show that [96], no current flows in or out the

superconductor, and the only current flowing in the device is between the leads, with

IL = −IR = e2VL/h. In this case, the longitudinal conductance gLR = IL/(VL − VR)

yields the half-integer 1
2
e2

h
.

This justifies using the two-lead setting as discussed in Section 4.3 to study the

transport of such a device: Equation 4.7 is left-right symmetric, namely, the current

leaving the left lead equals the current entering the right lead. Thus even if there

is superconductivity in the sample, it draws no current, so that we are exactly in

the configuration as described in the previous paragraph, and the conductance in

Equation 4.9 is equivalent to the one used in Ref. [96].

Importantly, Equation 4.7 has the advantage that the normal transmission g and local

Andreev reflection gLAR can be calculated separately. In fact, even the crossed Andreev

reflection gCAR can be computed. Hence, at least numerically, when conductance of 1
2
e2

h

are found, one can inspect these scattering coefficients individually and substantiate

the claim that CMEMs give rise to equal probability in all scattering processes, if all

three of g, gLAR and gCAR are given by 1/4. This is indeed what we find, but in order

not to encumber the already saturated figures, we do not display any results for gCAR.
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4.5.3 Higher half-quantized plateaus by periodic driving

Pursuing the discussion above, the picture of an incoming chiral regular fermion

splitting into two CMEMs can then be generalized to the case of multiple edge modes,

if complications such as momentum mismatch between edge modes and destructive

interference do not occur. Working with Floquet systems, on top of this there is an

additional Floquet replication in the frequency space [Figure 4.6], because the periodic

driving fields open up conduction channels via photoabsorption/emission. If transport

measurements involving summations over Floquet sidebands are performed, the stringent

requirement that each sideband has equal scattering processes [Figures 4.5–4.8(c-d)]

can likely rule out alternative mechanisms [98, 99] for the observation of half-quantized

DC conductance.

It is now well established that periodic drives can generate phases with large

topological invariants [166]. Nevertheless, the connection between topological invariants

and the transport properties of such phases are not as straightforward. Above all, in a

multiterminal transport setting, a Floquet sum rule is needed for quantized transport

signatures to resurface. In a hybrid device, one can no longer resort to the TKNN

formula that relates the conductance to Berry phase, making the Floquet sum rule

indispensable should one wish to probe nontrivial topology by edge state transport.

Indeed, as mentioned in Section 4.4.3, even the appropriate Floquet winding invariant

cannot characterize the DC conductance, since the presence of interfaces allow edge

states to interfere with each other.

In the literature, two-dimensional topological superconductor with larger Chern

numbers has been discussed in a different setting [244]. By embedding ferromagnetic

atoms on a superconductor with strong spin-orbit coupling, the authors showed that
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the resulting Hamiltonians effectively host long-range hoppings, which favor phases

with large invariants. Here, we take the Floquet approach: Starting from relatively

simple two-band toy models, we seek large Chern number phases by exploiting periodic

driving fields, which has been shown to also result in long-range hoppings [169]. A

more critical difference is that here we focus on the transport signatures of CMEMs in

a driven Chern insulator-topological superconductor-Chern insulator heterostructure.

Thus, one can ascertain the topology by distinctive half-quantized plateaus, and the

equality of Andreev-normal scattering processes at all sidebands.

4.5.4 Perspectives on DC transport in Floquet hybrid device

When studying transport in heterostructures consisting of different Floquet topo-

logical matter, a critical requirement is that the device must be driven in its entirety.

We shall take the FlCI-FTSC-FlCI junction to illustrate this point. If instead of FlCIs,

we have static Chern insulators on the two sides, then either (i) they serve as leads,

or (ii) they are parts of the sample that connect to metallic leads. For case (i), since

the superconductor is driven, to completely reconstitute the edge mode at quasienergy

ε = EF ∈ [−~Ω/2, ~Ω/2], one must sum the DC conductance at different Floquet

sidebands En = EF + n~Ω. Yet the spectrum of the CI lead does not extend beyond

n = 0 [see Figure 4.12 where the dimly colored bands are absent]. Thus one can only

retrieve the part of the CMEM lying in the n = 0 Floquet zone [Figure 4.12(a)], and

the rest gives zero DC conductance because there are no states at sidebands n 6= 0 from

the static lead.

Consider now case (ii). If the CIs are part of the sample, which contains a driven

TSC, then Floquet theory demands that the CIs be treated as being trivially driven,

i.e. they form identical copies in the Floquet space that do not couple with each other.
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(a) (b)

Figure 4.12: A static Chern insulator lead can only retrieve a single part of the chiral
Majorana edge modes, because it is not Floquet-replicated, and there are no states
beyond its static spectrum to contribute to the Floquet sum rule. For a fixed m, the
DC conductance gm(EF) computes the transmission of an incoming mode at energy
EF +m~Ω via photoabsorption/emission (curved arrows) to the right lead. However, a
Floquet mode at quasienergy ε = EF ∈ [−~Ω/2, ~Ω/2] is scattered to all En = EF +n~Ω.
Hence, to obtain quantized transport, a summation over the DC conductance is needed,
as in Equation 4.13. (a): The chiral mode injected from the CI lead to the FTSC can
access the part of the CMEMs at n = 0, yielding a non-vanishing DC conductance
g0 6= 0. (b): Because the CI lead is undriven, it is not Floquet replicated, so its spectrum
only exists within the n = 0 Floquet zone. Hence, the part of the CMEMs scattered to
n = 1 cannot be accessed, giving a zero contribution g1 = 0 to the Floquet sum rule.

Nevertheless, the frequency term is nonzero (because the TSC is driven), so there is

an infinitude of possibilities (corresponding to different frequencies) for the Floquet

zone to be folded. If the frequency is much smaller than the gap, then the chiral

edge states will be buried by bulk sidebands from the other Floquet zones, so that

the resulting system is no longer insulating [Figure 4.13(a)]. At the other extreme

of large frequency driving fields, the Chern insulator spectrum trivially repeats itself

over different Floquet zones [Figure 4.13(b)], which allows the different Chern insulator

sidebands to participate in transport through the driven superconductor. Yet large
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(b)(a)

Figure 4.13: The consequences when the Chern insulators are treated as part of the
sample, but are not driven. (a) For a frequency that is much smaller than the bandgap,
the chiral edge modes will be buried by the Floquet bulk sidebands, so that the
system becomes no longer insulating. (b) A frequency that is much larger than the
band gap allows the trivially replicated sidebands to participate in transport, but
the superconductor part, being driven by high frequency light, often will not exhibit
remarkable Floquet physics.

frequencies only slightly renormalize some system parameters (except for gapless systems

discussed in Section 4.4.2), so that truly interesting Floquet systems such as higher

plateaus and π modes will not take place anyway.
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Chapter 5

Enhanced higher harmonic
generation from nodal topology

5.1 Preliminaries

Soon after Wan et al predicted the existence of a Weyl semimetal phase in pyrochlore

iridates using first-principle calculations [52], Burkov et al presented a comprehensive

study of a minimal model for Weyl and nodal line semimetal (NLSM) based on a

topological-normal insulator superlattice [245]. NLSMs have since been observed in

many materials, e.g. in the PbFCl-type structure ZrSiSe with Dirac-like crossings [246],

and in the noncentrosymmetric superconductor PbTaSe2 with Weyl-like crossings [214].

Compared to conventional topological insulators which fall into Z2 or Z classes [79],

NLSMs possess far richer topology, with their nodal loops knotted or linked in unlimited

topologically distinct ways [177]. Hypothetically speaking, even with only one nodal loop,

the possible topologies are already infinite: The loop can cross itself from above or below

any number of times, with each permutation leading to a multitude of other knotted

configurations. Such is the richness of nodal-line topologies that no single invariant can

unambiguously distinguish between all topologically distinct configurations.
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From a single loop [247] to Hopf links [248], the quantum oscillations of NLSMs

are actively investigated [249]. On the other hand, studies on the electrical transport

are mostly restricted to a single loop [250, 251]. Here, by means of the semiclassical

Boltzmann transport equation, we explore the effects of strong electric fields on the

current response of a tight-binding model which captures the band-crossings in the

room temperature magnet Co2MnGa, arguably the most sophisticated NLSM identified

to date. The topological linkages favor a sign-changing velocity profile in the Brillouin

zone, leading to significant nonlinear current responses. The potential of such nodal

network semimetals in nonlinear optics is further discussed.

5.2 Collisionless Boltzmann equation

From Equation 1.1, consider spatially homonegous system in the collisionless regime.

Then, under an external electric field E(t) ∼ E(0)eiωt, the solution of the Boltzmann

equation is given by:

f(k, t) = F
[
ε
(
k − −e

~

∫ t

−∞
dt′E(t′)

)]
= F

(
ε(k − −e

~
A(t))

)
. (5.1)

It expresses the nonequilibrium distribution function f as the usual Fermi distribution

with wavevector shifted (minimally coupled) by an arbitrarily large impulse: k →

k − (−e)A(t)/~, where A(t) =
∫ t
−∞ dt′E(t′), and the electron charge is −e < 0. The

above solution to the Boltzmann equation was used in Ref. [170] to discuss the nonlinear

optical response of graphene.

Below we present a justification for neglecting the collision integral. Invoking the

constant relaxation time approximation (discussed previously in Section 1.2.1), one has(
∂

∂t
+ ṗ(t) · ∂

∂p

)
f = F − f

τ
, (5.2)

114



CHAPTER 5. HIGH HARMONIC GENERATION FROM NODAL NETWORK

where f is the distribution function, p = ~k the momentum. In presence of a periodic

electric field of frequency Ω [which enters the equation via ṗ(t)], it is reasonable to

assume a periodic steady state, provided the driving force is not too weak and not

too slow compared to the dissipative relaxing term. Then, a periodic average of the

equation implies that the LHS is of the order O(Ωτ), and the RHS of order O(1), so

that for Ωτ � 1, the collision term may be ignored altogether. This conforms to the

intuition that scattering is not so relevant in presence of a fast driving field [252].

The theoretical descriptions of high harmonic generation in solids admit a spectrum

of sophistication. For example, one may wish to examine the spatial distribution of

the harmonics by taking a Wannier representation for the valence bands [253], or

to study the contributions of interband current by adding an interband polarization

term [254], or to account for the Coulomb interaction via a dephasing term [255]. For

the purpose of illustrating the HHG due to topologically enforced nonlinearities in linked

NLSMs, we considered only the intraband current within a non-interacting picture.

This approach closely mirrors the theoretical model developed in the groundbreaking

observation of HHG in bulk ZnO [256]. There, a Peierl’s substitution of a continuous

wave (cw) electric field is performed on a single band of ZnO. The current is computed

by multiplying the velocity with the electron charge and density. Simply by taking into

account longer-range hoppings, qualitative features including the linear energy cutoff of

the experimental HHG can already be captured.

In our current expression,

J [A(t)] = e
∫ d3p

(2π~)3F [ε(p− p(t))]v(p), (5.3)

upon a coordinate transformation, the electric field p(t) dependence turns up in the

velocity, and the expression becomes similar to that in [256], with the exception that
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we integrate over the BZ instead of evaluating it at a certain momentum. We note that

similar semi-classical approaches have subsequently been employed in [257] to discuss

Bloch oscillations in HHG, as well as in [252] to study the role of Berry curvature in

HHG of monolayer MoS2.

With regards to scattering and many-body effects, rather reassuringly, they play

only minor roles in HHG experiments [252, 258], in accordance with the intuition that

most scattering cannot keep up with the fast driving field. Together with the fact that

interactions are mostly insignificant in symmetry-protected topological materials, our

approach may prove sufficient to describe HHG in nodal-line semimetals.

5.3 Nonlinear response

The magnetic Heusler compound Co2MnGa was theoretically predicted in 2017 [136]

to harbor a sophisticated network of band-crossings. In an experimental work using

ARPES [71], the intricate nodal structure of Co2MnGa was revealed to contain Hopf

links, inner and outer chains at the Fermi energy, as shown in Figure 5.1, confirming

the theoretical predictions in Ref. [136].

As illustrated in Figure 5.1, Co2MnGa contains six linked NLs (red) which are

shaped like flower petals (Figure 5.1(a)). They touch smaller, circular nodal loops

(blue), dubbed “outer chains”, as shown in Figure 5.1(b). These blue loops are, in

turn, in contact with four smaller, also circular nodal loops (green), as in Figure 5.1(c),

forming another set of outer chains. Finally, the green rings touch the red flower petals,

constituting an “inner chain” (Figure 5.1(d)). All these features of Co2MnGa contribute

to a strongly nonlinear response curve [Figure 5.2(a)], yielding high harmonic coefficients

on par with that of graphene [Figure 5.5(a)]. These results were computed from a

116



CHAPTER 5. HIGH HARMONIC GENERATION FROM NODAL NETWORK

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Figure 5.1: The assembly of all the nodal features of Co2MnGa into a linked nodal
network. Mostly saliently, it involves Hopf links [Figure 5.1(a),(f)], inner chains [Fig-
ure 5.1(d),(i)] and outer chains [Figure 5.1(b-c),(g-h)]. Specifically, it consists of a (a)
Hopf link between red flower petals, (b) outer chain involving a blue loop and four
smaller green loops, (c) outer chain formed by a blue loop and a flower petal, (d) inner
chain due to a flower petal and four green rings. These features form sub-networks of
linkages: (f) Network of Hopf links, (g) network of outer chains formed from blue and
green loops, (h) network of outer chains formed from blue loops and red flower petals,
(i) network of inner chains, which together form the full nodal network (j). Within it,
the red flower petals and blue loops occupies the greatest volume and hence dominate
the response. As shown in (e), their Fermi surfaces are decently approximated by our
two-band model (pink flower petal and cyan loop). For simplicity, all nodal structures
are displayed not in the first Brillouin zone (a truncated octahedron), but on a cube
twice its size.
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tight-binding model fitted to first-principle calculation results [136], which is given in

Appendix F for completeness.

The characteristically kink response curve of Co2MnGa gives rise to large odd

harmonics, and can be pedagogically explained via a detailed breakdown of its various

topological NL linkages. We shall focus on the six red flower petals and the six blue

rings, which are the dominant current contributors (largest features in Figure 5.1(j)).

Their individual contributions can be isolated through a two-band approximate model

which is amenable to analytic decomposition as follows:

HCo2MnGa(k) = Re[h(k)]σ1 + Im[h(k)]σ3, (5.4)

where h(k) = Π6
n=1{un(k) + ivn(k)}, which is a product of constituent nodal structures

described by

ueven(k) = [cos3(kx/2) + cos3(ky/2) + cos3(kz/2)−m],

uodd(k) = [cos3(kx/2) + cos3(ky/2) + cos3(kz/2) +m].
(5.5)

and v1,2(k) = sin(kx/2), v3,4(k) = sin(ky/2), v5,6(k) = sin(kz/2), the parameter m =

−0.5 chosen so that the Fermi surface approximates that of Co2MnGa. Remarkably,

such a simple construction yields a rather accurate reconstruction of the Fermi surface

of Co2MnGa, as illustrated by its cross section comparison in Figure 5.1(e) and the 3D

superimposition in Figure 5.2(c). Based on this approximate model, we can extract and

compare the response contributions of the individual dominant NLs of CoMn2Ga, which

are the six flower petals and rings re-labeled cyan, magenta, blue, yellow, red and green

in Figure 5.2(c). Interestingly, for an applied driving field along one of the rectangular

coordinate axes i.e. ŷ, all these nodal structures obey only two possible response curves

(type I: yellow and blue, type II: magenta, green, red, cyan). This follows from the
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(a)

(b)

Figure 5.2: Decomposition of the current response of Co2MnGa into those of its con-
stituent nodal features. (c) Breakdown of its nodal structure into dominant nodal Hopf
flower petals and rings whose linkages are further detailed in Figure 5.1. (a) Current
response of the actual tight-binding model of Co2MnGa. (b) Total current response
(orange, scaled down by a factor of four for clarity) from the sum of green/magen-
ta/red/cyan and yellow/blue nodal structure responses, which correspond to only two
unique curves due to cubic symmetry.

cubic symmetry of Co2MnGa, and enables a transparent reconstruction of the overall

response.

The two possible responses are presented in Figure 5.3, where the green and yellow

response curves correspond respectively to the contributions of the representative green

and yellow nodal structures from Figure 5.2(c). Curves from the other structures are

equivalent to one of these, and are omitted for brevity. Together, both response curves

exhibit large kinks, with their contrasting behavior at larger fields interfering to give rise

to even more pronounced non-linearity and hence HHG properties, as detailed in the
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Figure 5.3: (a,b): (A) response curves of the green/yellow Hopf flower petals in the
directions indicated by the impulse p0, as illustrated in the insets (B). The response
curve shapes at various impulse strengths (i-vi) can be understood through integrating
the explicit electronic group velocity profiles within the petals, as illustrated in the
corresponding upper and lower panels. Legend colorbars (C) for the group velocities
are given in units of ×105 ms−1.

Methods. Their total contribution, plotted in Figure 5.2(b), indeed qualitatively agrees

with the full response curve from Figure 5.2(a) despite considerable simplifications1.

5.4 Velocity field

The velocity field of Co2MnGa, as illustrated in Figure 5.4 here, is the basis of detailed

analysis of the shape of its response current. We consider the current contribution of
1Not only are various smaller nodal features omitted from the dispersion, the matching of the

Fermi surfaces are also restricted to the individual features.
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Figure 5.4: (a) The density plot of vy, i.e. the y-component of the group velocity of the
third band (ordered from high to low energies) of the tight-binding model of Co2MnGa.
The choice of the velocity component is arbitrary owing to the cubic symmetry of
Co2MnGa. The planes labeled (c-e) correspond to the cross sections on which we display
vy below. (b) A rotated view of (a), overlaid by the Fermi surface of Co2MnGa. (c)
Density plot of vy restricted on the kz-kx plane at ky = −2π/a. (d) Density plot of vy
on the kz-ky plane at kx = 2π/a. (e) Density plot of vy on the ky-kx plane at kz = 2π/a.
All color bars are expressed in units of ×105 ms−1.
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the green and yellow nodal structures in the top panel of Figure 5.2(c). In (A) we mark

several points for the drift p0, and study the resulting drifted Fermi surface, as well

as the change of the velocity occupied by it. The sharp increase from (i) to (ii) is a

consequence of the rapidly varying velocity field, as soon as the Fermi surface is driven

even slightly away from equilibrium. This sharp increase soon saturates and begins

to fall as the flower petal is shifted away from the intense red patches situated near

the touching points of the inner and outer chains [(ii) to (iv)]. Going from (iv) to (v),

the current eventually changes sign because the intense blue patches are now being

sampled, The current slowly becomes positive again [(v) to (vi)] when the flower petal

is shifted to the outer chain [Figure 5.1(b)].

In contrast to the current due to the green nodal structure [Figure 5.3(a)(A)],

the gradient of the current is not as steep for the yellow structure [Figure 5.3(b)(A)].

Furthermore, the yellow circular ring also contribute exclusively negative velocity

[Figure 5.3(b)(i-vi)] within the drift considered here, unlike the green one where the

regions occupied by the ring vary in sign [Figure 5.3(a)(i-vi)]. These observations,

together with the evolution of the velocity field similar to that discussed in the previous

paragraph, can account for the current pattern of the yellow nodal structure.

The above analysis demonstrates how the strong inhomogeneity of the velocity field,

which results from the knotted links and touching loops, gives rise to its characteristic

response. Indeed, on the two high symmetry planes displayed in Figure 5.4(d-e), the

flower petals are clearly discernible as contours of sign-changing points. As shown

in Figure 5.4(b), the Fermi surface of Co2MnGa fits matchingly the void of the velocity

field. By visualizing the velocity fields of simpler artificial nodal links (not shown), we

observe that the more complicated a nodal network, the more often the velocity field

switches direction. Our analysis holds best for small chemical potentials that results in
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thin NLs, even though the response curve usually remains qualitatively preserved as

the chemical potential is increased (not shown), unless the NLs become so thick that

they fuse and generate different nodal topologies.

5.5 High harmonic generation

Consider a sinusoidal time-varying applied electric field signal E(t) = E0 cos Ωt,

which corresponds to the vector potential A(t) = A sin Ωt, where A = E0
Ω = p0a

~ , p0 the

impulse amplitude vector and a the lattice spacing of the nodal material lattice. The

greater the nonlinearity of the current response function J(A), the larger is the extent

of HHG. The extent of signal distortion between chosen direction components i and j

can be quantified via Fourier coefficient ratios cn describing the higher harmonics:

Jj(Ai(t)) = Jj (A sin Ωt)

∝ sin Ωt+
∑
n6=0

cn sin(nΩt).
(5.6)

The leading nonlinear response is also quantified by the third harmonic generation

(3HHG) and Kerr coefficients. Expanding Equation 5.6 up to the third order and

considering only the longitudinal components for simplicity, we can write the response

current in a chosen direction as J = αA + βA3. The third order response, which is

proportional to β, can be further classified into the 3HHG and Kerr contributions with

frequencies 3Ω and Ω respectively.

The high harmonic generations of Co2MnGa are displayed in Figure 5.5(a). For

comparison, we also calculate the same quantities for graphene, based on the nearest-

neighbor tight-binding model with energy dispersion:

ε(kx, ky) = t1
√
x2(kx, ky) + y2(kx, ky) (5.7)
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Figure 5.5: Nonlinear optics with the nodal network semimetal Co2MnGa and graphene.
(a): High harmonic generation in Co2MnGa (•) and graphene (×), with red, green,
blue denoting the n = 3, 5, 7 harmonics respectively. (b): Nonlinear refractive index
in Co2MnGa and graphene. For Co2MnGa, the chemical potential is at 0.15 eV. For
graphene, the chemical potential is at 0.12 eV. The temperature is at 300K for both.

with t1 = 2.8 eV and

x(kx, ky) = cos k1 + k2

3 + cos k2 − 2k1

3 + cos k1 − 2k2

3 ,

y(kx, ky) = sin k1 + k2

3 + sin k2 − 2k1

3 + sin k1 − 2k2

3 ,

k1 = 3
2kx +

√
3

2 ky,

k2 = 3
2kx −

√
3

2 ky.

(5.8)

In Figure 5.5(a), while the high harmonic coefficients of graphene (×) are superior to

Co2MnGa (•), it is rather reassuring that they remain in the same order magnitude, at

least for the third harmonic (red). At larger applied field (E/Ω > 1.6×10−6 kgms−2A−1),

the third harmonic of Co2MnGa even surpasses that of graphene.

The potential of the nodal network semimetal Co2MnGa as a nonlinear optical

material is further illustrated in Figure 5.5(b), where we observe larger magnitude

of the nonlinear refractive index of Co2MnGa compared to graphene. The nonlinear
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refractive indices were computed using the del Coso-Solis relation [259]: From the

3HHG coefficient σ(3), define the third-order optical susceptibility:

χ(3)(ω) = iσ(3)(ω)
3ε0ω

. (5.9)

Then the real and imaginary parts of the nonlinear refractive index is given by:

n2(ω) = 3
4ε0c[n2(ω) + k2(ω)]

[
Reχ(3)(ω) + k(ω)

n(ω)Imχ(3)(ω)
]
,

k2(ω) = 3
4ε0c[n2(ω) + k2(ω)]

[
Imχ(3)(ω)− k(ω)

n(ω)Reχ(3)(ω)
]
,

(5.10)

where n(ω), k(ω) are the real and imaginary parts of the refractive index:

n(ω) + ik(ω) =
√

1 + iσ(1)(ω)
ε0ω

, (5.11)

and σ(1)(ω) is the linear conductivity. To allow for comparisons between Co2MnGa,

a bulk material, with graphene, a monolayer 2D material, an artificial thickness of

d = 0.7 nm is assumed for graphene. The choice of chemical potentials is motivated

by the requirement of kF `� 1 for the validity of Boltzmann theory [260], with kF the

Fermi wavevector and ` the transport mean free path.

Within the same theoretical approach, the nodal semimetal Co2MnGa is no match

for graphene in terms of HHG [Figure 5.5(a)], and its nonlinear refractive index only

beats graphene over a narrow margin, in particular instances of the chemical potentials.

Yet the design and fabrication of 3D bulk materials are more mature than their 2D

counterparts. The presence of an additional spatial dimension also allows for more

flexibility, which is particularly attractive for photonic devices because electromagnetic

(EM) waves respond strongly to the geometrical shapes of nanostructures. Interesting

phenomena such as the self-focusing of EM waves [261] are also more easily observed in

3D systems. Taken together, it is hoped that the present study of nonlinear transport in

125



CHAPTER 5. HIGH HARMONIC GENERATION FROM NODAL NETWORK

a simple model for Co2MnGa may motivate further investigations on the technological

potential of such peculiar topological nodal chains and links semimetals.
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Chapter 6

Conclusion and Outlook

6.1 Conclusion

In Chapter 2, we theoretically and computationally studied how Floquet topological

phases with many edge state channels may lead to robust transport in a two-terminal

setup. Under the Keldysh-NEGF framework and using the recursive Floquet-Green’s

function method, we have investigated the two-terminal DC conductance, time-averaged

LDOS and local DC profile of a harmonically-driven Hofstadter model in several

parameter regimes. Thanks to the Floquet sum rule, we are able to observe tunable and

quantized Floquet edge state transport, with the largest DC conductance demonstrated

in this work being 8e2/h. We have also presented a detailed comparison among

Floquet chiral, counter-propagating and symmetric-restricted edge states regarding

their robustness to disorder and defects. Our results indicate that in terms of transport,

Floquet chiral edge modes are the most resistant to sample imperfections. We have also

shown that, even after invoking the Floquet sum rule, one cannot guarantee quantization

of the DC conductance of Floquet edge modes, if the bandwidth of the lead is not wide

enough.

In Chapter 3, we proposed a general approach to generate a rich variety of topological
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phases. This task is made straightforward, at least in theory, by directly engineering the

dispersion relations of their topological surface states. In particular, a semimetal phase

with a single 3D nodal loop is subject to a gap term of various forms of 2D spin-orbit

coupling. Under certain conditions, the 3D nodal-loop semimetal phase alone fully

controls the existence of surface states, and the gap term we introduce takes complete

charge of the dispersion relation of surface states. Not only is this insight expected to be

useful in generating many interesting phases, we also highlight four intriguing phases in

this work: (i) a chiral topological insulator with two-fold degenerate surface Dirac cones,

(ii) an insulator with two-fold degenerate surface loop, (iii) a Weyl semimetal with four

disconnected Fermi arcs, and (iv) a second-order topological insulator with 1D surface

states along the hinges of a 3D system. When necessary, we have also discussed the

symmetry protection and topological invariants of these phases. Two-terminal transport

calculations complement and confirm our analyses, offering a possibility to distinguish

between these four topological phases.

In Chapter 4, we have investigated the two-terminal transport of Floquet chiral Ma-

jorana fermions in several model topological insulator-superconductor heterostructures.

The main finding is that upon invoking the Floquet sum rule, Floquet CMEMs not

only admit the intriguing 1
2
e2

h
conductance plateaus that are currently under extensive

investigations [98, 99, 242], they can also yield conductance plateaus quantized at larger

half-integers. This study thus makes a computational observation of higher-than-1/2

conductance plateaus in hybrid topological junctions and demonstrates the possibility,

at least in principle, of creating multiple pairs of Floquet CMEMs in FTSC. While

alternative mechanisms not based on CMEMs may also yield conductance plateaus at
1
2
e2

h
[98, 99], it is unlikely that these mechanisms can produce higher half-quantized

plateaus upon a subtle sum rule from models with a minimal number of bands. Other

128



CHAPTER 6. CONCLUSION AND OUTLOOK

detailed results obtained in this work can also guide future quantum transport studies

of Floquet topological devices. Finally, we stress that the continuous driving fields

considered in this work are within experimental feasibility using cold atoms, as ex-

emplified by the realization of Haldane insulator [237] via Floquet theory. Equally

encouraging is the fact that quantum transport studies can be performed on optical

lattices [262, 263]. Thus the finding that Floquet CMEMs admit equal probabilities for

normal transmission and local Andreev reflection at all Floquet sidebands may serve as

a first test in experiments prior to observing the more challenging quantized plateaus.

In Chapter 5, we uncovered a very physically measurable consequence of topological

nodal linkages, namely that they enhance and protect the HHG of optical radiation,

which can be useful for terahertz applications. As such, the sophisticated topology

of nodal knots and link networks are no longer mere mathematical curiosities, but

are in principle reconstructible from nonlinear response data in various directions. By

venturing beyond the perturbative regime, we are able to access the effect of field

impulses comparable to the size of NLs, and unveil the key role of nontrivial nodal

linkages in enhancing the HHG already known to exist in simple nodal structures [134].

Our results rigorously hold in the ballistic limit, which correspond to the terahertz

regime for scattering times expected of high mobility samples of known nodal materials.

Due to the robustness of our HHG mechanism, the characteristically superior HHG

from nodal linkages is likely to extend beyond the ballistic and semiclassical limits,

at least until hot phonon or interband scattering dominate. Despite our semiclassical

analysis, our results crucially rely on the Fermi sea condensation of electrons, which is

fundamentally due to the exclusion principle. As such, they are distinct from signatures

of nodal geometry proposed in purely classical settings, such as topolectrical resonances

due to nodal drumhead states [264].
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6.2 Outlook

Based on the results presented in Chapter 2, several directions deserve further

investigations. Most important of all, we note that it remains unclear how to exploit the

tunability of Floquet topological matter to directly realize large, robust, and quantized

DC conductance at a given chemical potential (namely, without using the Floquet sum

rule). Second, an asymmetry of the transmission coefficients TLR and TRL may result in

a pumped current [185]. This aspect is not considered here but is definitely an interesting

prospect. For example, under which scenarios does one obtain a non-vanishing pumped

current, thereby realizing a Floquet edge state pump? Third, while the transport of

Floquet chiral edge modes is immune to lattice imperfections, it is not clear whether

this remains the case in presence of interactions. This constitutes a direction awaiting

more studies [192, 195] in its own right.

To pursue further studies beyond Chapter 3, we recall that nodal line semimetals

with gapless linked loops [248] have been introduced, which provide richer bases in

engineering different topological phases. In these systems, the projection of the loops

may wind around certain regions in the 2D surface BZ multiple times, resulting in

higher degeneracy of the “drumhead” states. As these nodal lines are also protected by

the PT symmetry, we can introduce gap terms in the same way, which affect only the

eigenenergies of surface states, but not their existence. Therefore, our work also paves

the way for future studies on the connections between the well-established topological

phases and the more exotic knotted semimetals.

The physics of chiral Majorana edge modes underlying Chapter 4 remains a vibrant

research area [101]. This is especially so after a recent preprint investigating the contact

transparency in various magnetic TIs–Nb heterostructures suggested that the half
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quantized conductance may be a consequence of the superconductor shunting the QAH

insulators [100]. Since QAHIs with larger Chern numbers have been experimentally

found [27, 28], it is of interests to study such systems proximitized by s-wave supercon-

ductors, e.g. how the momentum separations of the multiple edge modes will affect the

resulting transport profiles.

Lastly, an obvious extension of Chapter 5 will be to relax the collisionless approxima-

tion in the Boltzmann equation. One can specify a collision mechanism of interests, and

explicity compute the relaxation time as was done in Ref. [265]. Doing so on the nodal

semimetal Co2MnGa requires generalizing the method to deal with anisotropic band

dispersions, similar to Ref. [266] which considered directional relaxation times for a

two-dimensional electron gas with spin-orbit coupling. More sophisticated treatments of

HHG that take into account interband effects would also be very desirable, considering

the gapless nature of the bandstructure of Co2MnGa.
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APPENDIX A. RECURSIVE FLOQUET-GREEN’S FUNCTION METHOD

Appendix A

Recursive Floquet-Green’s function
method

The recursive Green’s function method is a powerful method which speeds up

calculations and reduces memory usage substantially. Here we follow Ref. [197] and

extend the method to incorporate a periodic driving field. We first describe the simpler

case for transmission, which involves a single, unidirectional renormalization of the left

self energy. We then discuss the DC profile and the time-averaged LDOS, which involve

Nx bidirectional renormalization of both left and right self energies.

A.1 DC conductance

Recall the expression for DC conductance:

T (E) =
∑
k∈Z

TrΛ

[
Gr
k0ΓL

00G
a
0kΓR

kk

]
. (A.1)

This has a form that is almost identical to the static Caroli formula [162, 222], apart

from the additional summation over Floquet indices. Thus consider the Floquet-Dyson

equation Equation 2.13, which we write here as [199]:

[EI + ~Ω−H − {Σr
L(E) + Σr

R(E)}]Gr(E) = I (A.2)
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Let nF = 2nH + 1 be the truncation dimension (or Floquet dimension), where nH is the

number of harmonics. We write:

Ω =



−nHΩ
.. .

0
. . .

nHΩ


,

Σr
L/R(E) =



Σr
L/R(E − nHΩ)

. . .

Σr
L/R(E)

. . .

Σr
L/R(E + nHΩ)


,

H =



H0 H1

H−1
. . . H1

H−1 H0
. . .

. . . . . . H1

H−1 H0


,

Gr(E) =



Gr
−nH,−nH

(E) · · · Gr
−nH,0(E) · · · Gr

−nH,nH
(E)

... . . . ... · · · ...

Gr
0,−nH

(E) · · · Gr
0,0(E) · · · Gr

0,nH
(E)

... · · · ... . . . ...

Gr
nH,−nH

(E) · · · Gr
nH,0(E) · · · Gr

nH,nH
(E)


.

(A.3)

where we boxed the center column of Gr to indicate the part of the Floquet-Green’s

function that needs to be extracted in conductance calculation, and stress that in
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Figure A.1: Schematic of the recursive Floquet-Green’s function method for DC
transmission. Grx,x′ is the “slab-wise” Floquet-Green’s function which is represented
by dashed cuboids, enclosing rectangles corresponding to different harmonics n. Black
arrows indicate the left-to-right sweep.

Equation A.3, each entry is itself a NxNy ×NxNy matrix.

Thanks to the trace over space, the Floquet-Caroli formula for transmission Equa-

tion 2.7 requires only the “first-to-last” correlation, Gr
0,Nx−1. Therefore we slice the

lattice into slabs and consecutively couples them starting from the left. This procedure

is equivalent to renormalizing the left self-energy by coupling the system to it, layer by

layer, until the last system slab is arrived.

Below we denote by cursive letters the “slab-wise” Floquet-Green’s function: Grx1,x2 .

They are indexed by a pair of x-coordinates (x1, x2), and, for each pair, they are

matrices of size NynF×NynF. The same goes for lowercase grxx, which are the slab-wise

decoupled Floquet-Green’s function at site x. Schematically, this process is demonstrated

in Fig. A.1.

We need one more ingredient: the interslab coupling matrix V . It is defined by
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considering the Dyson equation when we couple two slabs [194]: Gx,x Gx,x+1

Gx+1,x Gx+1,x+1

 =

gx,x 0

0 gx+1,x+1

+

gx,x 0

0 gx+1,x+1


 0 V

V† 0


 Gx,x Gx,x+1

Gx+1,x Gx+1,x+1

 .
(A.4)

It varies depending on the system (sublattice degree of freedom and how the lattice

couples horizontally), as well as the drive protocol (whether x-hopping is driven).

Let us specify to the case where x-hopping is undriven (if not, one most likely can

gauge it away), and the slabs couple uniformly. In this case V is simply proportional

to a NynF × NynF identity matrix: V (yy′;mn) = Jxδy,y′δm,n. Finally, we remark that

Eq.Equation A.4 is valid for contour Green’s functions. Therefore one can derive from

it the retarded (for time-averaged LDOS) and lesser component (for DC profile) of

Green’s functions using the Langreth rules [159].

Algorithm 1 Unidirectional sweep for DC transmission
Grxx ← [(gr00)−1 − VgrLV ]−1 . Initialization using left surface Green’s function
Gr0x ← Grxx
for x ∈ [1, Nx − 2] do
Grxx ← [(grxx)−1 − VGrxxV ]−1

Gr0x ← Gr0xVGrxx
end for
Grxx ← [(grNx−1,Nx−1)−1 − VgrRV − VGrxxV ] . Wraps the right boundary condition
Gr0,x ← Gr0,xVGrx,x

The pseudocode for the main loop of our calculation is given in Algorithm 1. It has

the same structure as the static one [197]. The Floquet-Green’s function thus obtained

has its x-components resolved to (0, Nx − 1). Next, we extract all relevant Floquet

components, Gr0,Nx−1[k, 0], and calculate the transmission at energy E by multiplying

the relevant Floquet components and performing a trace. This process is summarized in

Algorithm 2. Here a square bracket [m,n] means extracting (as a Ny ×Ny matrix) the
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m,n Floquet component, from a NynF ×NynF Floquet matrix. Finally, Floquet sum

rule is achieved by looping Algorithm 1 and then Algorithm 2 over n for T (E + n~Ω)

and summing them.

Algorithm 2 Extracting Floquet components to compute DC transmission at energy
E
T (E)← 0
γL ← i(Σr

L − (Σr
L)†)[0, 0]

for k ∈ [−nH, nH] do
g ← (Gr0,Nx−1)[k, 0]
γR ← i(Σr

R − (Σr
R)†)[k, k]

T (E)← T (E) + TrΛ(gγLg†γR)
end for
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Algorithm 3 Bidirectional sweep for DC profile (and time-averaged LDOS)
1: for x ∈ [0, Nx − 1] do
2: GrL ← grL . Initialize left retarded Green’s function
3: G<L ← −(GrL − (GrL)†)fL . Initialize left lesser Green’s function
4: for xL ∈ [0, x) do . Left sweep towards x
5: GrL ← [(grxLxL)−1 − VGrLV ]−1 . Renormalize the left retarded Green’s

function
6: G<L ← GrLVG<LV(GrL)† . Renormalize the left lesser Green’s function
7: end for
8: GrR ← grR . Initialize right retarded Green’s function
9: G<R ← −(GrR − (GrR)†)fR . Initialize right lesser Green’s function
10: for xR ∈ (x,Nx − 1] do . Right sweep towards x
11: GrR ← [(grxRxR)−1 − VGrRV ]−1 . Renormalize the right retarded Green’s

function
12: G<R ← GrRVG<RV(GrR)† . Renormalize the right lesser Green’s function
13: end for
14: Grxx ← [(grxx)−1 − V(GrL + GrR)V ]−1 . Solve the retarded Green’s function for

slab x.
15: T-LDOS(x,y)(E)← − 1

π
Im(Grxx)yy[0, 0] . Diagonal component yy of the 0, 0

Floquet block at slab x
16: G<xx ← GrxxV(G<L + G<R)V(Grxx)† . Calculate the lesser Green’s function for slab

x.
17: I↑x,y ← 2Re∑nF

m=−nF

{
Ĵy−1,y(m)(G<xx)y,y−1[0,m] + Ĵy,y+1(m)(G<xx)y+1,y[0,m]

}
18: G<x+1,x ← GrRVG<xx + G<RV(Grxx)† . Calculate the interslab (x+ 1, x) lesser

Green’s function
19: Ix+1←x,y = 2Re∑nF

m=−nF

{
Ĵx,x+1(m)(G<x+1,x)yy[m, 0]

}
20: G<x−1,x ← GrLVG<xx + G<LV(Grxx)† . Calculate the interslab (x− 1, x) lesser

Green’s function
21: Ix−1←x,y ← 2Re∑nF

m=−nF

{
Ĵx,x−1(m)(G<x,x−1)yy[0,m]

}
22: end for

A.2 DC profile

For quantities that involve spatial distributions, “local” Green’s functions of the like

Gr/<
xi,xi

are needed instead, and this applies to all system slabs xi ∈ [0, Nx − 1]. Thus

the recursive method consists of Nx sweeps, each sweep being bidirectional, as shown
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Figure A.2: Schematic of the recursive Floquet-Green’s function method for local
quantities (DC profile, LDOS). For each x, one performs a bidirectional sweep (black
arrows), which amounts to considering slab x as the system, with all slabs to the left
(including the left lead) acting as left self energy, and the same for right. Dashed lines
enclose photon-dressed Green’s function at different harmonics n.

in Fig. A.2.

The strategy is similar as before: promote the Green’s function to Floquet space,

perform recursive calculations as in the static case [197], then extract the relevant

Floquet components. We first rewrite the local current at site i = (xi, yi) given by

Eq. Equation 2.11 as:

~Ii = x̂I→i + ŷI↑i

= x̂ (Ii+x̂←i − Ii−x̂←i) + ŷI↑i

= 2Re
∑
m∈Z

{
x̂
[
J̃i,i+x̂(m)G<

(i+x̂,i;m,0) − J̃i,i−x̂(m)G<
(i−x̂,i;0,m)

]

+ ŷ
[
J̃i−ŷ,i(m)G<

(i,i−ŷ;0,m) + J̃i,i+ŷ(m)G<
(i+ŷ,i;0,m)

]}
.

(A.5)

Thus, for the horizontal current, we need the interslab lesser Floquet-Green’s function

G<x+1,x, and for the vertical current, we need the local lesser function G<xx. From the

Dyson equation Equation A.4, we apply the Langreth rule [159] for lesser projection to
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find:

G<x+1,x = grx+1,x+1VG<xx + g<x+1,x+1VGaxx,

G<x−1,x = grx−1,x−1VG<xx + g<x−1,x−1VGaxx.
(A.6)

The task then is to calculate, for each slab x, the lesser and advanced Green’s function

G<xx,Gaxx. The latter is given by the Dyson equation, from which one can calculate the

former using the Keldysh equation. This is implemented by Algorithm 3. The core of

the algorithm is very similar to that described in Ref. [197] (despite all the Green’s

functions being promoted to the Floquet version). A difference arises when we calculate

the time-averaged LDOS (line 15), the vertical current (line 17) and the horizontal

currents (lines 19 and 21) in Algorithm 3.

A.3 Time-averaged LDOS

The calculation of the time-averaged retarded Floquet-Green’s function is needed in

the calculation of DC profile, hence we shall not repeat it here. If the DC profile is not

needed, one simply removes all lesser-related steps in Algorithm 3. We end this section

by writing explicitly again what we mean by the time-averaged LDOS:

T-LDOS(x,y)(E) = − 1
π

Im
[
− i
~
θ(t− t′)〈cx,y(t)c†x,y(t′)〉

]
00

(E), (A.7)

where [· · · ]00(E) means the Floquet representation Eq. Equation 2.2.
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Appendix B

Expressions of the local direct
current of the harmonically driven
Hofstadter model

The expressions of the time-averaged local current, given in Equation 2.11 and Equa-

tion A.5, are rather general. As a concrete example, here we give the corresponding

expressions in the harmonically-driven Hofstadter model.

B.1 Time-averaged longitudinal current

The x-hopping is undriven in our model, so we have the longitudinal DC (longitudinal

with respect to the applied bias):

I→i = 2JxRe
[
G<

(i,i−x̂;0,0) +G<
(i+x̂,i;0,0)

]
. (B.1)

B.2 Time-averaged transverse current

With the y-hopping driven and modulated over x-direction, the transverse current

(transverse with respect to the applied bias) needs a bit more work. Given the y-hopping
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term as Jy [s+ cos(Ωt)] ei2παxic†ici+ŷ + h.c., we have the transverse direct current:

I↑i = Jy

s× 2Re
[
ei2παxi

(
G<

(i+ŷ,i;0,0) +G<
(i,i−ŷ;0,0)

)]

+ 1
2

ei2παxi
[
G<

(i+ŷ,i;1,0) +G<
(i+ŷ,i;−1,0) +G<

(i,i−ŷ;1,0) +G<
(i,i−ŷ;−1,0)

]

− e−i2παxi
[
G<

(i,i+ŷ;1,0) +G<
(i,i+ŷ;−1,0) +G<

(i−ŷ,i;1,0) +G<
(i−ŷ,i;−1,0)

].
(B.2)

155



APPENDIX C. CO-PROPAGATING AND GAPPED FLOQUET EDGE STATES

Appendix C

Transport properties of
co-propagating and gapped Floquet
edge states

We consider the parameters Jy = 1.6, α = 1/3,Ω = π, and s = 0. The corresponding

phase has two pairs of co-propagating edge states in the first gap and gapped edge

states in the second gap, as shown in the Floquet spectrum (Figure C.1a).

C.1 DC conductance

We first present the transmission calculation for three cases: (1) perfect, (2) disor-

dered and (3) defective lattices. As shown in Figure C.1b, be it disorder or defect, the

co-propagating (gapless) Floquet edge modes are very robust, whereas the gapped edge

states have no quantized conductance even in the perfect, pristine case.

C.2 Time-averaged LDOS

We probe the time-averaged local density of states at quasienergy ε = 1.4 which lies

in the second Floquet gap and thus corresponds to gapped edge states. Consistent with

the Floquet spectrum (Figure C.1a), at ε = 1.4, the states are localized on edges, albeit
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Figure C.1: (a): Floquet spectrum of the HDHM with parameters Jy = 1.6, α =
1/3,Ω = π, and s = 0. showing the existence of gapped edge states on the top and
bottom gaps (q = 3). (b): DC transmission after the Floquet sum rule. For the
disordered curve (cirlces), the disorder strength is W = 1, penetrating the whole lattice,
averaged over 100 realizations. For the defective curve (dots), the defects are introduced
identically to the one in Figure C.3d. System sizes are Nx = Ny = 40, nF = 7.

(a) (b)

Figure C.2: Time-averaged LDOS at quasienergy ε = 1.4 corresponding to a gapped
edge state. (a): Pristine. (b): Edge disorder of strength W = 0.5 penetrate three layers
on all four edges. System sizes are Nx = Ny = 40, nF = 7. Result shown is averaged
over 200 disorder realizations.
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not as uniformly as their gapless counterparts in Figure 2.4. Also, the presence of edge

disorder destroys this “edge islands” pattern (Figure C.2b).

C.3 Local DC profile

Here we consider the local current pattern of the gapped and co-propagating edge

states, as well as their responses to defects. Unlike their gapless counter-propagating

analogs in Figure 2.8, the edge current profile is not as evident for gapped edge states

(Figure C.3a). Upon introduction of defects, the already-weak current gets diminished

further. Finally, the chiral feature of the co-propagating (gapped) edge states is evident

from Figure C.3c, with their topological protection from backscattering exemplified in

Figure C.3d.
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(a) (b)

(c) (d)

Figure C.3: DC profile of gapped and co-propagating edge states. Top panels: gapped
edge states, with E = 1.4, µL = 1.41, and µR = 1.39. Bottom panels: co-propagating
edge states, with E = 0.5, µL = 0.51, and µR = 0.49. Panels (a), (c): perfect lattice.
Panels (b), (d): defective lattices. The Floquet sum rule is applied in all cases. Some
arrows are skipped for better display. System sizes: Nx = 41, Ny = 30, nF = 7.
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Appendix D

Existence and dispersion of surface
states

D.1 Existence of surface states

Given the effective Hamiltonian

Heff,±(k) =
 ∑
i=x,y,z

cos ki −m
 τ1 + sin kzτ3 +

M0(k‖)±
√∑

i

M2
i (k‖)

 τ2

def= h±(k) · τ ,

(D.1)

to study the existence of edge states localized along z, we consider the real-space version

of (D.1) in a semi-infinite geometry, terminated at the x–y plane at z = 0. Hence

translational symmetry is broken in the z direction, and surface states localized along

the z direction may emerge. We assume that translational symmetry is preserved along

x and y, so that the corresponding momenta kx and ky are good quantum numbers. In

this way, one can decouple a higher dimensional system into a family of 1D problems

parameterized by kx and ky.

The three Pauli matrices constitute a Clifford algebra and span a 3-dimensional

vector space, whereas h± denote some vectors in this space. For a 1D problem with

fixed kx and ky, h± is a function of kz, and traces out a closed trajectory in the 3D
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vector space as kz varies from 0 to 2π. It was shown (Ref. [218], Section II and III) that

the existence of surface states and their eigenenergies are determined by the position

of the trajectory. Specifically, one can find a plane that contains the trajectory, and

project the origin onto this plane. Whether the trajectory encloses the projected point

determines the existence of surface states, and the distance between the origin and the

plane gives the absolute value of the corresponding eigenenergies.

In our model, the trajectory is in the 1–3 plane as kz only appears in the coefficients

of τ1 and τ3. Hence, we can write the Hamiltonian as h± = h0
± + h±,‖ + h±,⊥, where

h0
± = (cos kz, 0, sin kz),

h±,‖ = (cos kx + cos ky −m, 0, 0),

h±,⊥ =
0,

M0(k‖)±
√∑

i

M2
i (k‖)

 , 0
 . (D.2)

Here h0
± describes the trajectory which is a circle, while h±,‖ and h±,⊥ are kz-

independent, which lies in and is normal to the 1–3 plane respectively. The circular

trajectory now has a radius of 1, i.e. the projection of the origin on the 1–3 plane is

within the trajectory as long as

|h±,‖| = | cos kx + cos ky −m| < 1, (D.3)

which is the condition for the existence of surface states. Provided that Eq.(3.5) holds,

the energies of the surface states are given by

εu,± = u|h0
±,⊥| = u

∣∣∣∣∣∣M0(k‖)±
√∑

i

M2
i (k‖)

∣∣∣∣∣∣ , (D.4)

with u = ±1 indicating the upper and lower branches of the edge states.

Since we consider gap terms that do not depend on kz and anticommute with the

original nodal loop Hamiltonian H0, we see that the existence of surface states is only

associated with H0, and the gap terms will modify the energies of these surface states.
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D.2 Dispersion of surface states

For convenience, we rotate the pseudospin with an angle of π/2 in the 2–3 plane,

thus τ2 → τ3 and τ3 → −τ2, and rewrite the effective Hamiltonian as

Heff,±(kz) = (∆1 + cos kz)τ1 − sin kzτ2 + ∆±2 τ3, (D.5)

with ∆1 = cos kx + cos ky −m and ∆±2 =
(
M0(k‖)±

√∑
iM

2
i (k‖)

)
. In real space, the

Hamiltonian reads

Heff,± =
∑
z

∆1â
†
z b̂z + â†z b̂z+1 + h.c.

+
∑
z

∆±2 (â†zâz − b̂†z b̂z). (D.6)

We consider a semi-infinite system with z = 1, 2, 3, ..., and choose the wavefunction

as Ψn,± = ∑
z(ψa,zâ†z + ψb,z b̂

†
z)|0〉, with |0〉 the vacuum state. The eigenvalue equation

Heff,±Ψn,± = En,±Ψn,± gives:

∆1ψb,z + ψb,z+1 + ∆±2 ψa,z = Enψa,z, (D.7)

∆1ψa,z + ψa,z−1 −∆±2 ψb,z = Enψb,z. (D.8)

Since z starts from 1, one has ψa,0 = 0 for the boundary condition, and ψb,0 is irrelevant

here because it does not appear in Equations. (D.7) and (D.8).

A solution localized near z = 1 can be achieved by choosing En = −∆±2 . In this

case, Eq. (D.8) becomes

∆1ψa,z + ψa,z−1 = 0, (D.9)

and we have ψa,z = 0 for any z due to the boundary condition. Thus Equation D.7 can

also be simplified as

∆1ψb,z + ψb,z+1 = 0, (D.10)
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which yields an exponentially decreasing state only if |∆1| < 1, whence Equation 3.5 as

a criterion for the existence of edge states. Notice that here we choose a semi-infinite

geometry with only one edge. When the system has a finite size with two ends, edge

states with non-zero a component localized at the other end can exist when En = ∆±2 .

Next, consider the case with a general eigenenergy En 6= ±∆±2 . Substituting Eq.

(D.7) to (D.8), we have

∆2
1 + 1
∆1

ψb,z + ψb,z+1 + ψb,z−1 = E2
n − (∆±2 )2

∆1
ψb,z. (D.11)

In the form of transfer matrix, we have ψb,z+1

ψb,z

 = A

 ψb,z

ψb,z−1

 , A =


E2
n−(∆±2 )2−∆2

1−1
∆1

−1

1 0

 . (D.12)

We now apply the method in Ref. [267] to determine whether the eigenstate correspond-

ing to En is an edge state or not. Assuming

A

 a

b

 = εA

 a

b

 , (D.13)

the vector (ψb,z+1, ψb,z)T can be written as a linear superposition of the two orthogonal

eigenvectors of A, i.e., (ψb,z+1, ψb,z)T = s1(a1, b1)T + s2(a2, b2)T , with s1 and s2 the

superposition coefficients. Thus we have ψb,z+n+1

ψb,z+n

 = An

 ψb,z+1

ψb,z

 = s1ε
n
A,1

 a1

b1

+ s2ε
n
A,2

 a2

b2

 , (D.14)

which suggests that ψz = 0 as z →∞ if both eigenvalues of A are less than unity. On

the other hand, if both eigenvalues are greater than unity, it corresponds to an edge

state localized at z →∞.
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In our case, the eigenvalues of the transfer matrix A in Eq. (D.13) satisfy

εA,1εA,2 = det(A) = 1. (D.15)

Therefore, the two eigenvalues cannot be both greater or less than unity simultaneously.

In other words, the wavefunction of En 6= ±∆±2 cannot localize anywhere along the 1D

chain.

In conclusion, the existence of edge states (or surface states as in the main text)

requires

|∆1| = | cos kx + sin ky −m| < 1, (D.16)

and their energies are given by

E = ±∆±2 = ±
M0(k‖)±

√∑
i

M2
i (k‖)

 . (D.17)
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Appendix E

Transport in superconducting
systems

To compute electrical current in Bardeen-Cooper-Schrieffer (BCS) superconducting

systems using Nambu-Keldysh-Green’s functions, we follow Ref.[239] which studied the

zero-bias conductance peak due to Majorana zero modes in semiconductor nanowire [93].

Below we highlight the key steps towards the final expression.

As before, consider a superconductor connected to two metallic leads. The starting

point is to work in an extended Nambu spinor representation. Then the superconductor

Hamiltonian reads H = 1
2
∑
i,j Ψ†iHijΨj, with the Nambu spinor Ψj = (cj, c†j)T, where j

indicates the degrees of freedom of the sample, e.g. lattice site and spin. As constrained

by fermionic anticommutation relation, the first quantized Hamiltonian H assumes the

form

H =

 h ∆

−∆∗ −h

 . (E.1)

Here, h contains non-superconducting terms such as kinetic energy and spin-orbit

coupling, whereas ∆ is the pairing term that may be obtained non-self-consistently

since the superconductivity is proximitized. The metallic contacts are incorporated via
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the self energies1, hereby denoted as ΞL,R. To calculate current, we define the electron

and hole projections of the self energies, given respectively by

Σ = 1 + τz
2 Ξ1 + τz

2 ,

Σ = 1− τz
2 Ξ1− τz

2 ,

(E.2)

where τ is the Pauli matrix acting on Nambu spinor space. Then, it can be shown that

the current reads:

IL = e

2h

∫ ∞
−∞

dE Tr
[
(Σ>

LG
< − Σ<

LG
>)− (Σ>

LG
< − Σ<

LG
>)
]
. (E.3)

Above, the lesser and greater Green’s functions satisfy the Keldysh equations G</> =

G(Σ</>
L +Σ</>

R )G†, where the retarded Green’s function satisfies (E−H−ΞL−ΞR)G = 1.

To proceed, one invokes the fluctuation-dissipation relations for the left and right leads.

For the electron projection, one has Σ>(E) = −iΓ(E)[1−f(E)] and Σ<(E) = iΓ(E)f(E).

For the hole projection, one has Σ>(E) = −iΓ(E)[1−f̄(−E)] and Σ<(E) = iΓ(E)f̄(−E),

where f is the Fermi function, f̄ = 1− f is the “complement” of the Fermi function,

and the line-width function is Γ = i(Σ− Σ†) (similarly for the hole projection). These

results are valid for both the left and right leads. One may then proceed to expand

Equation E.3:

IL = e

2h

∫ ∞
−∞

dE
{

Tr
[
GΓRG†ΓL

]
(fRE − fLE)

+ Tr
[
GΓLG†ΓL

]
(f̄L−E − fLE) + Tr

[
GΓRG†ΓL

]
(f̄R−E − fLE)

− Tr
[
GΓRG†ΓL

]
(f̄R−E − f̄L−E)− Tr

[
GΓLG†ΓL

]
(fLE − f̄L−E)

− Tr
[
GΓRG†ΓL

]
(fRE − f̄L−E)

}
,

(E.4)

1The self energies are frequently approximated as a constant under the wideband approximation.
The exact value does not affect the quantized plateaus as long as it does not differ too much from the
energy scale of the sample. This is the approach we take throughout this work to model metallic leads.
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where for a more compact presentation we wrote, e.g. f̄R(−E) to refer to the f̄ function

of the right lead evaluated at −E. With an additional relation Tr
[
GΓµG†Γν

]
(E) =

Tr
[
GΓµ̄G†Γν̄

]
(−E), where µ, ν refer to electron or hole projection, and µ̄, ν̄ their

complements, one can simplify Equation E.4:

IL = e

2h

∫ ∞
−∞

dE 2Tr
[
GΓRG†ΓL

]
(fRE − fLE)

+ Tr
[
GΓLG†ΓL

]
(f̄L−E − fLE − fL−E + f̄LE)

+ Tr
[
GrΓRGaΓL

]
(f̄R−E − fLE − fR−E + f̄LE).

(E.5)

The coefficients Tr[· · · ] in the first, second, and third line can be interpreted respectively

as normal transmission (electron transmitted as electron), local Andreev reflection

(electron backscattered as hole), crossed Andreev reflection (electron transmitted as

hole). We now make the crucial configuration of a symmetric bias of the left and right

lead:VL = −VR = V/2. Then Equation E.5 simplifies further:

IL = e

h

∫ ∞
−∞

dE
[
g(E) + gLAR(E)

][
fR(E)− fL(E)

]
, (E.6)

where we defined the normal transmission and local Andreev reflection coefficients:

g(E) = Tr
[
G(E)ΓR(E)G†(E)ΓL(E)

]
,

gLAR(E) = Tr
[
G(E)ΓL(E)G†(E)ΓL(E)

]
.

(E.7)

and remark that the crossed Andreev reflection term vanishes. Linearizing the zero-

temperature Fermi functions, we finally obtain the longitudinal differential conductance

at energy EF:

gLR(EF) = e2

h

[
g(EF) + gLAR(EF)

]
. (E.8)

The time-periodic drive is taken into account by replacing the Nambu-Keldysh-Green’s

functions in Equation E.7 by the more general Floquet versions, and half-quantized
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conductance can be recovered by applying the same Floquet sum rule as in Equation 2.20.

Lastly, we note that with appropriate modifications, the method discussed here can

be applied to study SC-N-SC junctions, as was done in Ref.[268]. A key difference is

that the extension to Nambu spinor description has to be performed already for the

mixed Green’s function, rather than for the sample Green’s function, as is the case for

N-SC-N junctions.
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Appendix F

Tight-binding model for the nodal
network semimetal Co2MnGa

The tight-binding model of Co2MnGa, a system hosting band-crossings in the forms

of chains and links, used extensively in Chapter 5, was taken from Ref. [136]. Here

we copy this tight-binding model for ease of reading. It consists of six bands: Three

d-orbitals from Mn and three p-orbitals from Ga. In reciprocal space with the basis

(dxz, dyz, dxy, px, py, pz), it is given by:

H(k) =



ξd1 0 0 ξdp11 0 ξdp13

0 ξd2 0 0 ξdp22 ξdp23

0 0 ξd3 ξdp31 ξdp32 0

ξdp11 0 ξdp31 ξp1 ξp12 ξp31

0 ξdp22 ξdp32 ξp12 ξp2 ξp23

ξdp13 ξdp23 0 ξp31 ξp23 ξp3



(k), (F.1)
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with:

ξd1(k) = 4t1 cos kx2 cos kz2 + 2t2(cos kx + cos kz) + 2t3 cos ky + εd

ξd2(k) = 4t1 cos ky2 cos kz2 + 2t2(cos ky + cos kz) + 2t3 cos kx + εd

ξd3(k) = 4t1 cos kx2 cos ky2 + 2t2(cos kx + cos ky) + 2t3 cos kz + εd

ξp1(k) = 4t4 cos ky2 cos kz2 + 2t5(cos ky + cos kz) + 2t6 cos kx + εp

ξp2(k) = 4t4 cos kx2 cos kz2 + 2t5(cos kx + cos kz) + 2t6 cos ky + εp

ξp3(k) = 4t4 cos kx2 cos ky2 + 2t5(cos kx + cos ky) + 2t6 cos kz + εp

ξp12(k) = −4t7 sin kx2 sin ky2
ξp23(k) = −4t7 sin ky2 sin kz2
ξp31(k) = −4t7 sin kx2 sin kz2
ξdp11(k) = ξdp22(k) = 2t8 sin kz2
ξdp13(k) = ξdp32(k) = 2t8 sin kx2
ξdp23(k) = ξdp31(k) = 2t8 sin ky2

(F.2)

where the fitted tight-binding parameters are given (in units of eV) by: t1 = −0.31,

t2 = −0.018, t3 = −0.01, t4 = 0.2, t5 = −0.02, t6 = 0.04, t7 = 0.28, t8 = −0.34,

εd = −0.6, εp = 0.6.
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