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Abstract

Due to the potential for being multiferroics, the interests on EuTiO5 (ETO)
have aroused in recent year. Rich phenomena due to coupling between
magnetism, electron and phonon, make ETO so fascinating.

Among all these properties, magnetoresistance and soft mode are stud-
ied in this thesis. Firstly, the influence of second-order Jahn-Teller effect
on anharmonic phonon is investigated, and find second-order coupling can
enhance the softness of soft mode frequency. And the anharmonic oscilla-
tion is also stabilized by such coupling under proper condition. Secondly,
a combination of NEGF and Boltzmann equation is used to inspect some
possible causes for large colossal magnetoresistance, and it confirms the im-
portant contribution of molecular field. Thirdly, an algorithm to solve spin
Green’s function of arbitrary nano-size spin system is proposed, which sug-

gest a possible way to investigate transport of nano-size spintronic device

within NEGF framework.
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Chapter 1

Introduction

Searching for novel functional materials is one of major tasks for nowadays
scientific research. Transition metal oxides are already widely utilized in
modern electronic technology, due to their various physical properties, e.g.
thermal, magnetic and electronic properties. For example, high tempera-
ture superconductivity in copper oxides [7] has draw huge interests for both
scientist and engineer.

Magnetoresistance is important phenomenon due to coupling between
electronic and magnetic properties. Magnetoresistance was discovered in
19th century. Since giant magnetoresistive was discovered by Perter Gru-
enberg [8, 9] and Albert Fert [9] in late 1980s, Magnetoresistance plays
crucial roles in I'T industry, especially used for storage technology. For last
30 years, mechanical hard disk is primary storage device for computers,
until recent year solid state hard disk progressed quickly and potential to
replace mechanical hard disk. The fast development of solid state stor-
age is due to the, better utilization of ferroelectricity, which is the key for
non-voltage memory unit. Ferroelectricity related structural instability and

magnetoresistance of EiTiO3 are two main topics for this thesis.



Fig. 1.1. Structure of perovskite oxide ABO;
1.1 Perovskite and FuTi0;

As a member of perovskite , EuTiOs (ETO) have basic perovskite struc-
ture. Perovskite is originally a name for calcium titanium oxide C'aTiO3 by
Russian mineralogist Lev Perovski. But now it is extended to a name for
a class of compounds which share same structure of C'aTi03. Perovskite
oxide is generally of formula ABQOj3. Ideal cubic unit structure is shown
in Fig. 1.1. A site cation is a Trivalant rare earth ion, e.g. Pr, La, Gd
etc. or divalent alkaline earth, e.g. Ca, Sr, Ba etc. and occupies a corner
position. B site cation is a transition metal ion, like Mn, Ti, Co, Fe etc.
and locates at the body center with oxygen octahedral cage as BO3. How-
ever general formula contains oxygen, there are few perovskite compounds
replaced oxygen with other compound, such as NaMgFs.

Perovskite oxides drew intensive research interests due to its fascinating
magnetic, electrical and optical properties and be already implemented in

various applications[10, 11].
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Fig. 1.2. Temperature dependence of dielectric constant of BTO single crys-
tal. Insets show the schematics of Ti displacement in the oxygen octahedron
of the perovskite structure. TC represents the paraelectric-to-ferroelectric
phase transition. Figure from Ref.[1]

1.1.1 Alkaline-earth Titanates

Alkaline earth titanate ( AT'iO3, A: Ca, Ba and Sr) is a important group of
perovskite materials for electronic industry. BaTiO3(BTO) was discovered
during W.W.II and detailed structure in high temperature is firstly given
by H.D. Megaw [12]. And series of phase transition was revealed by A.
Von Hippel[13, 13], as shown in Fig. 1.2. As the first ferroelectric materials
without hydrogen bond, which is known as displasive ferroelectricity nowa-
days, it initiated a new area of research. BTO is ideal cubic form at above
ferroelectric transition temperature (around 400K), in which All Ba** re-
sides at eight corner, Ti*" stays at body center with O?~ at each surface
center. Distortion appeared below 400K, as mutual displace of positive and
negative charge center which leads to spontaneous polarization. Due to the
large dielectric constant. ferroelectric and piezoelectric properties, BTO is
most widely used among Alkaline-earth titanates.

However both CaTiO3(CTO) and SrTi05(STO) [14] undergo struc-
tural phase transition, both Bulk CTO and STO are paraelectric down

to lowest temperature. CTO is cubic structure at above 1636K[14], and



STO have transition temperature at only 110K. At room temperature cu-
bic STO, with lattice constant a = 3.9054, is a band insulator with band
gap of 3.2eV. Series of structural phase transition, cubic — tetragonal —
orthorhombic — rhombohedra, happen at 110K, 60K, 30K respectively|[15,
16, 17]. Although ferroelectricity is not shown in normal bulk STO sample
at even low temperature, it could be induce by structural perturbation by

either strain [18, 19] or chemical substitution [20, 21].

1.1.2 Rare-earth Titanates

Intensive research is conduced on STO since 1980s, but recent year, ETO,
as a magnetic relative to STO, is gaining its own attention. ETO belongs
to Rare-earth titanates, in which A-site cation is occupied by La, Gd, Eu,
Sm, Pr etc. and usually have T%%" (t3,€)) rather than 7%** in alkaline-earth
titanates. But ETO is a exception that it have teravalent Ti as in alkaline-
earth titanate. Other trivalent rare-earth titanate R7TiO3 have pseudo-
cubic perovskite structure with T70g orthorhombic distortion, in which
magnitude is directly related to ionic radii of A-site cation. Larger radius
leads to weaker distortion, i.e. Ti-O-Ti is more stabilized as a straight
line rather than decrease bond angle from 180°. Trivalent RTiO3 is Mott
insulator, with each T%*" have one electron occupying ts, orbital. So it is
possible to undergo a transition to metal by doping with divalent alkaline

22, 23, 24];

1.1.3  EuTiO;

Eu is divalent with half filled 4f7 orbital and show strong magnetic prop-
erties. As ETO is structurally similar to STO, with almost equal lattice
constant, a = 3.9054, they often undergo comparative study[25]. Main
difference is the magnetic properties of ETO due to 4f7 spins. ETO is in

G-type anti-ferromagnetic ordering below Ty = 5.3K as shown in Fig. 1.3.



Fig. 1.3. G-type configuration of EuT%iO;

For long time, ETO was considered having ground state of cubic struc-
ture, but later it is realized that ETO also undergoes cubic-tetragonal tran-
sition at around 282K, just like similar transition of STO at 105k. And
first principle calculation predicts rotation and oxygen octahedra tilting at
ground state. However, ETO undergoes structural phase transition, no fer-
roelectricity is observed in bulk ETO. But strained film [26] and nanotube
[27] are predicated to be ferroelectric.

Magnetoresistance is change in electrical resistance under the influence
of magnetic field, which was found in thin layers of alternating nonmag-
netic and ferromagnetic materials[8, 9]. Colossal magnetoresistance (CMR)
is dramatic magnetoresistance change. Although Extensive study was con-
ducted on manganese-based perovskite oxides [28, 29, 30, 31, 32, 33, 34, 35].
Large CMR is also observed in ETO by Km Rubi [36], and it is the first

observation of CMR among the rare earth titanates.



1.2 Objective

As a promising materials for creating multiferroics, extensive researches
have been conducted on ETO. But many aspects are still unclear, such
as the colossal negative magnetoresistance is not well explained. Usual
double-exchange mechanism is definitely not applicable here. And the bet-
ter utilization of multiferroics need deeper understanding of ferroelectricity
and structural instabilities. The aim of my study is to have deeper under-
standing of these two aspects of bulk FuTiO3. Firstly, thermal instability
in Titanate is studied, which is directly link to structural phase transition.
I do not stick to real FuT7O3 system, but a toy model as generalization of
EuTiOs and SrTi03. And I calculate influence of second-order Jahn-Teller
effect on soft mode frequency. Secondly, I investigate magnetoresistance in
EuTiOs. Thirdly, I proposed a method to calculated spin Green’s function
at finite temperature. The method is not directly linked to bulk EuTiOs,
but is potential for modeling of nano-size functional structure on thin-film
EuTiOs.

This thesis is organized as following. In Chapter 2, I introduce theories
which I used for my model calculation. In Chapter 3, I review theories of
displasive ferroelectricity. Then I use a dynamic covalence model and use
non-equilibrium Green’s function method to do calculation, and show the
roles of mediated electron on harmonically ionic oscillation. In Chapter 4,
I study spin-scattering model to investigate colossal magnetoresistance due
to interaction of spin and electron system. In Chapter 5, I formulate com-
putable spin Green’s function for arbitrary nano-size system and proposeda

algorithm to perform tedious expansion procedure automatically.



Chapter 2

Methods

2.1 Nonequilibrium Green’s Function

2.1.1 Interaction Picture

Schrodinger picture and Heisenberg picture, which evolve only states and
operator respectively, are two basic formalism to treat dynamic evolution
of quantum system. However interaction picture, which evolve both wave
function and operator, is more preferred in NEGF formalism.

Considering a system with Hamiltonian H, the state at time ¢ is de-
noted as|v (t)),,, subscript o can be “S”, “H”, or “I”, denoting Schrodinger,
Heisenberg, Interaction picture respectively, the same for observable A, ().
top means initial synchronization time, i.e. ¢ (¢9))g = ¢ (t0))y = ¥ (t0));-

In Schrodinger picture:

[V (t)g = Us(tto) v (to))g,

Us (t, to) is evolution operator, and formally written as

i [t / /
Us (t, to) — Te h o HE)dt ’



notation 7" means time-order operator which always arrange the operator
with earlier time to the right. Conversely, anti-time-order operator T put

earlier operator to left.

Us (t1,t2) = Ug" (12, t1) = UL (1, 1) = T # "0

So that, the quantum average of observable A is (1 (t)|g As (t) |2 (2)) -
Alternatively, states themselves can remain unchanged but only opera-

tors evolve. So operator in Heisenberg picture is defined as

A (t) = Us(to,t) As (1) Us (t, o)

W () = 1 (t))u

and

@Ol Ar () [¢ (1) g
= (¥ )]y Us (to,t) As (1) Us (£, t0) [¢ (1)) 5
= (¥ (to)ls Us (to, 1) As (t) Us (£, 0) [¥ (o)) ¢

= (W®)]sAs () [ (t))s-

Hence the selection of picture is just a choice of calculation tool. The
quantum average, which is we are really care about, don’t change. It also

hold for interaction picture. Assuming Hamiltonian H consists of two parts,

H(t)=Hy+V (1), (2.1)

in which Hyis assumed solvable, i.e. eigenfunctions and eigenvalues of H
are known, and V' is interaction.

In interaction picture, both states and operators evolve, but they evolve
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Fig. 2.1. Keldysh contour

with Hy and V' respectively.

W), = et |y (to))s

Ar(t) = enHorA, (t)e wHot

Ur(t,to) = enfo'Ug (¢, t,) e ntot

L et v

Although interaction picture looks more complicated as both states and
operators evolve, it facilitate calculation due to the separation of solvable

part Hy and interaction V.

2.1.2 Keldysh Contour

Before introducing contour-ordered Green’s functions, which are the cen-
tral roles in NEGF formalism, forward-backward time contour is shown as
Fig. 2.1.

Evolution process starts from particular time ¢y, and forwards to some
target time ¢; then return back to initial time t,. Arbitrary time point

denoted as t, can be in either forward branch or backward branch, denoted



t* and ¢~ respectively. The advantage of this loop process is that lots of
quantities can be calculated at time point ¢y when system are determined

by solvable part Hy only and easily be calculated.

2.1.3 Adiabatic Switch-on

Aiming for simplifying calculation by calculate quantities at the time when
interaction is off, the transition process have to be properly chosen. Start-

ing with the Hamiltonian Eq. 2.1, the time depended part is written as

V(t) = lim e 1V,

6—)0+

which means the interaction is fully switched on at time point ¢ = 0, and

the system has no interaction at ¢ = 00. Then let ¢ty = —o0,
() = Ue(t,to) ¢ (o)), (2.2)
50 et
ZFLEUE (t7 tO) =e€ ‘/OUe (t7 tO) :

After integration, it gives
it —e|t! ’
U, (t,to) = Te 7o Ivoar (2.3)

According to 2.2 and 2.3:

[0 (t0)); =m0 |4 (o)) -

Since tg — —o0, total Hamiltonian H — Hy, initial state |t (t9)) ¢ is ex-
actly only determined by solvable part Hy. The evolution along imaginary
time axis is no longer needed, and I only used Schwinger-Keldysh Con-
tour (Fig. 2.2) rather than normal Keldysh contour in this thesis. Because

the switch-on process of interaction is gradual and infinitesimally slow, the

10
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Fig. 2.2. Schwinger-Keldysh contour

states with full interaction is able to expressed by non-interactive state via

propagator U (t, —00).

2.1.4 Fermionic Green’s Functions

Starting with fermionic Green’s function, we define contour ordered Green’s

function firstly
AT i ~ IR,
G(T,t,r,t)———h <TCC(T,t)C (r,t)>.

Green’s functions are defined in different way for fermionic and bosonic
operator.

The following 4 Green’s functions are defined on real time axis,

> AT A _1 A Nt o 4l
G (0, 1) = 'h<c<r,t>c (',t))
< A 1 SIIANTANYS
G< (r, t:1", 1) h<c (r,t)C(r,t)>

G (rt;r't) = 0@t —t)G (rt;r" t)+0 (' —t)G< (r,t;1", 1)

Girtr' ) = 0 —t)G™ (r ' ) +0(t—t)G= (r,t;0, 1),

where (...... ) denotes an appropriately defined average. Although it can
be either equilibrium or non-equilibrium average, only equilibrium average
is used in this thesis. It averages over full Hamiltonian H by default, and

is denoted with “0” when averages over non-interactive part Hy. > and

11



< denote greater and less Green’s function respectively, and “¢” and “¢”
mean time ordered and anti-time ordered Green’s function. Due to both ¢’
and t can be in either upper branch (+) or lower branch (-) , it get 4 ways
of paring and contour ordered Green’s function is corresponding to one of

aforementioned Green’s functions as

t, t
te G (rt;r' t) G” (r b0 ) - (2.4)

t_ G<(r,t;r" t) GE(r ;' t)
However, two more Green’s are needed to have simpler formalism. Re-
tarded Green’s function (denoted with “r”) and advanced Green’s function
("a”) are more preferred in actual calculation. they can be obtained by

rotation of Eq. 2.4,

l

G (rt;r' 1) = —%Q(t—t’)<{C’(r,t)C’T(r’,t')}>
G (r,t;0' ) = %e (' —1) <{c (r,t) CT (¢, t')}> .

0 (t) is Heaviside step function defined as

(
1 t>0
0() =41 t=0
0 t<0

\

By definition, it is easy to get two useful relations

G (r,t;r' t") — G (r,t;7", 1) = G (r,t;0", 1) — G= (r,t;0r', 1) (2.5)

G (r, ;7" )+ G (r, ;0 t) = Gt/ ) — Gt (r,t;r' t') . (2.6)

12



If the calculation is for quantities in equilibrium or static case, calculation
can be substantially simplified by working in frequency domain. For a

translational invariant function
Fap(t,t) = Fap(t —1).
Fourier transformation is defined as

FAB (w) = / dt@ithAB (t) .

[e.9]

Be noted, the reverse transformation is with normalization factor

1 [~ :
Fap (t) / dwe ™ Fup (w).

:% N

Spectral density is defined as
A(w) = —2ImG" (w) = 2ImG* (w), (2.7)

which always satisfies the normalization condition

1 [e.e]

2r ) o

Aw)=1

For solvable system, assuming eigenvalue is ¢, it produce the Green’s

function in Fourier space

1
G = -
() wh — e +1in
1
0,a —
G (w) wh —e —1in

G% (W) = 27f(~w)6 (wh —¢)

GO (w) = 27f (w)0 (wh —¢)

13



in which f (w) is Fermi function f (w) = W.

2.1.5 Phonon Green’s Functions

Bosonic Green’s function is similar to fermionic Green’s function. Six
Green’s functions are defined as fermionic case. However it could simply

replace fermionic creation and annihilation operators with bosonic creation

and annihilation operators, displacement operator u == 4/ WZJO (aT + a) is
used,

D (r it ) = —%9 (t =) ([u(r,t) ,u (", £)])

Do (r i ) = %9 (¢ =) ([u(r, 1), u ()

D> (i) =~ {ulr ) u (1)

D= (r 0, t) = —%(u(r’,t’)u(r,t))

D' (r,t;r' t) = 0(t—t)D” (r,t;r' ¢) + 0 —t) D (r,t;7',t)

Dt (rit;r' ) = 0 —t)D” (r,t;7", t)+0(t —t')D< (r,t;r' ).

Noted that u! = u. By this definition, the important relation 2.5 and 2.6

are hold as well here,

D" (rit;7",t') — D" (r,t;r" ¢y = D7 (r,t;0 ') — D= (r, ;7" t)

D" (r ;7" t) + D (r,t:r' ¥y = D' (r t;r' t") — D (r,t;0", 1)

14



But due to the choice of operator u, non-interactive Green’s functions in

Fourier space are,

s

Diu (w) = — =y azﬂ d (w+ owp) on (owp)
D, (W) = —% S 5w — owo) on (o)
o=+1
Do) = % nhj& (w+ ml) — w?
Diu (w) = l lim 12 =

1

n (w) is boson distribution n (w) = —zr—.

Wick’s Theorem

When doing perturbative expansion, it produce infinite series which al-
ways contain terms of product of multiple operators like <0001 e On_1>.

Wick’s theorem says,

where 14 %3, - - - 4,, are permutation of 0,1, 2, -- ,n that make <TCOAZ»mOAZ-n>
paired with annihilation operator at left and creation operator at right.
And N, are numbers of permutation. o = 1 for boson, and o« = —1 for
fermion, i.e. every adjacent permutation bring sign change for fermion. For
example, for electron operator C;, <TCCICQC;),CI> = — <T0036’l> <TCCQC'1T>+
<T6030I > <T60201>.

Wick’s theorem is only applicable to contour Green’s function at finite
temperature, i.e. Wick’s theorem have be applied before aftermentioned

Langreth’s theorem.

15



2.1.6 Fluctuation-dissipation Theorem

Greater and less Green’s function represent the the time dependent correla-
tion. Retarded and advanced Green’s funcions, we will see in later section,
represent the responses. Correlation and response functions are usually the
keys to the quantities that we care about, or even themselves are quantities
of huge interests.

It is tough task to calculate aforementioned Green’s functions in non-
trivial system, but it is possible to easily relate retarded and advanced
Green’s function to greater and less green function in equilibrium system.

The relation is terms as Fluctuation-dissipation theorem,

G (w) = if (W) A(w)

G” (W) = e ™G (w),

which could be proved via Lemann representation.Combining with Eq. 2.7,
we will see that retarded Green’s function would be of significant interest. If
retarded Green’s function is gotten, we will have all other Green’s function
naturally. It is crucial relation to investigate magnetic property via spin
Green’s function in later chapter. Due to Eq.2.7, spectral is imaginary part
of retarded Green’s function but of only real value, so the greater and less

functions are purely imaginary.

2.1.7 Langreth’s Theorem

The six Green’s functions are directly linked to contour ordered Green’s
function according to on which branch the two time points ¢ and t' are.
But things get complicated when multiple terms get involved, like arbitrary
function with 2 contour time F' (t,,t;) = [ dtrdty - - - dt,_1 A (to, 1) B (t1,12)

C means integrate over contour loop. This kind of collective contour terms,
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that could be multiplied or convolved, is common when doing perturbative

expansion. To dealing with it, one have to find the way to map these terms

of contour loop to real time axis. It is called Langreth’s theorem, which is

consisted of several mapping rules.

Let’s start

with a simple case:

At t) = / B(t,7)C (r.¢)dr,

assuming ¢t < t’, and 7 is dummy variable. Firstly we consider less function

A< (1) = / B(t,7)C< (r,t')dr + / B< (t,7) C (1,t') dr,
C’l C'2

here the full contour C'is divided to 2 parts, Cyand Cy. Cf is (—oo4,t') and

13 2

Cy is (t, —oo_),noted that there is overlapping part between t,¢' . “—oo,

«

, “—oo_ “mean beginning and end of contour loop correspondingly, which

are both in —o0.

A= (t,

(

_I_
\

/ N
—00

t)

[l BS(t.7)C= (rt)dr + [ BS (t,7) C< (r,¥) dr
[l BS(t,7) O (r,¥)dr + [, B> (t,7) C> (r,t) dr
[t (B> (t,7) — B<(t,7)) C< (r,t')dr

IY _B<(t,7)(C= (r,t') — C* (r,t')) dr

[0t —7) (B> (t,7) — B< (t,7)) O< (7,t) dr

o0

[0t —7)B<(t,7) (C<(1,t') — C> (1,t)) dr

o0

B (t,7)C=< (1, t')dr + / B= (t,7)C*(1,t') dr,

—0o0
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which can be symbolically simplied as
A =B'C* + B~C", (2.8)
similarly, for greater function,
A =B"C” + B~C", (2.9)
and retarded function,
A" (t,t) = 0@t —1t)[A” (t,t) — A< (t,1)],

Substituting greater and less Green’s function with Eq.2.8 & 2.9,

fj;o B (t,7)C~ (1,t')dr + ffooo B> (t,7)C*(1,t")dr

A" (t,t) = 0@t—1)

— fj;o B (t,7)C< (1,t')dr — ffooo B= (t,7)C*(1,t")dr
fj;o B"(t,7)0(r —t")[C~ (1,t') — C< (7, t')] dr

+ fj;o B (t,7)0 (' —T1)[C~ (1,t') — C< (7,t')] dr

+ ffoooﬁ (t—71)[B”(t,7)— B<(t,7)]C*(1,t')dr

+ ffzoe (tr—t)[B” (t,7) — B<(t,7)]C*(1,t') dr

\

+0o0
e / (B (t,7) C" (,¢') — B® (t,7) C° (v, )] dr

- /_ T (t,O:) (1)),

o0

Similarly for advanced function, symbolic form is given as

A" = B'C" (2.10)

A® = Bece (2.11)
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Table 2.1

Langreth Theorem

’ Contour ‘

Real time

C< (t,t') = A< (t,t') B< (t, 1)

C(r,7")=A(r,7)B (7,7

A< () BT (t,¢)

O (1) = " () BS (1,1

+ A )
+ A" (t,t') B" (t,t)
C<(w) = [ dw' A< (w — ') B= ('

A< (w—w') B"(
+ A" (w-—uw)B<(
+ A" (w-—-u)

C" (w) = [du'

D<) = A< (t,¢) B> (1)

D(r, 7"y =A(r,7)B (1, 7)

A< (t,t)) B® (1)

D7 (t,t) = (
’ + AT (L) B (t,1)

D< (w) = A% (w+w') B” (W)

] AT B
Driw)=Jd {+ A" (w + ') BS (&)

;with Egs. 2.8,2.9,2.10,2.11m one could summarize general form

AT AT AT AT AT JATSAC

A>,<

A{---A§_1A5’<A§+l~--Az+---+A1>’<A§--~A$L

Amra

Besides these simple serial multiplication terms, parallel or looped mul-

tiplication terms are also common. And due to the overlapping, they lead

,a AT,Q r,a
ATOATe AT

to convolution. The relations are listed in Table 2.1.

For other product which is more than 3 terms can be done with the

combination of formula in table. For instance, triple terms F (7,7")

A(r,7") B (1,7")C (7', 7) will be seen later in Section 3.2, and can be ex-

panded to
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Fr = F'—F<

= A'(r,7)B"(r,7')C"(7',7) — A= (r,7') B (1,7') C” (7', 7)

4

—  A<(r,7")B<(r,7")C> (7', T)
+ A (r,7) B (r,7)C" (7, 7T)
+ A (r,7)B<(r,7)C" (7', 7)
+ A<(r,7)B"(r,7)C" (7', 7)
= \+ AS(r,7)B<(r,7)Co(7',T)"
+ A (r,7) B (1,7)C<(',7)
+ A" (r,7) B (r,7)C< (7', 7)

+ A<(r,7)B"(r,7)C< (7', 71)

2.2 Boltzmann Equation

2.2.1 Bloch-Boltzmann Theory

Bloch-Boltzmann theory is a semi-classical theory to investigate electronic
transport in solids. Although this theory is originally developed for dilute
classical gases, it has been successfully applied to metal and semiconductor
which are neither classical nor dilute. the core of Bloch-boltzmann theory

is Boltzmann equation.

Drude Model

In 1900 Paul Drude proposed Drude model [37, 38|, which is historically the
first model dealing with electronic transport in metals. Drude model con-

sider electrons as classical particles, ignore interaction between electrons.
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Electrons are driven by electric field and accelerating until collision, the
average time between subsequent collisions is relaxation time 7. and its
equation of motion is
d (v v
W,

Me +me.— =c¢€
dt T

in which , m, is the mass of electron. By which it is easy to find a linear

relation between current density J and electric field

anT

J = E.

Me

As the first microscopic model , it is pretty crude model by kinetic the-
ory without accounting for the temperature dependence. As the fact that
Drude model consider electron as free electron from beginning, the band
structure of electrons are disregarded. Furthermore, origin of relaxation

time 7 is crucial quantity in this model, but it is not well elucidated.

2.2.2 Boltzmann Equation

Boltzmann equation is proposed by Ludwig Boltzmann. It provide a mi-
croscopic model to describe statistical behavior of thermodynamic system
in non-equilibrium. When it is applied to electric transport problem, it
require a semi-classical model for electron system, in which electrons are
described by two vectors, position vector r and wave vector k, wave vector
k may be contraction of (k,n), n is band index. For particular temperature
T, the distribution function of electrons is written as f (r,k). By which
2

mean number is @ f (r, k) drdk, factor 2 is for spin degeneracy. Local

density of electrons (of particular band) is
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Distribution function f (r,k) , is usually implicit function of temperature
T, and chemical potential y for equilibrium case. For transient case it is
also function of time ¢t. So Boltzmann equation is

of of

a Vi Vrf E ka - (E>coll ’ (213)

where force F' = e[E (r,t) + v X B(r,t)] is the Lorentz force. And the

equilibrium distribution at temperature T is Fermi-Dirac distribution

1

fo (gk) - eBler—n) + 1

Y

(%)coll is collision integral.

2.2.3 Collision Process

Collision integral is formally

0
(a—{) - Z Pk,k’ — Pk’,k

P;; means the probability of transition from initial state |i) to state |f).

Obviously, (%) is zero when system reaches equilibrium. the origin of

coll
collision is due to various sources. If more than one process contributes to
collisions, collision integral should be the sum of all processes. For dilute
electron gas, electron-electron interaction is consider weekly interacted and
usually omitted. At high temperature, the interaction between electron

and thermal vibration is more important than other interactions. but at

low temperature, it is impurity that dominate scattering process.

2.2.4 Local Equilibrium

Local equilibrium is that the system is globally in non-equilibrium and

locally in equilibrium. So local equilibrium distribution is characterized
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by local chemical potential u(r,t) and local temperature T (r,¢). Local

Fermi-Dirac distribution is

1
0 _
Fole) = ey
e BrH L+ 1

if system is slightly out of steady local equilibrium, distribution function
fx could be written as f = f2 + 4 f.

The deviation of distribution function is possibly due to various sources.
For our interests, the current is commonly driven by electric and magnetic
field, as well as temperature gradient and chemical potential gradient. How-
ever, electric field and magnetic field affect differently on electrons. Primar-
ily, electric field exchange energy with electron, but magnetic field does not.
0 fi. is first order perturbative term with respect to electric field, chemical
potential gradient and temperature gradient, but contain all orders with
respect to the magnetic field.

It is more convenient to define electrochemical potential

p(r,t)=pu(r,t)+ed (r,t)

where @ (r,t) is electric potential and V,® (r,t) = E (r,t). Now, elec-
tric field and chemical potential gradient are combined. And in this thesis
chemical potential is always constant u (r,t) = po. For simplicity, bar is
omitted in this thesis, chemical potential i refer to electrochemical poten-
tial & (r,t). since original chemical potential x (r,t) is constant, only elec-
tric field contributes to spatial difference, i.e. V,u = eV, ® (r,t) = eF (r,t).

Substituting f; into Eq. (2.13)2.13, by using

of v, T
VA0 = G la-n) T
Vife = g_;;hvk‘f'vkéfk

(UkXB)'Uk = 0,
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it gives linearized Boltzmann equation

o G

Single mode approximation is the commonest way to solve Boltzmann

equation. According to which, the collision term (%)coll is to make system
relaxed to local equilibrium states. the collision term is approximately

written as

(g) e 1) S
ot coll T(k) 7—(]{;)7

7 (k) is relaxation time, the dependence of k is related to the details of

collision mechanisms. Conventionally ¢ f; could be re-written as
o 0
5f = g,
€k
0¢ is small value.

2.2.5 Transport Coefficients

Without magnetic field, i.e. B = 0, particle current is calculated by:

2
In=——= 1[0 dk
N (2ﬂ)3/ Jrvi

and heat flux:
2

(27)°

JQ = /(ka (8k — /L) dek.

And it naturally gives a general form like Onsager relation:

v, T
Iy = LuV,u+ Lo T
V.
JQ = L21VT/L+L22 Tlu

24
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Ly = L
where
1 n Of%
Ly = —g/dkg%)vi(ek—u) a_e,i n=012
And by considering case of no temperature gradient, i.e. VICT =0, it gives

electric conductivity

o= —e2L.
Similarly for thermal conductivity

 LoL,— L2
K, T

as well as Seebeck coefficients

2.2.6 Transport Coefficients with Magnetic Field

Considering magnetic case, i.e. B # 0, linearized Boltzmann equation gives
solution of infinite series in terms of B. By cutting off at second order, it

gives
Tk

0¢=—1 g Ve Ftvic (s xF) + (Vi) (s - F)),

in which F = Vu + #EVT | s = B, m* is effective mass.
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Particle current Jy and heat current Jg can be written as:

(
a1 Vept + 0B X Vep +af B (B - Vyep)
I =
| T B ot (B )
(
a5 Vet + a3 B X Vep + a3, B (B - Vep)
Jo =
BT 0B x T B (B TF)

where

1 Tk o €T\ Of
n o _ _ 2 'k o p+v—2 kR _k
al, /dkg (k)v e (ex — Ho) < ) Be,

m*

By assuming electric field is applied in z direction, and magnetic field

is in z direction, it gives longitudinal conductivity and transverse conduc-

tivity,
D,
= (2.14)
D,
Ogy = _D_lv
Seebeck coeflicient
g _ D5
D,
and thermal conductivity
D+
K= —
D,
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in which

Ds
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Ds

1
a1 B,

0
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0
Qi
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e
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0
aqy

0
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1
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Oy

1
oy B,

0
Q19
1
alQBZ .

0
Q9o

Magento-effect is explicitly due to Lorentz force in this method, but

magnetic field could also play roles in relaxation time and other aspects.

the quantity s = =B is the key figure shows the importance of Lorentz

force, |s| < 1 indicate magneto-effect due to Lorentz force is trivial.

2.3 Green’s Function for Spin System

Green’s function is a powerful tool for many-body problem, however it is

usually used for electron and phonon system. In this section, I firstly review

the basic formula for spin Green’s function. then I introduce approximation
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to decouple high order terms to make iterative formula closed and how to

solve isotropic bulk system at first order approximation.

2.3.1 Basic Green’s Function

For this method, the primary Green’s function is double time Green’s func-
tion, which is exactly retarded Green’s function in NEGF language. In this
Chapter, we follow the convention of this community, and use double pointy

brackets notation

) = (A4 B, = 20 (6) (14(1), B, ).

7 denotes commutation operation, n = —1 for commutator or n = 1 for
anti-commutator. As operator A and B are spin operators, which are nei-
ther bosonic nor fermionic, either one works here, but preferring commu-
tator will lead to simpler formalism. So all notation “[, ]” that omitted »
notation, ans it always imply commutator (n = —1).

Fourier transformation is defined as,
(AsB)) = [ A By di (2.15)

2.3.2 Equation of Motion

In contrast to Section 2.1, where formula are in interaction picture, Heisen-
berg picture are used here. Equation of motion is obtained by taking time

derivative of 2.15, together with 260 (t —t') = o (t — t'),

t

5y (A0 B), =~ 0140 B) + ((A):B)),
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By Fourier transformation on both side

| B e = e A B[, - 6 (4 B)

o0

w

= —iw (4 B)),

/_OO e‘i“t‘"t{—%6(15)([A(t),BD+<<A(t);B>>t}dt - —%([A,B]>+<<A;B>>w.

o0

which gives

i (A, B)), = _% (A B) + ((A:B)) (2.16)

w

The same for <<A; B>> , it give second order,

w

&R ((A;BY),, . = @h ([A, B]>+<[mA,B]>+<<—h2A;B>> L (2.17)

w—ni

In Heisenberg picture

ihA = [A, H], (2.18)

by which linear operator will produce closed equation at first order. But

most commonly, it’s impossible to close at some order, like in spin system.

2.3.3 Decoupling Rule for Spins

Expansion of Heisenberg equation Eq. 2.18 lead to terms of multiple spin
operators, S;'S;% - Sim, where a, = & or z. difficulty for spin sys-
tem is the validation of wick’s theorem for general spin operator at finite
temperature, however for spin one-half system wick’s theorem hold at zero
temperature[39]. one way to overcome this obscure is introducing decou-

pling rule, which productive terms are approximated by single operator.

The simplest decoupling rules are introduced by Tyablikov[40], and called
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random phase approximation(RPA).
S;Si ~ (S7)Sr. (2.19)

In later chapter, we will see terms 1ike<<SZS+ S, >> occurs in transverse

Green’s functions. By implementing Eq. (2.19) ,

((S7855.5)) = (57) {(575.50)) - (2:20)

When calculating Green’s functions of longitudinal component in later
section 4.2.2, it is necessary to expand to second order. It involve more

complicated triple terms as [41, 42].

STSTSF = (S7S7)SE A (Ssy)s)
()85 = ((5))") s (2.21)

Several other decoupling have been proposed for dealing with different

problem. More detail about decoupling will be discussed in ?77.

2.3.4 Magnetism in Bulk Magnet

In bulk system with periodic lattice, translational invariance hold, which
make it more convenient to work in k space. So spatial Fourier transfor-

mation is defined as;;

1 .
Co=7 D Gypetaiais)

Ra,Rp

Considering simplest ferromagnetic Heisenberg model

J .
H:—E;Si-sj—hZSZ,
1,] 7
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where (7, j) means nearest-neighbor site and total spin is S.
Green’s function <<S;;S(_T;)7>> is considered, i.e. A = S and B =
(n)— . . . .
S*, in Eq. 2.16. Assuming model have been solved via applying decou-

pling rule,

1 ©Ofa)
GU“’E)_%E—E(@’

in which © (a) = ([S*,e*"S7]). Considering identity

S? = S(S+1)
_ % (5~ +S™5%) + (57)°
= () + 95" +5°
= (8% + 575 — 5%,
and it gives
- %Z@u (k,0) = (S75%) = S(S+ 1) — (S + (5. (2.22)

k

Defining quantity
Q(a) = ("),

equilibrium value is related to Q (a),

(57 = Lo Dluce

Due to the identity
[ST.(57)"] = {(8* = 1)" = (§7)"} ™,
and via Taylor expansion, it gives

|:S+7€aSZ:| — (e—a . 1) 6ast+‘
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StS~ terms are replaced by S#,

O(a) = 2 <e“SZSZ> + (e —1) <e“SZS+S_> :
= S(S+1) (e —=1) (") + (e +1) (e 5) — (e — 1) (e (SZ)2> .
Finally they gives a differential equation

1+ d)e*+ @
p + L
+(1+<I>)e“—<1>

DQ—S(S+1)=0.

This differential equation is solved by Callen , who give solution [40],

P25+1—Sa _ (1 + \D)2S+1 e(S+1a

®(a) = 25+1 ’
[qﬂSH (A0 (1 4+ ) e — 0]

So magnetization can be calculated,

W= a%c(ba) la=o (2.23)
(S —0) (1 +0)"5 4 (S +1+ ) P25+

Y

and

<(S§)2> = agz—aga)bo

25W25+2_w25+1 4 9(541)(140)2512
\II2S+1—(1+\I/)25+1

+ (S+1)°=U—-1+2(T+1)°

32



Chapter 3

Thermal Structural Instability
of EuTiO5

3.1 Displasive Ferroelectricity

Ferroelectric materials are already widely used in various areas due to their
robust spontaneous electrical polarization. Modern ferroelectric materials
consist mainly of perovskite ferroelectric materials. In earlier era, ferroelec-
tricity was discovered in hydrogen-bounded materials, like Rochelle salt[43]
and KDP[44]. Until 1949, BaTiO3(BTO), first ferroelectric materials with-
out hydrogen bond [45, 46, 47, 48], was discovered. BTO is of relatively
simple perovskite structure and led to deeper understand of the origin of
ferroelectricity. There are two types of ferroelectricity, either order-disorder
or displasive, which are distinguished by whether it’s microscopically polar
at paraelectric phase. order-disorder Ferroelectric materials are still micro-
scopically polar at paraelectric phase, but only macroscopically non-polar
in thermal average sense, which is similar to Ising spin lattice. Displasive
ferroelectric materials are microscopically polar at ferroelectric phase but

non-polar at paraelectric physics, which imply structural transition.
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3.1.1 Soft Mode in ETO and STO

Ferroelectric transition is usually associated with soft mode condensation.
Soft mode in structural phase transition was first observed by Raman and
Nedungadi [49]. Cowley discovered one of ¢ = 0 optical modes in SrTiO;
was softened with decreased temperature, however no ferroelectric phase
transition was found. Which make this problem more open, with exten-
sive study via various experimental approach. the concept “soft mode” is
sometimes ambiguous. One may define it as collective excitation whose
frequency decrease anomalously as approaching transition point. Although
soft mode are usually attributed to lattice dynamical mode, other causes
may also lead to soft mode. The structural phase transition ,that caused by
such modes triggered lattice instability, can be either first order or second
order.

Structural transition triggered by zone-center soft modes are called
ferrodistortive structural transition and modes condensate at other than
zone-center is termed antidistortive structural transition. Displasive fer-
roelectrics and ferrodistortive structural transition are closely connected.
Although most displasive ferroelectrics are ferrodistortive, it’s possible to
find some small spontaneous polarization caused by indirect coupling to
antidistortive modes. For antidistortive case, whose soft modes usually
condensates at zone boundary, occurs as cell-doubling transition. One of
special case of antidistortive transition is antipolar transition, in which
electric dipoles are of anti-parallel alignment between neighboring cells.
So that no macroscopic polarization is observed in such phase. Although
antidistortive transition is characterized by zone-boundary mode condensa-
tion, it usually accompanies by zone-center condensation as well. For more
complicated case, it’s possible to see both antidistortive and ferrodistortive

condensation coexist in same system but in different direction.
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Fig. 3.1. A schematic representation of some fundamental types of struc-
tural phase transition from a centrosymmetric prototype. Figure from [2]

3.1.2 Polarizability Model

To investigating dynamics of structural instability of cubic perovskite, lat-
tice dynamics model[50, 51, 3, 52, 53, 54, 55, 56]. It is a shell model which
assumed oxygens are coupled to neighboring A-site and B-site cation by
axially symmetric short-range force. each one with negative shell charge.

Layer model of cubic and uni-axial ferroelectrics is of the Hamiltonian,

1, 1 f (Ui — U1,n)2 + g2 (V10 — ul,n)2 + %94 (V10 — U1,n)4
H,, = —mt;, + =
ph Z 9 Mtin T o Z

+  f(ug, — U1,n)2 + f(ugps1 — Ul,n)2

where g4 > 0 is forth order repulsive anharmonic terms, and g, < 0 is
attractive. m; is mass for 7905 cluster and my is mass for Eu. wu;,, is
displacement of ion ¢ of site n, and v;, is electronic shell displacement of

ion ¢ at site n. f are shell-core coupling between different type of ions. the
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Fig. 3.2. Layer model of cubic and uni-axial ferroelectrics.[3]

model is illustrated in Fig. 3.2.
This model is classically solved via self-consistent phonon approxima-

tion. Soft optic mode frequency is shown in Fig. 3.3,
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Fig. 3.3. Temperature dependence of the soft optic mode wg of ETO in
a semi-logarithmic plot. The full stars are experimental data from [4, 5]
The inset shows the related dielectric constant. Solid lines are guides to
the eye. Figure from [6].
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3.2 Dynamic Covalence Model

So far, polarizability model is the only model which can match experimental
result of soft mode with respect to different temperature. But this model is
quite phenomenological with fitting parameters. And the soft mode feature
are primarily contributed by anharmonic terms. Anharmonic potential
surface is also manifested in first principle calculation[55].

As the long-distance repulsion is not enough to explain the soft mode in
STO or ETO. And Bersuker’s argument about local origin[57] also suggest
the role of second-order Jahn-Teller effect. To investigate the influence of
second-order Jahn-Teller effects, I used such dynamic covalence model to

investigate influence of second order Jahn-Teller effect.

= th + He + He—ph
He = ZZEZCJCl

Hyp, = Z g4y, — oy +

P2

2m
Hepy = Y M ClCsa2.
ijn

Electron part is localized electrons. And for phonon system, decoupled
ion is oscillating in a double-well. Both electrons and ions are coupled
to each other via second-order electron-phonon interaction. next nearest
localized electron on Eu are are coupled via in-between oxygen ion which
lead to weakly boson mediated hopping between Eu. M, ;,, is non-zero for
all (in Fig. 3.4). From the perspective of phonon, self-consistent phonon
approximation is used to consider forth terms as an effective phonon. And
similarly , isolated phonon are connected via in-between localized 4f elec-
tron of Fu. This coupling is similar to double-exchange mechanism, in

which electrons hopping between nearest manganese are mediated by oxy-
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Fig. 3.4. Ilustration of non-zero M; ;. (i, j) are all diagonal (next-nearest)
pairs of Eu, site n is the oxygen in-between paired Eu.

gen. Because potential surface is symmetrical with respect to high symmet-
rical reference position ,not like conventional electron-phonon coupling, the
first-order coupling vanish here. However the model is 3D model, but it’s
symmetrical in 3 direction, however it is probably not true for real system.
The structural phase transition, which is also characterized by soft mode
condensation, happens in 3 direction at different temperature, which is not
considered in this simplified model.

At first, we focus on low temperature case (below transition temper-
ature). From the perspective of phonon, ion have to be localized in one
of the valley. Because two valleys are symmetrical, equilibrium position is

shifted to one of the valley bottom(r,)(Fig. 3.5), and define u,, = x, — (r,,).
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Fig. 3.5.  Schematic illustration of (a) Hamiltonian H and (b) shifted
Hamiltonian H.

The shifted Hamiltonian for is

I{Ie = Z Ek—i-Mk(Tn)Q) C’,EC;@
k

1
Hy, = hw, <aLan + 5) )

Be noted that w, is of dimension of length rather than reduced length
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(corresponding Green’s function is shown in Section 2.1.5) and

mwy, " 1
a, = U+
2h 2mwn
; mwy, 1
a), = u—1
Qmwn
_ 394 (up) + 92 +92
Wy =

Because electrons are localized , electron band is actually almost a flat
band. ¢ is constant, and band is slightly dispersed due to the weak phonon-

mediated coupling,

o8 [k1 5 + ko i cos [k1,y + ko]

Mlﬂ,k’z,n = 46_“{”.(’“_’@) + cos [kLy + kQ,y] COS [kl,z + kg}z] :

+  cos [ky, + ko] cos [ky . + ko]

\

M, = My, when ky = ko, phase factor e~n'(hi=F2) don’t play a role
and subscript n is dumb as well. And it was calculated perturbatively via

contour Green’s method. By expanding up to second order,
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Dn,no (7—7 7-0)
’

DO (7,7)

n,ng
(
+ f dt% Zk’,k”,n’ Mk’,k”,n’ (—ihng/7k/ (t, t)) D27n/ (7_, t) D’rol’no (t, TO)
2h2 Zk‘l,k‘ll,nl Mklakllynl Zkz,ké,nz ng,ké,ng f f dtldt?x
(

— DO, () DO, (ta, 7o) DO, (t =0) [Ggi o (11,1) G2 (1, tl)}

+ 2Dy, (1.t1) Dy ,,, (B, t2) Diyy, (B270) Gy (8= 0) Gy (8= 0)

nin2 nano

nni nang ning

— 2D% (7,t1) D2 . (t27o) [DO (tl,t2)G2,2k1(tQ,tl)Ggikz(tl,Q)}

\

\

[~ B Dk Mk 2ok g g Mia by (Tn) (Tna) [ [ dtrdta D (81, 70) Dy, (7, 22)

As system is translational invariant, (r,,) = (r,,) = (r) ,and using

42



Langreth’s theorem (Table 2.1 and Section 2.1.7), self-energy is given,

- % Zk’ Mk’,k’,nGgf,k/ (t = 0)

)
0,< 0,a
B Z;ﬂ,nl Mkhkhkahkagml (t=0) ka (w) Gk1k1 (w')
b G W)
2 (S Moy Gl (0= 0)) D ()
— QZkl Zkz Mkl’k%n]\;[k%kwfdwl [ dwsx
DY () GO, () GO (1)
IL, (w) = = 21°% + DY (w—wy +wr) Gy (we) GRS (wi)
+ DY (w—wsy + wi) Gy, (w2) Gy, (1)
+ DY (w—wy + wi) G, (w2) i, (1)

0,r 0,r
+ DY (w—wy +wi) G, (w2) G (wn)

+ DY (w— ws +wi) G, (w2) GG (W)

T 077‘ 0,’!’
+ DY (w —wy +wi) G, (w2) G, (wi)

\ \

. ~ ~ 2 0, 0,a 0,r
- 4Zhﬁ Zkl Zkg My, ey n My ey n (T) f dw’ [Gk;l (w+w) Gk2k2 (w') + lekl (w+

Because all off-diagonal GY,, are vanished, Gg’kr, is of pole structure,
and Gg’,f,(>) contain delta function the self-energy for phonon is obtained

analytically via second-order Born approximation ,
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N Sp My (f (e0) +3)

(

~ 2
2 1 1 1 1 1
+ m wn <N Zkl Mklvkl’” (f (gkl) + 5)) |:w+i177wn - w+in+wny,

8r2 1 Y "
. ) + mwy, N2 Laky Zkg Mkhkmanz,khnX
I (w) = lim < +

n—0t+

+ f(er) = [ (er)] 2o gmsy on (0wn) o

W—O0Wn— 7 +1in

b el ) =1 |t - |

w— 7 +intwn w— 7

\

T 2 ¥ Y
+ % <T> Zkl Zkg Mkl,kmanz,khnm [f (Ek?Q) —f (Ekl)]

\

and imaginary part is

- 2
+ %:_n (% >k My rn (f (e0y) + %)) Yo 00 (W —wy)

8r3 1 Y Y
e N Dy 2ky My ko n My ey X

Imil, (w) = — tF (k) = S )] Sgmi o (o) 6 (1w — 0wy — 22750)

+ ) )~ 0,y 08 (w0 = 255 4 0w, )

+ %\/LQ2 <T>2 Zkl Zkz Mkhkz,anmkhné (Wh + &k — €k1> [f (5k2> - f (gkl)]

\

However the formalism is derived from shifted Hamiltonian, Hamilto-
nian can be calculated by specifying (r) = 0. However non-interacting

is used for Born approximation, Iteration is still need for phonon part as

2

2) in w, is determined self-consistent, i.e. 2 stages of self-consistency

(u

2

=) is self-consistently calculated for w,, without considering

are needed. (u

electron-phonon coupling, and another self-consistent process for interactive(u?).
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3.3 Result

The parameters for phonon part is estimated by fitting with double well
structural via first principle calculation [55], and it is only of the same
order of magnitude. As we don’t considered phonon-phonon interaction
and other geometry, this model only describe zone-center feature, and ex-
act fitted value is also meaningless. The electron part is indeed localized
and fully occupied band. Since we harmonically approximated phonon is
not defined at high cubic center, but shifted to bottom of potential well.
Which leads to weakly dispersed electron band. From the perspective of
anharmonic phonon, second-order electron-phonon coupling is just modi-
fication on quadratic coefficient g,. And we know anharmonic terms lead
to soft mode, i.e. double-well potential structure itself lead to frequency
softening. But in our model, quadratic term is consist of two parts, static
part and dynamic part. go is indeed the static part from somewhere else
and dynamic part and dynamic part is M, ;,, which is effected by thermal
fluctuation of electrons. As the electron is fully occupied, the chemical po-
tential is selected to be positive, and it’s selected to be 0.5eV above electron
energy here.

The soft mode calculation is shown in Fig. 3.6, with the parameters
g2 = 0.032eV/ (B.r) , g4 = 0.1eV/ (B.r)*. Softness of soft mode are en-
hanced by second order Jahn-Teller effect. Stronger interaction lead to
larger change with temperature. The dependency of temperature is due
to both anharmonic forth terms and interaction. Although there is only
second order Jahn-Teller is explicit in original Hamiltonian, I evaluate ef-
fect of both first and second order coupling as first order appeared when
equilibrium position is shifted. By manually turn off particular terms, the
enhancement is primarily due to first-order expansion of second order in-
teraction.

However shifted Hamiltonian is assumed, it also covered non-shifted
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Fig. 3.6. Temperature dependence of soft mode frequency with various
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Fig. 3.7. Temperature dependence of (u?)with various M.
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case when (r) = 0, i.e. such formalism is applicable to both distorted
phase and undistorted phase in terms of temperature dependence of soft
mode frequency. Nevertheless behavior near transition is unknown by per-
turbation. Ion oscillation is shown in Fig. 3.7 with same parameter of
Fig. 3.6, it indicate the stability of distorted phase. Stronger coupling
make ion more localized at bottom of potential well. When the coupling
is stronger than le~3, fluctuation is significantly suppressed, and shifted
harmonic approximation will be valid until higher temperature, i.e. the
transition temperature will increase with stronger coupling. As the tem-
perature dependency is contributed by both direct anharmonic effect and
indirect electron-enhanced anharmonic effect. The small ridge of around
25K the region that two effects completing with each other. Below 25K,
direct anharmonic effect play major role, and indirect electron-enhanced
effect dominate at higher temperature.

In conclusion, I investigated the influence of second-order Jahn-Teller
effect on anharmonic soft mode. It manifested it is possible a rectification
on polarizability model. However such second-order electron-phonon inter-
action on Eu : 4f7 electron in bulk EuTi0Os5 make trivial contribution to

conductivity but it possibly play roles in thermoelectric properties.
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Chapter 4

Magnetoresistance in EuTiO5

4.1 Theory of Magnetoresistance

Magnetoresistive material is characterized by the change of electrical resis-
tivity upon influence of external magnetic field. Magnetoresistance(MR) is

measured by MR rate defined as

MR =" <H[)) (;[p 5([)): 0+ 100%.

Positive MR means resistivity increased by application of external magnetic
field, and reversely, negative MR means deceasing with magnetic field.
MR was discovered by William Thomson [58] firstly in 1856. And giant
magnetoresistance (GMR) was discovered in composing multilayers of al-
ternating ferroelectric and non-magnetic conductive layers during 1980s by
A Fert[9] and P.Grunberg [8] independently who were awarded Nobel Prize
for this discovery. It have already been applied in various aspect of modern
device, such as magnetic field sensor in hard disk driver and biosensors etc.
In bulk ferromagnetic semiconductor Fu;_,Gd,Se , S. Von Molnar and
Methfessel firstly found negative magnetoresistance in 1976[65]. Colossal
magnetoresistance have even larger change of resistivity upon megnetic

field, but is not associated with multilayer structure. Since mid-1990s, ex-

48



tensive researches were conducted on manganese-base perovskite oxide, e.g.
in LagCa%MnOg thin film Jin et. al observed huge MR up to 127000% at
77K and 6T [65, 65].

4.1.1 Colossal Magnetoresistance in Fu’" Based Ma-

terials

Due to large magnetic moment of the Eu?* : 47, some europium monochalco-
genides ,e.g. FuO, FuS, EFuSe, FuTle have shown wide verity of mag-
netic properties. FuO and EuS are ferromagnetic below 69K and 16K
respectively[154, 62], and anti-ferromagnetic EuTe have Neel temperature
of 9.7K[74]. Colossal magnetoresistance is observed in above-mentioned
FuX, but explained in different ways.

EuO is ferromagnetic semiconductor of colossal. It exhibit metallic
behavior below transition temperature 7. , and such I-M transition was
attributed to bound magnetic polaron and conduction band splitting[77,
88, 61, 136, 106]. EuSe and EuTe have positive MR and were explained
by spin-disorder scattering caused conduction splitting[122, 139, 72].

Large colossal magneto resistance is newly observed in EuTiO3 (ETO),

and lack proper explanation for it.

4.1.2 Origin of Magnetoresistance

Giant magnetoresistivity was explained by Mott’s argument[120], which
says conductive metal have two conductive channels respectively for spin-up
and spin-down electrons. In common metal, spin-flip scattering is usually
small compared to non-flipping scattering. But due to the exchange-split,
spin-up and spin-down electron have different scattering rate in ferromag-
netic metals, and conduction is dominated by one transport channel. For
the case, ferromagnetic layer are uniformly magnetized, one channel is al-

ways on which contribute to higher conductivity. Conversely, when ferro-
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magnetic are magnetized in alternative direction, both channel are strongly
scattered and lead to lower conductivity.

Colossal magnetoresistance is usually investigated in magnite. Double-
exchange mechanism, which is firstly proposed by Clarence Zener[135], are
considered as main contribution such strong MR effect. It happens in man-
ganites where contains both Eu?* and Eu*t. Due to Mn3t — O — Mn**
bond, electrons are possible to hop from Mn3T to intermediate oxygen, and
an electron of same spin at oxygen hop to Mn** simultaneously (Fig. 4.1).
The transition rate between oxygen mediated Fu?t and Eu*t are heav-
ily depended on magnetic orientation of them. P.W Anderson and H.
Hasegawa [116] proposed effective Hamiltonian in the form of ferromag-

netic Kondo model,

HDE = —tZCZUng — JHZSi : Sz’,

1,5,0 %

Jg > t, and S is considered as classical. Double-exchange model have
be extensively studied in late 1990s, . Magnetoresistance due to double
exchange and interplay between double exchange and Jahn-Teller effect is
confirmed[28; 29, 30, 31, 32, 33, 34, 35, 99]. Although I suggested double-
exchange-like mechanism for Eu in Chapter 3, it definitely not the reason
for CMR in ETO as double-exchange require medium level doping. In this
chapter, I will investigate the possible mechanism contributing to CMR in

FEuTi03.
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Mn3 (d4) Mn4 (d?)

Fig. 4.1. Schematic interpretation of double exchange mechanism.

4.2 Spin Scattering Model

4.2.1 Model

As discussed in earlier section, in simpliest structural phase for FuTiO3(ETO)
is cubic phase as Fig. 1.3. However ETO undergoes oxygen octahedra tilt-
ing at low temperature, it still reasonable to assume ETO stay in cubic
structure for my model which don’t contain oxygen explicitly.

Hamiltonian of system consist of 3 parts
H=H,+H,+ H,,, (4.1)

H, , H, are Hamiltonian for localized spin system and itinerant electron
system respectively, and electron-spin interaction part H.g .

In terms of magnetic part, is well described by %—spins Heisenberg model
which considered both nearest neighbor J; = —0.037K and next-nearest

neighbor J; = 0.069K.

Hy=—JL) S;-S;—Jy Y Si-S;+h> S;, (4.2)
(i5) (i) i

(,) mean nearest pair and ((, ))denotes next nearest pair.
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Electron part uses first principle calculation result,

He = EkUC£UCk0'7 (43)
ke — Ek — ZO'ZIMBB.
Interaction are
Hes - _Jes Z Sz © 8 (44)
(4,9)

where s; = Zaﬁ C’l o0apCig, 0 is pauli matrix, index j denotes each site
of titanium. and C’za =3 e"‘k'RiC’,Iva and C;, = > e RiCy .

We assumed the itinerant electrons are hopping between 3d orbital of
titanium and local magnetic spins are contributed by half filled 4f orbital of
europium. So the interaction between itinerant electron and localized spin
is off-site, rather than standard local s-d interaction. And this interaction
is also implied by first principle calculation[148].

Such model is calculated via combination of Green’s function method
and Boltzmann method. And the Green’s functions are solved via differ-
ent method. For electron part, it is calculated via perturbation, which is
consistent with the presumption of week coupling. My method is only able
to consider spin-disorder scattering and mean-field band shift. Magnetic
polaron is suggested to be origin as well. But molecule dynamics simula-
tion evinced that magnetic polaron effect is quite small due to the dilute
electron in ETO.

And to make perturbation valid, it is better to subtract equilibrium
part for interaction H.s, say S; = (S; — (S;)) + (S;), and same for electron
s;. Albeit, in electron part is so dilute to have effect on spin sub-system.
Because (ST) = (S7) = 0, only longitudinal component is subtracted. Pri-
mary effect of subtraction is molecular field shift, i.e. €, can be rewritten
as g = €x — 0 (upB + 8Js (S?)). Besides, subtraction don’t effect much

in terms of first order expansion, both symbolically and numerically(except
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Fig. 4.2. 2 Sub-lattices. Red points denote sub-lattice “0”, and blue points
denote sub-lattice “1”.

N
<

I" point of longitudinal part ). So subtraction will not be written explicitly

in all formula of this chapter, but should be kept in mind.

4.2.2 Spin System

Spin part is solved by spin Green’s function method. It basically follow
the method in section 77, however we have to partially extend longitudinal
part to second order as it vanished at first order for isotropic Heisenberg
model.

Due to ETO is in G-type antiferromagnetic configuration at low temper-
ature, local spins have to be separate to 2 sub-group, as shown in Fig. 4.2,
where only europium left and both oxygen and titanium are omitted. two
sub-groups are symmetrical and 2 sub lattices are labeled “0” and “1”
respectively.

Two sets of coordination are defined. the base vectors for orthogonal

23



coordination

a; = (1,0,0)
a, = (0,1,0)
a; = (0,0,1),

and base vectors for skew coordination are

a; = a(0,1,1)
az = a(1,0,1)

ag = a(1,1,0).

These two coordinations are used to define Fourier transformation over each
sub lattice to solve antiferromagnetic system, and Fourier transformation

over all sites to consider interactive process.

Transverse spin Green’s function

Here we follow the method of section 2.3. As it is isotropic Heisenberg
model, we firstly focus on only transverse part. Consider first order equa-

tion (2.16) for transverse part can be written as

w0 (St SV = (S ST} + (S50 570 )) . (45)

where subscript s, s’ = 0,1 denotes sub-lattice, and § = 1 — s. Although,

equation 4.7 is in reciprocal space, the expansion have be done in real space,

ihST =[S, H,]

1 z z z z
= 3D Ja (SIS + 57SF = SPS; = 5387) + hsY
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(b)

Fig. 4.3. Base vectors for (a) complete lattice and (b) sub-lattice
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Jij is generalization of J; and J;, and it is non-zero for only nearest and

next-nearest pairs. From here, we take RPA decoupling rule, Eq. (2.20),
ihSF =" 0 ((S7) S = (S7) SF) + hSy .
Now separating operators of 2 sub-groups,

ihSF, = [6J1(S5), +12J5 (S5), + W] SF,—~ T2 (7)Y SH,= A (S3) .3 S5,
’ (4.6)

vector a are vectors pointing to all 6 nearest neighbors, as figure 4.4(a), and

b are vectors pointing to all 12 next nearest neighbors as Fig. 4.4(b). In

another words, both S}, and S, are operators of sub-lattice s, and S},

belongs to the the complementary sub-lattice 5. As (S7), is translational

invariant among sub-lattice, so site index ¢ can be ignored, i.e. (S7), =

(S%),. Implementing Fourier transformation over sub-lattice,

ihSy, = (611 (S%); + 121 (S%), + b — J2 (S%), Dunn (0)] Sg=1 (S%), Dun () 55 (4) Sys:

(4.7)

in which,

Dnn (Q) - Z eiq.Ra = Z COs (q : Ra)
b b
And ¢4; (q) is phase factor, which will not take effect in final result, as it

can be canceled by its conjugation.

First term of right hand side of Eq. (4.5)

- 1 iq(Ri—R,; -
([Ste5-,0]) = Nzeq(R’ R ([S5,57,])
i

5,52 (57),
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is g-independent. So equation 4.5 are decoupled in reciprocal space, and

we have it in matrix form,

Koo Ko1¢01 (¢)| | Doy " Dy My 0

Ki0¢10 (q) Ky D" DT 0 My
I uses notation DI, " (w) = ((S,, S:q,5/>>w, and M,y = 0,42 (S7) ,and

K,y = hw — [6J1 (S7), + 12J5 (S?), — JoDynn (q) (S7), + HJ.8)

K ¢ss(q) = J1(S?), Dun (q) ¢s5 (). (4.9)

It is easy to solve it by multiply inverse of K matrix
D" D"
Difb—,’l” Di}—l—,’r’

1 1 1 ho —T8 Téhoo (@)| | My 0

X&—Xg (hw — Xg) <hw - f(;) T610(q) Hhw—TY, 0 My

in which
T9 = h+6J,(S%), + 12J5 (S7). — J5 (S*). Dpnn(q) (4.10)

x5 = e (B YJi\/ (50550 gy o, ) 50 59

(4.11)

Yo = £6J1+12Jy — J2Dpn(q).

Since our model are isotropic Heisenberg model, (S%), are calculated

self consistently via method in Section 2.3.4 . Since only diagonal terms
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matter during such iterative procedure. sub-lattice version of Eq.2.22 is

Ad Ba
@ — _ SS _ SS
. ZeBX;—1+eBX5—1’

where
jo el =X
Xq —Xq
aq hwff) - Xq
Xq —Xq
and

hw) = h+ 6J1(S%), 4+ 125 (S7), — J2 (S*), Dynn(q).
Finally, magnetization are achieved as Eq. 2.23,

o (S =T) (14 T ) 4 (S + 1+ Uy,) Y25+
<S >5 = 25+1 . (412)
(1 + \IISS) - \I@EH

value of (5%), is used in Eq. 4.10 &4.11, and self-consistent procedure is
closed.

And the transverse Green’s function can be written explicitly as

Aq/ Bq/
DT (w) = < ssT 4 85T ), (4.13)

where

AL = 2(57), A%

BL = 2(9°), B3

G 208 Ko (a)
SS Xq_ . X;_

BY — 2 <SZ~>S Kggibsg (q) .
SS Xq+ . X(;
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Fluctuation-dissipation theorem gives,

Aq/ it Bq, ~
eP+ —1 e’t- —1

Longitudinal Spin Green’s Function

As mentioned in earlier section, It compulsory to consider up to second

order for longitudinal part. Starting from Eq.2.17,

B0 (S50 82, = ([i085,,52,.] ) + (0285 qu7s>>w+m.
(4.15)

As last section, we have first order
O _ _

It looks simple in form, but complexity increase quickly with expansion up

to second order. To make it clear, it it written in 2 parts,
Cn2g = (—n28) T 4 (—ness)”
i~ J i)
and

(_h2s;)*

1
= —ZZJ”ZJM[S;—SJ_ _SjS;’S;_SI_]
i kl

a,a’ b,b/

+2J1.J5 Z(S]—‘:aSj_er +57574a)

a,b

N | —

\

60

h Z(Sgtrasﬂaf +8fwSiva) + I Z(S;Srbsg;b' + 55w

g=

J

- Za [‘]12 Za’(sj—"'_—i-a—i-a’sj + SJ—"—SJ'_—&-a—i-a’) + Jl J2 Zb(sj—"rJraerSj_ + S;—S;+a+b

)]

- Zb [J22 Zb’(Sj_l:-b—l-b’Sj_ + S‘;’_Sj_—l-b—‘rb/) + JlJQ Za(Sj+a+bS‘j_ + S]—"—Sj_+a+b)j| S;+b

z
1



(-5)
1 - - zZ Qz
- _ZZJijZJkl[stj — 7S, 5:57)
Ji Z{ ST+ S i) Sirare — (SharSy + S S5a) Siva)
+ I3 LSSy Sy + 85 S )8 ey — (SfiySy + 87 S5,4)S5, )

b,b’

+J1J22{ ST uSs + S5 S ey — (SHuS; + 57 57,,)S% .

N —

+ 102 Y {(8FaSs + S 85a)S s — (SfiaSy + 57 S74)S5)
a,b

The decoupling rules are given in Eq. 2.21, and consider two sub-lattice

separately, as last section, it gives formula in reciprocal lattice

(-#235.)" = BAIs; — BX s (a) 5;

a5

where
aa’ < a— a’ S;;—aSO_>S/ + ‘]22 Zb,b’ <Slj_—b’SO_ + S;’_—bSO_>S
1
BT = S04 20 Y (SE,Se + ST, (4.16)
\— Zb [J22 Zb’ <Sl;:-b’50_ + Sirb—bfso_>s + 12 )0 < a+bS + S(TSa_erﬂ e'ad
1
EAT) = 5 DD (ShwSo + 5T 0S5 ) + T2 Y (SF,Sy + S5 S0,) | €
a a’ b
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and ¢y (q) are phase factor. As this model is isotropic, and considering

about the symmetry of vectors a and b, it gives

Z <S:—a/S(; + S$—a56>5/ = 2 Z <Sa++a’5(;>s/

b,b’ b,b’
> (SIuSo +575,) = 2> (ShuSe)-
a,b a,b
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To make equation clearer, define notations:

C

C3

Pra

Py

Py

Dy (q)
Dy (q)
Do (q)
Dy, (q)

Dy, (Q)

Weas (@)

Wlfb,s (q)

Wa, (a)

Wfb (a)

(SFSy +54S,)
(Sy Sy +5%,55),

Z< a— a’S +S;;—a80_>3

a,a’

§<Sb wSo + Sy ),
2; (StSo +S7S0)
i e¥® = "cos(q-a)
Zeqb Za:cos (q-b)

E e (ata’) g cos[q- (a+a’)]

a,a’ a,a’
D et =N "eos[q - (b + b))
b,b’ b,b’

Z % (@a+h) Z cos[q- (a+Db)]
Z < a+a’Sa + S—a—a/

a,a’

Z<Sa+a5 + St aS_> cos|[q - a]

S0 ), et

> (SwSo + 85y Sy ), et®

b,b’

S (S + 5%,y S0, cosla )

b,b’

> (SES0 + S5 S, er®

a,b

Z <S;+bSO_ + SS’S;+b> cos [q - a]
Z< SaisSo +503°S +b>eqb

Z (81490 + S0 Serp) cosa-b],
a,b
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Eq. 4.16 is able to rewritten as

1 _
B = D {JRPL 4 iR+ 2010 Pa — W, (@) — LW, (a))

aa,s

- 1 u u
EXT = S{Wi (@) + D Wi ()}

(-r285,) " = B8z, — B 600(0)S;

q,8"

where
1
Egs(zz) == 5 (J1201Daa (Q) + JQQCSDbb (q) - 12J2205Dnnn (Cl) - 6J1J201Dnnn (q>)
Y44 1 S S
oy Sl 5 (6J2C) Dy (@) — J1JoC5 Dapy () + 121, J5C5 Dy (@) — J1J2C1 Doy (q)) -

Noted that, »,[S;S;, 5] = 0 ,s0 above 2 parts are complete without

commuting with Zeeman terms and can be combined as

B4 = EI+) 4 pae)

qu — E‘l(’""_) + EQ(’ZZ).
Equation (4.15) can be written in matrix form as well,
(wh)’ = Egy  Egéa (@) | [Di” Do Egy  Efion(a)
Efy¢w (@)  (wh)’—EL| | D" Dii” Efyéo (a) Ef

q7S ’

EY, are from term <[ih32 quﬁs} >, and gives

1
Bl = 3 (6.J,C1 + 125,05 — J3C3 Dy (Q))
Egg = —%Cann (Q) :
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z2Z,r 2Z,r
DOO DOl

2Z,r z2z,r
DlO Dll

1 1 1
XT-XT | X—XT X-—xd

{X —Too} Eg {X —Tot} Eiéo1 ()

{X =T} Eféio (q) {X —Tu} EY

And capital X are (wh)’and
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E$§E§s’
n’}

ss’

Lse = E?E +

(B +EY) = Vo Ego B9’ 4 4E% EY
Green’s function for longitudinal part are finally written explicitly

D (w) (4.17)

SS

A4 1 . 1 1

!

58" \ Gh—\/Xy R+ /Xy ) 24/X4
1

i -

= __E?s/¢ss’ (q)
q 1 _ 1

+ By (wh X_ a;th/X_) 2. /X_

h

Y

in which

Fq/_Xq

A, = =2 2 (4.18)
X? - x¢
re, — x4
B, = == - 4.19
o T XTI XT (19)
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Noted, ¢s¢ (q) is 1 for diagonal ¢, (q). Greater and less Green’s function

is given by fluctuation-dissipation theorem,

q 1
A <W5(Wl —VXy) - _5\/— O(wh + \/X_+>
+B§g,<5\/Z S(wh —/X_) - J_ wh+\/_>

(4.20)

l

e P

4.2.3 Interaction

Non-interactive Green’s function is easily obtained from non-interactive
Hamiltonian Eq. 4.3. To investigate the influence of interaction, we firstly

rewrite the interaction part Eq. 4.4 to
He=—Jo Y [S+C Cjr + S;CLCy, + 57 (CJTTCJ-T - cjicﬂ)} . (4.21)
In following part of this section, calculation is done in reciprocal space,

k k!

(4.22)

in which

k—k k—Fk k—k
J(k,—k') = —8Js cos {Ma] cos [Ma} cos {ga] :
2 2 2
Noted, for spin operators in reciprocal space are transformed over full re-
ciprocal space, but Green’s functions solved previously (Eq. 4.17 & 4.20)

are all transformed over sub-lattice. Assuming both sub-lattice is of N
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local spin, and total number N = 2Ns,

1 .
f— e—lk'Rl So
v D D

1 —ik- ’ [
= o o s () iy
l,s’

1
= E (S,(j,s + ¢ss (k) S,‘j‘ﬁg) .

It is a little bit ambiguous unless take both N and N, to infinite. and
sub-lattice s is the sub-lattice that share the same original point with full
lattice, and surely s is another sub-lattice. According to the definition of
phase factor ¢y (k) in last section. it depend on the definition of original
point of sub-lattice § and it is arbitrary, but fortunately, it do not change
our targeting quantities. All the interesting quantities are in form of pair

or commutation,

SEOSE) = 5 [Se08%, (1) + S35t + 0us(—R)SEL (DS () + 6.a(R) S5 (1)S,

NG RCTENT I

[set) . @) =
T Gus(—k) |S2.(0), 82,1 (1)] + 6uslh) |S2alt), 82,.(1)

And phase factor ¢ss(k) is also in Eq. 4.13 and 4.17 and in greater(less)
Green’s functions as well. And according to ¢ss(k)dss(—k) = ¢ss(k)dss(k) =
1, phase factor is exactly canceled. So all following calculation is done in full
sub-lattice. we start from Eq. 4.22 and perturbatively expand interactive

electron Green’s function,

1 i
Gkko (7-7 7-0) = _ﬁ <TC€7§IHESdtCkU(T)CZoUO (TU)> )
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up to second order,

Gka<7—7 7'0) =

N (—%)3<TC / / dtldtzﬂes(tl)Hes(tz)cka(f)aig(fo)>

we have self-energy for spin-up and spin-down electron,

— Sl Sz (1) (1)
Zip(t) = Go (DS () + g5, () D (1)
T N0 St e
2N r1Yes
iy (D0 (1) + gn (6) D5 (1)

(4.25)
S (Sio(1) 8(0)
0= s eyl SOPEE O+ gD
2N 1 1Ves
g (DD (0) + g3 (DD, (1)

(4.26)
gl:((f)(t) is non-interactive Green’s function for electrons,
i —ie
gre (1) = ~% (1 — npy) et (4.27)
9o (1) = %nkae‘“’“t (4.28)
Ghr (1) = — 0B (4.29)

By inserting Eq. 4.27 - 4.29 and 4.13, 4.14, 4.17, 4.20 into Eq. 4.25 and
4.26, and transformed into frequency space. And relaxation time is given

by imaginary part of self energy,

1 2
= 2 ImY ().
Tho h m ko‘(gk)
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Explicitly,

Tkt

Tk|

B th Jes (k= K)

( +nk¢)ZSSA }
ekt — 5H+X">(ﬂxq +nk¢>zssB}

q=k—k'

qkk’

Fa
eﬁ Xi—l T Xq —k—k'
q=k—k

1 + Nyt ZSS/ AZS/E;IS/
-B x4 k T 2 Xq
e —1 q=k—k'

1 Z BSS EZS
( NZ + nk/T) 2, /X1 }
e -——1 - q=k—k'

2ss' B
— 4N, ) +
_ q kT q
o B\/X—,l X7 =k b

Six terms contribute to scattering process of both spin-up and spin-down

electrons, first 2 lines are spin flipping scattering and last 4 lines come

from non-flipping scattering. The delta function is calculated via adaptive

Gaussian function[112]. Due the symmetry of cubic lattice, only & of k

points are necessary for actual calculation.
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Fig. 4.5. Band structure of FuT©O3

4.3 Result

Transport properties are calculated by the standard method of solving lin-
earized Boltzmann’s equation as Section 2.2.6. Since the conduction is
contributed by 3d orbital of titanium, chemical potential is below band,
The band is calculated by Quantum Espresso and three t2g bands are ob-
tained, but we only consider one of them. As no experimental data of
carrier density is obtained, chemical potential is chosen to be slightly be-
low band, 0.017eV lower. Coupling strength J.s is 37.3K - kg. In fact the
choice of band didn’t show much difference in terms of conductivity as only
band bottom matters. To calculate it at low temperature, it is necessary
to interpolate at band bottom to produce dense k points.

Fig. 4.6 shows the comparison of calculation and experiment. Magne-
toresistivity are contributed by 4 aspects, Lorentz force, Zeeman splitting,
molecular field effect, and spin-splited scattering rate.

Magnetization is calculated via RPA is shown in Fig. 4.7. The RPA
magnetization(scatters) matches experimental data(solid line). However in

ETO, the Heisenberg coupling in spin system is quite weak. both RPA and
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Magnetic field(T)

Fig. 4.7. Magnetization of 2.8K, 5K, 10K, 20K, 40K. Solid lines are exper-
imental measurement, and stars are calculated by RPA.

mean-field produce applicable result. Nevertheless RPA have better result
than mean field with stronger coupling and RPA give more information of
dynamic details.

Relaxation time is shown in Fig. 4.8. Para lines are calculated at
30K ,with magnetic field of 0.1T. Ferro lines are calculated in ferromag-
netic phase (10K & 5T). Anti Lines are calculated in antiferromagnetic
phase (3K & 0T). Spin-splited scattering rates are degenerated in param-
agnetic and anti-ferromagnetic phase. All of my results are calculated at
low temperature, relaxation time do not vary a lot at most part of Bril-
louin zone , and the only difference is due to the differences of magnetic
configuration. Two sub-bands are of considerable separation in ferromag-
netic phase. The difference is usually smaller than 20%, but it have most

significant differences near I'(G) point, spin-up (parallel) electron have 3
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Fig. 4.8. k-dependent Relaxation time due to spin-splited scattering

times longer relaxation time than spin-down(anti-parallel) electron near T’
point. And electron-spin scattering, like normal electron-phonon scatter-
ing, have stronger scattering at high temperature. Nevertheless, the change
in scattering rate cannot explain such large MR effect.

Carrier density of both spin-up and spin-down band is shown in Fig. 4.9,
and it dramatically changes with temperature. molecular field caused
band splitting make lower band shifted down. And temperature dependent
magneto-response of carrier density is exactly corresponding to magnetore-
sistance. Actually, chemical potential is the most sensitive parameter and
it’s the key parameter to reproduce experimental result ( Fig. 4.6). The
fitted chemical potential is much smaller than calculated band gap 0.93eV.
R.F. Chen found the small polaron effect will produce several sub-bands
which explain the origin of small value of chemical potential[73]. My model

always produce smaller resistivity at high temperature, and it is due to ig-
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norance of other scattering, e.g. phonon or impurity scattering.

In conclusion, the origin of such large CMR in ETO is primarily due
to the molecular effect caused by off-site spin-electron coupling. However
scattering rate changed with magnetic field, the contribution to CMR is so

trivial compared to contribution from change of carrier density .
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Chapter 5

Spin Green’s Function for

Finite Spin System

Double time temperature-dependent Green’s function was initially used
for spin—% magnetic system in 1959 by S. V. Tyablikov [126, 79, 153]. And
it was extended to higher spin by Tahir-Kheli and ter Harr[158] in 1962.
Callen heavily simplified the method for higher spin case by proposing an
explicit solution Eq. 2.23 . Recent year, some work have been done to
investigate the infinite magnetic film or coupled bilayer structure with or
without anisotropy[121, 68, 156].

Popularity of multiferroics aroused due to its potentially fascinating
application. Particularly, a flurry of research focused on thin film multifer-
roics has been driven by the demand of seeking novel functional material for
electronic industry. Although bulk ETO is an incipient ferroelectrics, thin
film ETO demonstrate strain-induced ferroelectricity. To achieve better
utilization of thin film ETO, it’s necessary to have further understanding
of coupling between spins,phonons and electrons. Current is the most com-
mon way to implement manipulation in microelectronic device, and NEGF
is one of standard methods to investigate transport properties and other

dynamics in nano-scale. Nowadays, nano device of electron and phonon
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system have received extensive research[142, 86, 103, 76, 141, 96, 59, 104,
124, 115, 129, 145, 147, 71, 93, 67, 119, 108, 81, 143], but it’s quite deficient
in spin-electron system, which is useful for further modeling of spintronic
nano-device. The probe into coupled system starts from full understand-
ing isolated system. And non-equilibrium dynamics can be perturbatively
studied via equilibrium Green’s function. For spin system, which are nor-
mally difficult to be solved, the following method provide an approximation
to obtain full set of Green’s functions. It is a cornerstone to incorporate
system into the framework of NEGF. Particularly, as improper multifer-
roics, multiferroicity in ETO excited in different ion site, which is ideal to
construct isolated system by ignore coupling at beginning.

Spin Green’s function have briefly discussed in Section 2.3, the method
was limited to translational invariant infinite system. Although, mathe-
matically, there is only minor modification for nano-size case, there are

some technical difficulties to be resolved.

5.1 Method

5.1.1 First order

Starting from Eq. 2.16, homogeneous Heisenberg model can always obtain
closed formula with transverse component only for first order case. And
translational invariant infinite systems always lead to pole structure,

2(S%)

W — W

Gk (w) =

Transverse correlation is obtained by fluctuation-dissipation theorem,

1 ImGj (w
G (W) = —%eﬂw—k_(1)5 (w — wg) -
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self-consistency procedure is closed via Callen’s formula Eq. 2.23, as what

I did in section 4.2.2. Due to the identity(S?)* = T for spin-1 system,

simpler expression is achieved,

1 _
(59) = 35— (S7S)
= 5 N’/TZ/ dw 6(w—wk)
_ 1 b ﬂ
2 8n3 efwr — 1’
12_1 = coth (%) -1,
4 2
(Sz W (5.1)

i) = [ dk coth (Bwy,)”

Such formula is still self-consistent as wy is written in terms of (S?), the
explicit form of wy depending on Hamiltonian and choice of decoupling

rule.

Decoupling Rule

[ have discussed one of decoupling rule, Tyablikov decoupling (Eq. 2.20).
Although, no rigorous justification for this rule, but validity was checked
by comparison with other method and QMC result [161].

Callen proposed an improvement on RPA decoupling [40] for spin—%,

((S757357)) = (80) ((S77:.87)) —a (ST S7) ((S580)), (5:2)

(5%)

with correction factor o = = . The derivation starts from identities
S; = S— S[S;“ (5.3)
1
S; = 3 (S;“Si_ — SZ-_S;L) , (5.4)

and S7 is divided to 2 parts , S7 = aS7 + (1 —«)S7. each S? at right-
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hand-side is replace by 5.3 and 5.4 respectively,

_ _ 1 _ _ 1 _ _
((S757357)) = aS({S7357)) +5 (1 =) ((S79797597)) — 5 (L+a) (57 5755.57)) -
triple terms are decomposed symmetrically,

((SFS787357))

Q

(SES7) ((S7580)) + (S0 S7) ((S775:90)) + (S7577) (5775 5(9)

(SiS5) (0977590 )) + (S757) ({S73.57)) + (5757) (S5 S[9P)

Q

(87 8787550))

it surely reasonable to assume (S;" S;r> = (5 S5 ) = 0, and for on-site
correlation term using relation (S;S;) = 2(S7) + (S;S;"), Callen’s de-
coupling Eq. 5.2 is arrived. When o — 0, Callen’s decoupling will go back

to RPA decoupling. And for fully magnetized limit , i.e. (S*) = %, a=1.

It was able to generalized to arbitrary spin with a = g;) [40].

Mean field theory(MFT) is simplest method, but extensively used. Al-
though MF'T is usually worked out locally, but it can be also incorporated
into Eq. 5.1 by considering constant wy, = w™¥T" | rather than k-depended,
and leads to iterative equation

L1 BuMFT
<S)—§tanh( 5 )

The methods were compared in mono-layer ferromagnetic film [105].
RPA turn out to be the best approximation, albeit it is simpler than
Callen’s decoupling. However the mean field method is less accurate than
other method, but all method get better accuracy in week coupling case,
i.e. J/B is small. Since in weak coupling limit, coupled Heisenberg system
restore to paramagnetic system, and all the decoupling is trivial compared
to Zeeman term. This is also consistent with our bulk Heisenberg model for
EuTiOs, which both RPA and MFT give quite accurate result compared

to experimental result [105].
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5.1.2 Second Order

I have analyzed first order case, but first order is not always enough. For
example, when anisotropy is considered or other case that longitudinal com-
ponent and transverse component are coupled, I have to consider longitu-
dinal Green’s function function, and it is necessary to extend the method
to second order. For pure longitudinal part, first term of right-hand-side
of Eq. 2.17 vanished,

W2 ((A; B)), = <[mA, B] > v <<—h2A; B>> , (5.7)

w

which gives pole structure,

During this process, both terms in right-hand-side of Eq. 5.7 have ver-
tex terms to be decoupled. As shown in Eq. 5.5 and 5.6, symmetrical

decoupling is the easiest rule.

Decoupling Rules

The applicability of Wick’s theorem for spin operator is not proven yet.
Modified Wich’s expansion is given for Spin-% system at zero temperature[110,
92, 39|, but for general spin operators at Keldysh contour, a set of decou-
pling rules are used for approximation. In 2.3.3, two simple decoupling
rules have been mentioned. Except simple symmetric decoupling, vertex
correction was introduced in [155, 113, 132],

SS)S] m A (S0 ST+ i (ST ) S2 4+ i (SeST) S (5.8)

Z7j7l Z‘?j7l Z‘?-]?l

The determination of correction factor depends on both type and site of

each operators. It’s impossible to properly choose all correction factor.
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Usually it’s reasonable to assume <SZ+ S;“> = <SZ-_ S5 > = 0, and correction
factors associated with are surely 0. Kondo and Yamayji [155] usually choose
a uniform factor for all non-zero correction factor. However site index
1, 7,1 are arbitrary, but the span of vertex depends on Hamiltonian. For
example, a Heisenberg model with only nearest neighboring coupling, the
largest possible span for second order expansion is next-nearest site. For

this reason decoupling rules can also be chosen as [121, 68|,

SES;SE = (S;SH) S +af (S58) S
(5770 = ((557) s
SHSESE = Ay (525%) St

SHSTS; = afy (SFS;) St + ol (SFSy) S

Only <S;r S5 > and <Sij > terms are retained, transverse vertex parameter

Oz;rj_ and longitudinal vertex parameter A:j_ both depend on site of cor-
relation <SZ+ S5 > and <SZ-ZSJ‘~z > respectively. For nearest coupled Heisenberg
model, Further approximation can simplify parameters to 3 cases, af ~, A~
for nearest i,j ,a3 ,Af~ for next-nearest 7,j, and 1 for on-site case (i.e.

i = j). The value of parameters are determined via fitting with QMC
result[156, 82, 97, 68, 66, 121].

5.1.3 Finite System

Infinite system are usually decoupled in k space, especially for isotropic
system, transverse and longitudinal component are decoupled. The Hamil-
tonian can be written as

H= > J7ss,, (5.9)

Z?]
i,5,0,8
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where site index i, j must be or can be mapped into 1-D countable index(e.g.
0,1,2,---, N—1), rather than an generalized index(e.g. 2-D or 3-D vector).
and «, 8 are + or x,y,z component. In the case that «, 3 are x,y, spin
operators should be converted into ladder form via relation S* = S% 445,

Because both transverse and longitudinal parts are included in unified
formalism, original equation of motion(Eq. (2.17) ) is used here, rather

than simplified Eq. 5.7,

w2 ((85:87)) =w(|inse S]]+ ([inse, 7] )+ ((=n25e:87)) .

The details of decoupling will be discussed later. I just assume some decou-
pling rule is applied already, and a closed form is obtained. Since different

sites are coupled after decoupling, and Eq. 5.10 is written in matrix form,
WhG" = whT 4T + TL,G". (5.10)

where T', I'1,I'y, G are matrix, the entry G, . = ((Sm; Sn)),, Sm and S, is
1-D series of spin operator S{*. In this section, I can assume the layout of
each spin are symmetrical ,i.e. both m,n are mapped in same way, and be
mapped as m = 3 X i+ «a, &+ and z are mapped to 1,2,3. So aforementioned
matrices are of size 3N x 3N. It is easily to be grouped in terms of G", and

replace wh = @

(@*I —=T3) G" = (@T +1). (5.11)

Non-singular Case

If T'y it’s invertible, Eq.5.11 is easy to be solved. Although G" is easy to

be obtained by multiplying inverse of (0?1 —I'y), disorganization is still
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compulsory. Assuming diagonal Q) = LIy R, and LR = I, Eq. 5.11 is
(@*I — ROL) G, = (T + 1),

left multiply matrix L,
(@*1 — Q) LGl = (wLT + LTy),

and (@21 — Q) is diagonal, the inverse (@2 — Q) is diagonal as well ,

0 0
GL=R|0 i 0] @LT+LL). (5.12)
0 0

0 0
Gs =R |0 P EIE0) o | @LT 4 Iry).
0 0

All correlation in I'y and I's is obtained from G5, but earlier formula for(S#)

(Eq.2.23) is not valid here. And have to turn back to original identity,

(SHS;7)+(S7SH) — (S7)=S(S+1). (5.13)

Singular case

In the case of zero eigenvalue appears , boson function ﬁ diverge. Along

with diagonalization , both €2, L, R will be partitioned to non-zero and zero
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eigenvalue space.

Ll
L =
LO
R = Rl RO
Q 0
Q:
0 Qo

Assuming there are n zero eigenvalues, so L°, L' are nx (3N ) and (3N — n)x
(3N) matrix respectively, and R, R' are (3N) x n and (3N) x (3N —n)
matrix. Q! is diagonal matrix of size (3N —n) x (3N —n), and Q° is actu-
ally zero matrix of size nxn. Although inverse of )y is ill-defined, inversion

of (&*L,xn — Qo) is still valid. So Eq. 5.12 is written as

[ing} 0 Lt Lt
GZ—[Rl Ro] 1 or+ | |, g
0 {;} LY L°

@2—Qo

where [ﬂlg } diagonal matrix with all diagonal entries in the form of
W—301

_1
@20y

same for [ L } . Expanding Eq. 5.14, and considering L°R' = L'R! = 0,
0

21 in denominator refers to one of the eigenvalue of matrix €2, the

o2 —

G’ = R { 1 } (L'&T + L'Ty)+R° { 1 } (L°&T + L°T,).

@2—M @2—Qo

Applying fluctuation-dissipation theorem on first term, but the behavior

of singular ﬁ is unknown.To overcome this obstacle, it is not needed to
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<
know details and just used notation [~ . 19 } .
©2—Qq

<
G5 =R';: ;5(@\/‘71)5(“\/97)} (L*'@T + L'Ty)+R° { L ] (L°%0T + L°T).

vV efo—1 ©2—Qo
(5.15)
0
The trickiest part is to left multiply matrix {O RO} and due to
LO
L°R' =0 and L°R° = I,,,,,
0 <
[o RO} GS =R° [Ql } (L°0T + L°T) . (5.16)
@2—Qo
LO
Unknown second term in Eq. 5.15 is replaced by Eq. 5.16,
< 1—i 1 5(w—@)—5(®+@) 1~ 1 0 0 <
G =R'F e —— (L'oT+ L'T)+|0 R . GS.
(5.17)

G is obtained by calculating Eq. 5.17 iteratively. (S?) is obtained as non-
singular case (Eq. 5.13). Because singular formula will be reinstated to
non-singular case with empty zero eigenvalue space (n=0), Eq. 5.17 covers

both singular and non-singular case.

5.2 Algorithm

In last section I worked out iterative formula , but I just assume the higher
order vertex are properly decoupled and skipped the details. And I also
saw the formalism for finite system is mathematically straightforward and
of only little difference from infinite system, but the decoupling process for
finite system is more complicated than infinite system. The immense com-
plexity for finite system has been the largest obstacle to implementation of
such method. It almost impossible to manually decouple for finite system.

The number of terms for each site after decoupling may be as many as
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(32 )2, Z is coordination number. For this reason , a algorithm is proposed

to work out this symbolic decoupling rule automatically.

5.2.1 Matrix Representation

Hamiltonian Eq. 5.9 only considered coupling among local spins. People
always interest in system coupled to magnetic field. Hamiltonian to be

discussed is,

H= 37 JEjses] + 3 (B s (5.18)

,5,0,3
Defining vector S; = [S;“, S, Sﬂ, sub-matrix H (i, j), the interaction be-
tween site ¢ and j is

++  pH— 7tz
Ji,j Ji,j Ji,j

H(ig)= | J" J~ J7°

2+ 2, — 2,2
| i i iy ]

So, Hi; =) J-C“@Sf‘Sf = S;H (i,7) S} . 1 can define a super-operator,

a7/8 1/7]

Lix =554, (5.19)

subscript L means to commute with left operator. For example, L] x H; ; =

S 5 ISy, 589 Sf , and similarly, R** is defined as

a,B “,g

Rlx =[S, |g s

R}« Hyj =3, 00080 [Sl'y, Sﬂ It’s easy to have

1,7 M
_L?/* - [*7Sla]L

—Rlx = [x,S,-

[S], H| can be written as [S), H] = L) x H+ R/ x H = ), . L] % H; j +
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>i; ] * H; j. Due to commutation relation

[S5,57] = F0i;57

i Mg
[S;“,Sj_] = 20,57,
the first derivative of a single operator is in binary form as Hamiltonian
(Eq. 5.18). Super operator L;x on binary Hamiltonian is indeed a mapping
from a matrix to another matrix. For example, Considering a isotropic

Heisenberg model, oupling strength between site ¢ and j is J,

Hi,j - JSZ : Sj

— %(SJS;+S;S]+)+JS§S§
_0 % 0_

= Si|Z 0 0 S).
0 0 J

LfxH;; = JSfS;F—JS;rSj
00 —J

= Siloo o]|Sh

J 0 0

find, ) o L )
00 —-1[]0 2 0 00 —J

00 0 20 0l=100 0

02 0|00 J J 0 0

87



Commutator operator can be written in matrix form

0 00
Lix =10 01
-2 00
_1 0 O_
Lix = 10 -10
0 0 0
R/* is also given as,
_ 0 0 O-
Rfx = | 0 0 2
-1 0 0
_0 0 —2_
Rix = 100 0
01 0
-1 0 O-
R = 10 -1 0
0 0 0

Be noted, L] matrix is just transpose of corresponding R;* matrix. And

L/x is left multiplication on coefficient matrix, meanwhile R*x is right
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multiplication,

- 0 0 —1 -
Lf«Hi ;=800 0 |H(@j)S"
02 0
and _ .
0 00
RfxHi;=SH(i,5)| 0o o 2|5

-1 0 0

Ssymbolic commutation operation can be locally implemented in com-
puter by matrix multiplication. Due to [S?,Sﬂ = 0 for all ¢ # j, Full
Hamiltonian is of size (3N + 3) x (3N).

The lowest 3 rows are

The site index of spins are 0,1,--- , N — 1.

coupling to magnetic field, corresponding column vector of operators are,

h-l—

-

hZ

B+

B-

BZ

:/J/B

B*4+iBY

B*—iBY
2

BZ

Although it is mathematically more reasonable to construct large commu-
tation super-operator matrix, it is computationally more efficient to use
3x3 sub-matrix. For L % ﬁ[i,j operation, only ¢ = [ or 5 = [ produce
non-zero matrix. For each operator S, only the sub-matrices in the belt
associated with site ¢ need to be consider (in Fig. 5.1). L¢ is used for hori-
zontal part of sub-matrices, and R for vertical part. Diagonal sub-matrix
is in considered for both horizontal and vertical part and are added up.

Following the same way, commuting column operator and row oper-

ators with full Hamiltonian again individually, a 3rd-dimension tensor is
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5,775,757 575,757 nunnunnnnun

515.75°

0

Syt ST Sy

Fig. 5.1. Belt of non-zero sub-matrix associated with S¢*
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obtained. This 3rd-dimension tensor described coefficients of all triple op-
erator terms, however it’s quite sparse.

Decoupling rule Eq.5.8 is applied, and a customized linked list is con-
structed to store the expression of all non-zero entries of I'y in Eq. 5.10.
one have symbolic I's, which describe how each entries of numerical I'y is
calculated from (. The similar procedure is adopted for I';. So after every
iteration of Eq.5.17, numerical matrix 7', I'y, I's are updated according to
corresponding symbolic matrix.

Linked list structure is shown in Fig. 5.2, symbolic matrix can be either
I'y or I'; matrix as they are of same form. Each entry is a pointer to the
beginning of a list or null pointer for zero entry. 3 components in each
node, ¢; is the pre-factor and either complex number or real number. Ptr,
is the pointer pointing to either element of correlation or element of array of
(S#) accordingly. Because a lot of inserting operation during the generation
of symbolic matrix, list is preferred at beginning. But it is better to use
a simple array generated from the aforementioned linked list to achieve
higher computational efficiency.

The complete procedure is shown in Fig. 5.3.
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Symbolic matrix

\
Mumerical matrix of correlations

(L L1 .

-~ T

\ P _
)I o |Ptrs |PtrmMH cs |Ptr5 |Ptr,,m|——>| Cn |Ptrc IPWMHH Null

Fig. 5.2. Linked list structure.
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Hamiltonian in matrix form

!

Choose one of spin operator

l

Calculate first derivative, and store it in
ratrix

Y

Calculate second derivative, and store it in
hyper-matrix

Pick next operator

A

Implement decoupling rule to generate an
array of list structs, and map it to
corresponding row of corresponding
symbolic matrix

Y

Last operator?

Generate numerical matrix from symbolic
matrix

&

Calculate array of {57)

!

Calculate self-consistent equation

:

Converged ?

Done

Fig. 5.3. Flowchart of algorithm.
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Chapter 6

Summary

In Chapter 3, I studied soft phonon due to second-order Jahn-Teller effect.
And my calculation manifested its enhancement on softness of soft mode.
It also shown second order coupling can stabilize anharmonic oscillation.
Although I didn’t investigate structural phase transition, the stabilization
indicate coupling may increase the temperature of transition. It partially
supports Bersuker’s argument of local origin of displasive ferroelectricity
from dynamic point of view. Such model didn’t contain direct long-range
coupling between ions and it contains acoustic zone-center features. The
incorporation with polarizability model to investigate whole phonon band
should be next step, and it may provide deeper understanding about soft-
mode condensation in EuTiOs.

In Chapter 4, I investigated the magnetoresistance of EuTiOz bulk sys-
tem. I derived formula to study spin-disorder scattering in detail. Although
it looks complicated, it approximately considered full spin dynamics in
three magnetic phases, including critical region. Hence it is able to uni-
formly study both spin-disorder scattering and molecular field effect over
critical region. Finally, its numerical results matched experiments during
magneto-region, however with few fitting parameters. It exhibited dramat-

ical huge CMR effect in EuTiO3 are dominated by carrier change due to
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molecular field caused band shift, and spin-disorder scattering play minor
role in CMR.

In Chapter 5, I derived the self-consistent formula for spin Green’s func-
tion of nano-size system and proposed an algorithm to do expansion auto-
matically. It’s possible to be used for modeling nano-scale functional device

of multiferroic ETO layer.
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