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Abstract

We study non-interacting electrons on discrete lattices, with a particular focus on
their energy spectra, persistence current, and electromagnetic radiation. The persis-
tent current and thermal radiation were computed with the energy levels and energy
eigenstates found numerically using MATLAB. Several high-temperature limit re-
sults for square lattices were obtained analytically using combinatorial arguments.
We discovered that the persistent current goes to the boundary and vanishes as T−3

for square lattices. Invoking spontaneous emission, the radiation power saturates at
high temperatures. At zero-field, the radiation power scales as the perimeter of the
system, while the effect of the magnetic field is an additional sinusoidal contribu-
tion proportional to the area of the system. The radiation torque vanishes at high
temperature as T−2, and it is also a sinusoidal function of B, a linear function of µ,
and scales with the area of the system.
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Chapter 1

Introduction

Over the years, there has been considerable interest in the quantum Hall effect
(QHE). Two important findings since the pioneering works on QHE are the use of the
quantum hall conductivity as a resistance standard [1] and the recent experimental
realization of anyon statistics [2, 3]. QHE is usually studied with electrons confined
in 2D systems and subjected to a magnetic field, and this will also be the set-up for
the thesis.

Classically, in the presence of a uniform magnetic field, charged particles exhibit
uniform circular motion when confined to a plane perpendicular to the magnetic
field. The motion of these charged particles gives rise to an electrical current dis-
tribution. In the case of an isolated small 1D conducting ring, quantum mechanics
predicts a persistent current that does not dissipate even for non-superconducting
materials. Several authors have studied the properties of such current both theoret-
ically [4, 5] and experimentally [6–9].

One method of analysis is the continuum model, where the position is a contin-
uous variable. However, in this work, the discrete lattice model approach is used,
where we will examine finite 2D rectangular systems. The electrons are assumed to
be spinless fermions, and they only interact through the Pauli exclusion. We mainly
use a square lattice, where the electrons are allowed to hop from one site to the sites
that are its nearest neighbors. In essence, the calculations are carried out using
a tight-binding model. Magnetic field will be added via the Peierls substitution.
Numerical diagonalization is implemented using MATLAB to solve for the energy
spectra and eigenstates in the 1-particle theory. Subsequently, the average current
distribution and the resulting electromagnetic radiation at finite temperature are
investigated.
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Chapter 2

Background

2.1 Second quantization

Consider atoms arranged on a square lattice, with electrons moving between them.
Each lattice site is labeled by an index j and its location is rj. The fermionic

creation operator c†j creates an electron at site j, while the annihilation operator cj
removes an electron from the site j. The electron wavefunctions at different sites are
assumed to have minimal overlap, such that the corresponding position eigenstates
are orthogonal. All these can be summarized in terms of anti-commutation relations.
The notation for the anti-commutator of two operators is {A,B} ≡ AB +BA.

{ci, cj} = {c†i , c
†
j} = 0, {ci, c†j} = δij (2.1)

The reason for introducing second quantization is to deal with many-particle states
more elegantly. Fermionic statistics will automatically be taken care of, and in
particular, Pauli’s exclusion principle is guaranteed by the statement (c†j)

2 = 0. For
a single-particle operator, the second-quantized generalization is simply given by

A =
∑
jk

Ajk |j⟩ ⟨k|
Second-quantized−→ A =

∑
jk

Ajkc
†
jck

Dirac’s bra-ket notation is used to describe pure states both before and after sec-
ond quantization. The difference after second-quantization is the dimension of the
Hilbert space, and the anti-commutation relations. It is also a convenient moment
now to define the number operator in second quantization.

nj ≡ c†jcj (2.2)

We will verify that the key machinery of quantum mechanics (QM) is preserved in
the second quantization formalism.
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2.1.1 Eigenvectors and eigenvalues

The non-interacting Hamiltonian is second-quantized as follows.

H =
∑
jk

Hjk |j⟩ ⟨k|
Second-quantized−→ H =

∑
jk

Hjkc
†
jck (2.3)

Suppose we have the eigenstates |ψn⟩ =
∑

l αnl |l⟩, i.e. H |ψn⟩ = En |ψn⟩, with n =

1, 2, . . . , N . In second quantization, such states are written as |ψn⟩ =
∑

l αnlc
†
l |0⟩.

One can quickly verify that they indeed remain as energy eigenstates.

H |ψn⟩ =
∑
jk

Hjkc
†
jck
∑
l

αnlc
†
l |0⟩

=
∑
jkl

Hjkαnlc
†
j(−c

†
l ck + δkl) |0⟩

=
∑
jk

Hjkαnkc
†
j |0⟩

=
∑
j

Enαnjc
†
j |0⟩

= En |ψn⟩ (2.4)

To be more concise in notation, define a new orthonormal set of creation operators
that creates particles in their energy eigenstates (or mode space).

d†n ≡
∑
l

αnlc
†
l (2.5)

The usual fermionic anti-commutation relations are satisfied, which is a consequence
of the fact that eigenvectors of the Hermitian operatorH forms an orthonormal basis.

{di, dj} = {d†i , d
†
j} = 0, {di, d†j} = δij

The Eqn. 2.4 can then be generalized as an operation equation

Hd†n = End
†
n + d†nH (2.6)

Before second quantization, the Hermitian operatorH has a complete set of N eigen-
vectors. After second quantization, the dimension of the Hilbert space is expected
to be enlarged to 2N for fermionic systems, such that H has 2N linearly independent
eigenvectors.

The vacuum state, |0⟩, which is annihilated by any cj, is trivially an eigenstate of
H with eigenvalue 0. This is also called the zero-particle state. The above analysis
verifies that the one-particle states, d†j |0⟩, remain as eigenstates of H.

There are also two-particle eigenstates of H, d†jd
†
k |0⟩. It is fairly straightforward

to use Eqn. 2.6 to show that the corresponding eigenvalue is Ej + Ek. Since the
Pauli exclusion principle requires j ̸= k, and the swap j ↔ k merely introduces a
minus sign, there are

(
N
2

)
linearly independent 2-particle eigenstates.
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The process works analogously for three-particle eigenstates, four-particle eigen-
states, all the way up till the unique N -particle eigenstate. The binomial identity
implies that the set of eigenstates is complete.

2N = (1 + 1)N =

(
N

0

)
+

(
N

1

)
+ . . .+

(
N

N

)
Now, define the total number operator N as.

N ≡
∑
j

nj =
∑
j

c†jcj =
∑
j

d†jdj (2.7)

The last equality holds again because eigenstates of the Hermitian operator H are
orthogonal to one another. Below are a few useful commutation relation involving
N . The notation for the commutator is [A,B] ≡ AB −BA.

[N , c†j] = c†j

[N , cj] = −cj
[N , c†jck] = 0 (2.8)

For the non-interacting Hamiltonian (Eqn. 2.3), the commutation relation [H,N ] =
0 says that the total particle number is conserved. This can be immediately deduced
from Eqn. 2.8. A consequence is that H and N share a common set of eigenvectors.
Furthermore, the 2N eigenstates furnished above are also eigenstates of N . (There
is no need to take linear combinations.)

To verify the above claim of the eigenstates of N , consider the two-particle
eigenstate, d†jd

†
k |0⟩, as an example. First, note that

[N , d†jd
†
k] = 2d†jd

†
k (2.9)

Thus, the eigenvalue of N in the two-particle state is 2.

Nd†jd
†
k |0⟩ = d†jd

†
k(N + 2) |0⟩

= 2d†jd
†
k |0⟩

As the example shows, N counts the number of particles in a given state by its
eigenvalue. The generalization of the key step (Eqn. 2.9) to higher number states is
straightforward and can be shown rigorously using induction. The takeaway is that
we can get away with diagonalizing H (dimension N) instead of H (dimension 2N).
The multi-particle spectrum is obtained by simply filling the single-particle energy
states while obeying the Pauli exclusion principle. Under such a “reversed second
quantization” (restriction onto the one-particle subspace), N becomes the identity
operator.

2.1.2 Heisenberg equation of motion

In the Heisenberg picture, operators evolve according to the Heisenberg equation,

d

dt
A =

1

iℏ
[A,H]

9



=
1

iℏ

[∑
mn

Amn |m⟩ ⟨n| ,
∑
αβ

Hαβ |α⟩ ⟨β|

]

=
1

iℏ
∑
mnαβ

AmnHαβ

[
|m⟩ ⟨n| , |α⟩ ⟨β|

]
It is imperative to check that this relation is still true after second quantization. It
is sufficient to evaluate the commutator above.[

|m⟩ ⟨n| , |α⟩ ⟨β|
]
= δnα |m⟩ ⟨β| − δmβ |α⟩ ⟨n|

By repeated usage of the anti-commutation relations, a similar result can be estab-
lished for the fermionic creation and annihilation operators.[

c†mcn, c
†
αcβ
]
= δnαc

†
mcβ − δmβc

†
αcn

Incidentally, this relation holds for the bosonic operators too. Therefore, commu-
tators between two second-quantized operators is the same as performing second
quantization after computing the commutator. The latter is more useful for our
computations as it is simply a matrix multiplication.

2.2 Lattice models

In this project, we will be describing our system with the spinless and non-interacting
tight-binding Hamiltonian.

H = −t
∑
⟨j,k⟩

c†jck (2.10)

It only contains a kinetic energy term. The Hamiltonian will be modified when
there is magnetic field present. When considering only nearest-neighbor hopping,
the Hamiltonian is identical to the adjacency matrix of the corresponding graph.
The study of the eigenvalues of adjacency matrices is part of the well-established
field of spectral graph theory.

2.2.1 Boundary conditions

In the tight-binding Hamiltonian, open boundary conditions (BC) are adopted. This
means that sites located along the boundary will have few neighbors compared to
sites in the bulk. However, for efficient computation, periodic BC is preferable. The
presence of translational symmetry allows the Bloch theorem to provide a basis in
which the Hamiltonian is block-diagonal. This can be implemented using a discrete
Fourier transform (DFT), and the dimension of the problem will be reduced from
2D to 1D or 0D. Diagonalizing the blocks individually saves a lot of computation
resources for large systems than if we were to diagonalize the original Hamiltonian
as the time complexity scales as O(N3), where N = NxNy is the total number of
sites.
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2.2.2 Exact energy spectrum and eigenstates

Some of the simplest tight-binding Hamiltonians can be solved exactly. [10] Consider
the 1D tight-binding chain of N sites with periodic BC. The Hamiltonian can be
written in the position basis as

H = −


0 t t
t 0 t

. . .

t 0 t
t t 0


The above matrix is diagonalized using DFT and the eigenstates are

ψj =
1√
N


1
ζj

ζ2j

...
ζ(N−1)j


where ζ ≡ exp

(
i2π
N

)
is theN th root of unity, and j = 1, 2, · · · , N . The corresponding

eigenvalues are

Ej = −2t cos
2πj

N
= −2t cos ka

where a is the lattice constant and k = 2πj
Na

is the wave vector. In the limit a→ 0, the

small angle approximation cos ka = 1 − k2a2

2
holds. Coincidentally, the dispersion

relation of a free particle is E = p2

2m
= ℏ2k2

2m
. By matching the curvature of the

dispersion relation at k = 0, the continuum limit is recovered with the following
relation

t =
ℏ2

2ma2
(2.11)

In this case, m is the effective mass of the electron and may differ significantly from
its true mass. For the case of 1D chain with open BC, the spectrum is [11]

Ej = −2t cos
πj

N + 1

In higher dimension, the Hamiltonian is more complicated. But in the case of a
square lattice, the Hamiltonian can fortunately be written as a sum of mutually
commuting matrices

H = Hx ⊗ Iy + Ix ⊗Hy

where Hx and Hy are the familiar 1D Hamiltonians. The fact that they commute
means that they share a common set of eigenvectors. As such, the energy spectrum
is (for periodic BC in both directions) [10]

Ekx,ky = −2t(cos kxa+ cos kya) (2.12)
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This result will be used in the derivation of the Peirels substitution later when an
external magnetic field is switched on. The Hamiltonian is modified and the old
trick of simultaneous diagonalization cannot be used anymore. As such, we will
resort to numerical diagonalization instead.
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Chapter 3

Imposing Magnetic Field

3.1 Minimal coupling Hamiltonian

In the continuum case, the magnetic field enters the Hamiltonian through the vector
potential, ∇×A = B.

H =
1

2m
(p− qA)2 + qϕ (3.1)

For our problem, there is no scalar potential ϕ. The canonical momentum p is
not gauge invariant but the kinetic momentum Π ≡ p − qA is gauge invariant.
Since the magnetic field is uniform and out-of-plane, B = Bẑ, a suitable (but not
unique) choice for the vector potential is the Landau gauge, A = −yBx̂, such that
∇×A = Bẑ.. The Hamiltonian then is

H =
1

2m
[(px + qyB)2 + p2y]

Solving this Hamiltonian will give us the Landau levels [12].

En = ℏωB

(
n+

1

2

)
(3.2)

where ωB = qB
m

is the cyclotron frequency.

3.2 Peierls substitution

For the discrete case, the magnetic field is incorporated into the tight-binding model
via the Peierls substitution [13]. Following [14], we substitute the k’s in the eigen-
value expression (Eqn. 2.12) into quantum operators. The heuristic is that a linear
operator is completely determined by its action on a basis.

ℏkx → px − qAx
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= −iℏ∂x − qAx

ℏky → −iℏ∂y − qAy

The substituted Hamiltonian is as follows.

H = −2t
(
cos a

(
i∂x +

q

ℏ
Ax

)
+ cos a

(
i∂y +

q

ℏ
Ay

))
(The negative sign disappeared as cosine is an even function.) The cosine function
of an operator has to be interpreted as a power series. In the limit of a → 0, the
continuum limit is again recovered with the same result as Eqn. 2.11. To proceed,
the same Landau gauge, A = −yBx̂, is chosen. The Hamiltonian then simplifies to

H = −2t
(
cos a

(
i∂x −

qB

ℏ
y

)
+ cos a (i∂y)

)
The cosines can be expressed in terms of complex exponentials, using the identity
cos θ = 1

2
(eiθ + e−iθ). The complex exponential can then be evaluated using the

Baker–Campbell–Hausdorff formula. The higher-order commutators do not occur
as [

i∂x,
qB

ℏ
y

]
= 0

The Hamiltonian can then be written as

H = −t
(
ea∂xei

qBa
ℏ y + e−a∂xe−i qBa

ℏ y + ea∂y + e−a∂y
)

(3.3)

For a differentiable function ψ(x, y), translations can be written as

ea∂yψ
∣∣
(x,y)

= ψ(x, y + a)

In the above example, the function ψ(x, y) was translated in the negative y-direction
by an amount a. If we choose a generic position eigenstate, |x, y⟩, then the effect of
H in Eqn. 3.3 is

H |x, y⟩ = −t
(
ei

qBa
ℏ y |x− a, y⟩+ e−i qBa

ℏ y |x+ a, y⟩+ |x, y − a⟩+ |x, y + a⟩
)

By focusing on a particular matrix element of H, say

⟨x+ a, y|H |x, y⟩ = (−t)e−i qBa
ℏ y

the hopping element is observed to be modified by a complex phase, which is also
called the Peirels phase. Separately, consider the line integral of the vector potential
along the straight line extending from the site (x, y) to the site (x+ a, y).∫ (x+a,y)

(x,y)

A · dr = −yBa

This motivates the definition of the Peirels phase as

θ(x,y)→(x+a,y) =
qBa

ℏ
y =

q

ℏ

∫ (x+a,y)

(x,y)

A · dr

14



Henceforth, the Peirels substitution is carried out in position basis by multiplying
each hopping element with the Peierls phase. At this moment, it is not very clear why
the vector potential should be written as such a line integral. Nevertheless, we choose
a straight-line path for the line integral as it is the simplest and most intuitive kind of
path that produces the correct phase. Work has been done to justify the line integral
and the straight-line path choice based on a gauge invariance arguments [15–19].
Although this derivation is based on a square lattice, we generalize this procedure
for any tight-binding Hamilitonian with only nearest-neighbours interaction. The
MATLAB code implementing the Peierls substitution is provided in Appendix G.

3.2.1 Gauge invariance

Here we will demonstrate that gauge invariance is still maintained in the Peierls
substitution. The Peierls substitution is implemented in practice using one par-
ticular choice of gauge. But physical observations should not be changed upon a
gauge transformation. In electromagnetism, a gauge transformation is achieved by
a (scalar) gauge function χ, such that the potentials change as

A→ A′ = A+∇χ

ϕ→ ϕ′ = ϕ− ∂χ

∂t

but the electric and magnetic field remain unchanged. In Peierls substitution, the
gauge transformation is realized in the form of a line integral. However, the addi-
tional term in the line integral only depends on the values of χ on the endpoints.

exp

(
i
q

ℏ

∫ rj

rk

(A+∇χ) · dr
)

= e−i qℏχ(rk) exp

(
i
q

ℏ

∫ rj

rk

A · dr
)
ei

q
ℏχ(rj)

This amounts to a similarity transformation by a diagonal and unitary matrix, U .

H
χ−→ U †HU (3.4)

The matrix elements of U are

Ujk = δjke
i qℏχ(rj)

As similar operators represent the same linear operator with respect to (possibly)
different bases, the important physical observables, such as the spectrum, will not
be affected. In the continuum QM model, a gauge change will also cause a unitary
transformation in the wavefunction. Eqn 3.4 is simply the discrete version on a
lattice. An important identity in electromagnetism is the following application of
Stoke’s theorem ∮

A · dr =

∫∫
B · dS

In the context of Peierls substitution, if we travel around edges to form a closed
loop, the accumulated (sum of) Peierls phases is proportional to the magnetic flux,

15



which is also known as the Aharonov-Bohm effect. Crucially, it does not depend on
the choice of the gauge.

Periodic BC is unfortunately not compatible with gauge invariance. Firstly, the
choice of the gauge should be such that the vector potential is periodic. (Discontin-
uous vector potential at the boundary will give rise to an infinite magnetic field.)
This is not possible if periodic BC is enforced in both directions. (A has to be lin-
ear.) We then relax our condition and only require periodic BC in the x-direction.
In that case, the Landau gauge A = −(y − y0)Bx̂ is good. y0 can be any number
and can be understood as gauge freedom. Physically, this corresponds to trans-
lating the system in the y-direction. For the closed loop with lattice coordinates
(1, 1) → (2, 1) → . . . → (Nx, 1) → (1, 1), the Peierls phase along all the edges are
the same but depends linearly on y0. This contradicts our earlier statement that
the total Peierls phase around a closed loop should be gauge independent.

3.3 Hofstadter’s butterfly

In the limit of an infinitely large system (regarding the number of sites, not the
physical length), the beautiful Hofstadter’s butterfly emerges if the energy spectrum
is plotted as a function of the magnetic field. The nature of the energy eigenvalues
depend critically on the ratio of the magnetic flux per plaquette Φ = Ba2 to the
magnetic flux quantum Φ0 = 2πℏ/e.

Figure 3.1: Fractal spectrum, also known as Hofstadter’s butterfly [20]. The vertical axis is
energy while the horizontal axis is magnetic field. When the ratio Φ/Φ0 is a rational number
p/q, the energy levels form exactly q bands (vertical lines). On the other hand, when the ratio is
irrational, the energies form a Cantor set [12].

For the first output of this thesis, we check that our code implements the Peirels
substitution correctly. The Hamiltonian is a periodic function of B, and the unit
Peierls phase is

θ0 =
qBa2

ℏ
(3.5)

Only one period of the spectrum, − πℏ
qa2
≤ B ≤ πℏ

qa2
, needs to be plotted. But nev-

ertheless, it is customary to only plot for the positive fields, as a negative magnetic
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field gives an identical spectrum. (B → −B =⇒ H → H∗ = HT , which has
the same eigenvalues.) In physical terms, one half-period is π

qa2
. Fig. 3.2 shows

for the butterfly spectrum for a few finite systems. These plots were obtained by
diagonalizing the Hamiltonian numerically at different magnetic fields.

(a) 4× 4 square lattice (b) 10× 10 square lattice

(c) 25× 25 square lattice

Figure 3.2: Energy spectrum for a few finite systems. Hopping constant of t = 3eV was used to
generate the plots.

Lines are colored in the MATLAB plots, which show the adiabatic movement of
the energy levels as the magnetic field is varied. The number of energy levels is al-
ways equal to the number of lattice sites, N ≡ NxNy. For small systems, closed-form
expressions for energy as a function can be found (Appendix F). However, as the
number of energy gets larger, the energy levels move in an increasingly complicated
manner. There are dense stripes analogous to Landau levels, and states move occa-
sionally from one stripe to another. In each stripe, there is an enormous number of
energy eigenstates, just like how Landau levels are highly degenerate. The region in
between stripes in the original Hofstadter’s butterfly (the “wings” of the butterfly)
does not contain any energy levels. Due to our use of finite systems, some energy
levels (edge states) now creep into this forbidden region. As the number of sites is
increased (and so correspondingly the number of eigenstates), the relative density
of edge states is reduced.
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Gauge invariance is tested numerically by using both the Landau gauge and the
symmetric gauge to perform the same calculations. Note that the energy levels are
between −4t and 4t, which is in agreement with the special case of Eqn. 2.12. The
choice of the chemical potential µ to use in our calculations later is guided by this
fact.

One feature of the spectra of square lattices is that if E is an eigenvalue of the
Hamiltonian, then −E will also be an eigenvalue (Fig. 3.2). This happens if and
only if the characteristic polynomial has only even powers. However, the triangular
lattice does not have this property (Fig. 3.3). The implementation of the Peirels
substitution is given in Appendix B. One magnetic period for the triangular lattice
is 8π√

3
1

qa2
.

Figure 3.3: Spectrum of a tight-binding model on a 15×15 triangular lattice. Peierls substitution
is used to implement the effect of a magnetic field via a phase in the hopping elements. There is
no longer a mirror symmetry in the vertical direction.

On a similar note, we can also implement a tight-binding model on a hexagonal
lattice. This can be used to model the 2D material graphene. The spectrum for the
hexagonal lattice is shown below. One magnetic period for the hexagonal lattice
is 4π

3
√
3

1
qa2

. Again, the details of the implementation of the Peierls substitution is
given in Appendix B. The result agrees visually with the previous work done by
Tradunsky and Cohen [21].
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Figure 3.4: Spectrum of a tight-binding model on a 25× 25 hexagonal lattice. Mirror symmetry
in the vertical direction is present again.

Before we end the chapter, a few general remarks are in order. The role of the
hopping constant t is just to set an energy scale. Changing the hopping constant
amounts to stretching the butterfly spectrum vertically, which is an overall scaling to
the energy levels. Thus, it does not give rise to any interesting physical phenomenon.

Another observation is that the lattice constant always appears together in an ex-
pression with the magnetic field (Ba2). This expression reflects the flux per plaquette
in the square lattice, which is relevant in the context of the Aharonov-Bohm effect.
Since they do not appear independently, increasing the magnetic field strength is
physically equivalent to increasing the lattice constant for energy calculations.
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Chapter 4

Persistent Currents

4.1 Current operators

Schrödinger first interpreted his wavefunction for an electron as a charge density. [22]
Define the charge operator that measures the total charge at a site l as simply the
number operator multiplied by an electron’s charge, q = −e.

Ql = qc†l cl (4.1)

One can then ask, how does the charge operator change with time? In the Heisenberg
picture, the derivative of an operator is given by the Heisenberg equation

d

dt
Ql =

1

iℏ
[Ql,H]

=
1

iℏ

[
qc†l cl,

∑
jk

Hjkc
†
jck

]
=

q

iℏ
∑
jk

Hjk

[
c†l cl, c

†
jck

]
=

q

iℏ
∑
j,k

Hjk

(
δljc

†
l ck − δlkc

†
jcl

)
=

q

iℏ
∑
j

(
Hljc

†
l cj −Hjlc

†
jcl

)
This is a statement on the conservation of charge, or the continuity equation. Con-
sidering the form of Kirchhoff current law, the last step can be written as

d

dt
Ql =

∑
j

q

iℏ

(
Hljc

†
l cj −Hjlc

†
jcl

)
=
∑
j

Îj→l

and we can identify the current operator as [23]

Ij→l =
q

iℏ

(
Hljc

†
l cj −Hjlc

†
jcl

)
(4.2)
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Intuitively, Eqn. 4.2 also has the meaning of transport, given the use of annihilation
and creation operators. The second term describes an electron destroyed at l and
created at j contributing a negative current. In the position basis, the current
operator is very sparse and only contains two non-zero elements. In the one particle
representation, the current matrix looks like Eqn. 4.20. We will take advantage of
this fact by defining our current matrix to be of type ‘sparse’ in MATLAB.

4.1.1 Relation to momentum operators

Since electrons have mass, and electrons move to produce current, there is a linear
relation between the momentum and current, even for the quantum operators. The
momentum operator in QM can again be obtained using the Heisenberg equation

mV µ =
m

iℏ
[Xµ, H] (4.3)

These are the kinetic momenta (as opposed to canonical momenta) and they are
gauge invariant. If the mass were not multiplied, they would simply be called the
velocity matrices. Supposing a wire carries current I, and consider a segment of
length a running in the x-direction. The total x-momentum of the wire is

ma

q
Ix

It can be checked that summing all the current operators in the µ-direction indeed
gives the total µ-direction velocity operator multiplied by the charge, qV µ.

Iµ =
1

2

∑
jl

Ij→l(x
µ
l − x

µ
j )

=
1

2

∑
jl

q

iℏ
(Hljc

†
l cj −Hljc

†
jcl)(x

µ
l − x

µ
j )

=
q

iℏ
∑
jl

Hlj(x
µ
l − x

µ
j )c

†
l cj

=
q

iℏ
(XµH −HXµ)

= qV µ (4.4)

4.2 Grand canonical ensemble

In statistical mechanics, the grand canonical ensemble is used to describe systems in
thermal and chemical equilibrium with a reservoir. The system is free to exchange
energy and particles with the reservoir, so we instead work with Lagrange multipliers,
the temperature T and chemical potential µ, instead. To describe a microstate, one
specifies the particles are in each energy level (at most 1 for fermions). These
microstates happen to be characterized by the eigenstates of the number operator
N (Eqn. 2.7). An example of a microstate is given below.

|ϕ⟩ = |1, 0, 1, . . . , 1⟩ ≡ d†1d
†
3 . . . d

†
N |0⟩
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The order of creation operators is important for fermionic systems.

4.2.1 Density operator in equilibrium

To each microstate, |ϕ⟩, the grand canonical ensemble assigns a probability

P (ϕ) =
1

Z
e−β(E(ϕ)−µN(ϕ))

In our convention, E − µN is an eigenvalue of (H− µN ). Z is the grand partition
function, and its role is to normalize the probabilities across all the microstates.

Z =
∑
{|ϕ⟩}

e−β(E(ϕ)−µN(ϕ))

= Tr(e−β(H−µN ))

The grand partition function can also be factorized. Suppose the microstate is
written as |ϕ⟩ = |n1, . . . , nN⟩ (these are labels, which take either 0 or 1. They are
not to be confused with the number operators), and ϵj is the jth energy level.

Z =
∑
{|ϕ⟩}

e−β
∑N

j=1 nj(ϵj−µ)

= (1 + e−β(ϵ1−µ))
∑

e−β
∑N

j=2 nj(ϵj−µ)

=
N∏
j=1

(1 + e−β(ϵj−µ))

In semi-classical physics, it is sufficient to know the probability distribution of the
microstates. However, in QM, the phase relationship between different states is also
required. If the phase relaxation length is short, the off diagonal elements in the
density matrix becomes negligible. [24] In the basis of the microstates, the density
operator is at thermal equilibrium is [25]

ρ =
∑
{|ϕ⟩}

P (ϕ) |ϕ⟩ ⟨ϕ|

=
1

Z
∑
{|ϕ⟩}

e−β(E(ϕ)−µN(ϕ)) |ϕ⟩ ⟨ϕ|

=
1

Z
∑
{|ϕ⟩}

e−βH |ϕ⟩ ⟨ϕ|

=
1

Z
e−β(H−µN )

The density matrix does not evolve in time, which can be seen using the Liouville-von
Neumann equation

iℏ
∂ρ

∂t
= [H, ρ] = 0
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4.2.2 Expectation of operator

For a pure state |ψ⟩ (in Fock space), the expectation of an operator A is given by

⟨A⟩ = ⟨ψ| A |ψ⟩

For a mixed state described by the density operator ρ, the expectation value is
generalized to

⟨A⟩ = Tr(ρA)

This formula can be checked to agree with the special case when ρ = |ψ⟩ ⟨ψ|.

4.2.3 Computation in 1-particle Hilbert space

As much as possible, we would prefer to carry out computations in the one-particle
Hilbert space and not in the entire Fock space. We will show here how this is done.
Take a one-particle operator which has been second quantized.

A =
∑
jk

αjkd
†
jdk

where d†j is defined in Eqn. 2.5 to create a particle in the jth energy eigenstate.
We shall see that to compute the thermal expectation, only the diagonal elements,
αjj, matter. Again, the microstate is written as either sides of |ϕ⟩ = |n1, . . . , nN⟩,
depending on the clarity needed. The expectation value is given by the following
trace.

Tr(ρA) = 1

Z
∑
{|ϕ⟩}

e−β⟨ϕ|H|ϕ⟩ ⟨ϕ| A |ϕ⟩

The summand depends only on the diagonal elements of A.

⟨n1, . . . , nN | A |n1, . . . , nN⟩ =
N∑
j=1

αjjnj (4.5)

This can be understood by considering the simpler expression

⟨n1, . . . , nN | d†jdk |n1, . . . , nN⟩ = δjknj

Plugging in the expression from Eqn. 4.5,

Tr(ρA) = 1

Z
∑
{|ϕ⟩}

e−β⟨ϕ|(H−µN )|ϕ⟩
N∑
j=1

αjjnj

=
N∑
j=1

αjj

∑
{|ϕ⟩}

e−β⟨ϕ|(H−µN )|ϕ⟩

Z
nj
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=
N∑
j=1

αjj
1

1 + eβ(ϵj−µ)

=
N∑
j=1

αjjf(ϵj) (4.6)

The last expression is the expectation value in a single-particle eigenstate (αjj =

⟨0| djAd†j |0⟩) multiplied by the average number of particle in the j energy eigenstate,
which is given by the Fermi-Dirac distribution

f(E) =
(
1 + eβ(E−µ)

)−1
(4.7)

In practice, we work with the one-particle Hamiltonian H, which can always be
unitarily diagonalized as

H = PDP †

P is a matrix that stores the normalized eigenvectors of H in its columns. The
operator A (no longer second-quantized) can also be represented as a matrix, A =
P (
∑

jk αjk |Ej⟩ ⟨Ek|)P †. It is written in this form because the current operator is
usually defined in the position basis, not the energy basis. Thus, P is used to convert
it via a similarity transform. It is then the diagonal of the matrix P †AP that stores
the relevant matrix elements for our calculation of the thermal average.

Now that D is a diagonal matrix storing the energy levels, we can instead convert
it to store the Fermi factors. This can be accomplished in MATLAB using the matrix
exponential.

F = (I + e−βµeβH)−1

However, the exponential function in MATLAB or Python does not differentiate
between a diagonal matrix and a non-diagonal one. To speed up, the diagonal matrix
is first converted into a 1D vector and element-wise exponential is used instead. It
would be inefficient and potentially incorrect to use the element-wise exponential on
the original matrix, as we do not want the exponentials of the off-diagonal elements.

The diagonal elements of P †AP need to be weighted by the Fermi factors, before
being summed up. It happens that multiplying a matrix by another diagonal one
on the right has the effect of scaling the left matrix’s columns, which achieves our
objective. The sum of the diagonal element is accomplished by taking the trace. In
terms of code, we just have to compute

⟨A⟩ = Tr(P †APF )

= Tr(APFP †) (4.8)

Again, there is a chance to speed up calculations here. In our code, P †AP is com-
puted, where A is specifically the current operator. The product AP can be very
quickly calculated as the current operator is sparse. The next step to realize is that
since F is diagonal, it is sufficient to just calculate the diagonal elements of P †(AP ).
In code, F is stored as a 1D vector, so if the diagonal elements of P †(AP ) can be
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extracted as a vector, the trace can be calculated by an inner product. One way to
accomplish this is using the element-wise multiplication in MATLAB (.*).

In the next section, the matrix PFP † is interpreted as a Green function. This
concept is needed as the Green functions will be used in our radiation calculations
later. We will therefore take the chance now and introduce their definitions in the
next section. But at this point, one can already point out that the Green function
can be simultaneously diagonalized with the Hamiltonian.

4.3 Green functions

We now temporarily retreat from the Schrödinger picture and enter the Heisenberg
picture. In the Heisenberg picture, operators acquire the time dependence. The
definitions of the various Green functions are given below. As usual, the Roman
indices represent lattice sites. At equilibrium, the Green function is only a function
of 1 time variable [26].

G<
jk(t) ≡

i

ℏ
⟨c†k(0)cj(t)⟩ (4.9)

G>
jk(t) ≡ −

i

ℏ
⟨cj(t)c†k(0)⟩ (4.10)

Gr
jk(t) ≡ −

i

ℏ
θ(t)⟨{cj(t), c†k(0)}⟩ (4.11)

= θ(t)(G>
jk(t)−G<

jk(t))

Ga
jk(t) ≡

i

ℏ
θ(−t)⟨{cj(t), c†k(0)}⟩ (4.12)

= −θ(−t)(G>
jk(t)−G<

jk(t))

By definition, the four Green functions are linearly dependent.

Gr
jk(t)−Ga

jk(t) = G>
jk(t)−G<

jk(t) (4.13)

These Green functions can be viewed as the matrix elements of G<(t), G>(t), Gr(t),
Ga(t). They are functions of time, and so they can be Fourier-transformed into
energy domain, which we define with the following convention

G(E) =

∫ ∞

−∞
G(t)eiEt/ℏdt

The same symbol is used for the Fourier transformed quantity, so the argument
(whether it is time or energy/frequency) is used to distinguish the two functions.
Our convention is that the factor of 2π goes with the inverse Fourier transform

G(t) =
1

2πℏ

∫ ∞

−∞
G(E)e−iEt/ℏdE

4.3.1 Fluctuation-dissipation theorem

In equilibrium, there is a fluctuation-dissipation theorem that gives a relation be-
tween G< and G> in energy domain. Suppose we have the complete set of energy
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eigenstates, i.e. {|El⟩}l such that H |El⟩ = El |El⟩. It appears that G<(E) and
G>(E) are diagonal are this basis, with the diagonal elements being proportional
to the Fermi factors. Their exact expressions are provided below, and the detailed
derivation can be found in Appendix A.

G<(E) = −f(E)[Gr(E)−Ga(E)]

= (2πi)f(E)
∑
l

δ(E − El) |El⟩ ⟨El| (4.14)

G>(E) = [1− f(E)][Gr(E)−Ga(E)]

= −(2πi)[1− f(E)]
∑
l

δ(E − El) |El⟩ ⟨El| (4.15)

With this, G<(t = 0) can be calculated by taking the inverse Fourier transform.

G<(t = 0) =
1

2πℏ

∫ ∞

−∞
G<(E)dE

=
i

ℏ
∑
l

f(El) |El⟩ ⟨El| (4.16)

We then see that −iℏG<(t = 0) is exactly the same as the matrix PFP † in Eqn.
4.8.

4.4 Current distribution plots

In this section, we will show some plots of the current distribution in finite systems.
Similar work was done in [27]. Our parameters were carefully chosen to mimic real
materials. In the following plots, the calculations were performed using a hopping
of t =3 eV, lattice constant a =2.76 Å, magnetic field strength B =1T. In our code,
we adopt a special set of units that are almost identical to the Hartree atomic units,
except that the unit of length is defined implicitly by measuring energy in eV. A
complete list of the various units for different quantities can be found in Appendix
H.
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(a) (b)

(c)

Figure 4.1: Current distribution for a few systems of various sizes at low temperature and
negative chemical potential. Lattice sites are labelled by black tiles. Colors of tiles between lattice
sites shows the amount of current flowing between two nearest neighbours. Blue color represents
current flowing in the positive x and y directions, while red color represents current flowing in the
negative x and y directions. A paler color signifies that less current is flowing.

Although the resulting patterns are difficult to decipher, a few important and
general observations can be made. Firstly, conservation of charge is obeyed. The
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total current entering a lattice site is always equal to the total current leaving the
same site. Alternatively, this means that the current flow can be represented as
a superposition of current loops. The original motivation of this project was to
study the current loops that arise due to the Lorentz force acting on the electrons.
In classical electromagnetism, the electrons move in a circular motion. But as the
above calculation shows, the constraint to move on a lattice causes the motion here
to be far more complicated. The classical theory predicts that the charged particles
will circulate in only one direction (clockwise or counter-clockwise). However, here
the current is observed to flow in both directions.

Next, we discuss some symmetry present in the current distributions. The cur-
rent flow has a π-rotation symmetry in the xy-plane, which is consistent with the
fact that the underlying physics is invariant under the transformation x → −x,
y → −y. A consequence of this fact is that if the system has an odd length, then
there cannot be current flowing through the sites in the middle row/column.

Another symmetry that is present (but not shown) is related to time-reversal
symmetry. When B → −B, the current flows in the opposite direction, I → −I.
This is due to H → H∗ when the magnetic field is reversed. If |E⟩ is an eigenstate of
H, then |E⟩∗ is an eigenstate of H∗ with the same eigenvalue. The current operator
is also modified as I → −I∗. Then the sum in Eqn. 4.6 becomes∑

j

f(Ej)(⟨Ej|)∗(−I∗)(|Ej⟩)∗ = −
∑
j

f(Ej)(⟨Ej| I |Ej⟩)∗

Lastly, regarding particle-hole symmetry, µ → −µ gives the same current distribu-
tion, which is mainly due to the symmetry in the expectation values of the current
operator.

⟨−El| I |−El⟩ = −⟨El| I |El⟩

This allows the terms in the summation (Eqn. 4.6) to pair up.

f(E) ⟨E| I |E⟩+ f(−E) ⟨−E| I |−E⟩ = (f(E)− f(−E)) ⟨E| I |E⟩ (4.17)

Changing µ→ −µ has no effect due to the following identity.

f(E)− f(−E) = 1

1 + eβ(E−µ)
− 1

1 + eβ(−E−µ)
=

1

1 + eβ(E+µ)
− 1

1 + eβ(−E+µ)

4.4.1 Angular momentum and magnetic moment

Classically, a current-carrying loop has a magnetic moment that is equal to its
current times the area, µ = IA. The magnetic moment is induced by the external
magnetic field and can be classified as either paramagnetic or diamagnetic according
to its sign. Since electrons have mass, there is also an angular momentum associated
with the circulation of the charge carriers. The ratio between the magnetic moment
and the angular momentum is a constant known as the gyromagnetic ratio, γ.

In classical mechanics, the angular momentum is well-defined (i.e. does not
depend on the choice of origin) when the total linear momentum of the system is
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zero. This result remains true in quantum mechanics. In Fig. 4.1, the current
distribution can be decomposed into many smaller simple current loops, and for
each current loop, the choice of origin does not affect the angular momentum. We
will formulate an expression for the total angular momentum for our system and
obtain its value numerically.

Consider the current operator Ij→l, as given in Eqn. 4.2. This operator lives on
an edge on the lattice and its associated x-momentum is

vxj→l =
1

q
Ij→l(xl − xj)

=
1

iℏ

(
Hljc

†
l cj −Hjlc

†
jcl

)
(xl − xj)

A similar definition hold for the linear momentum in the y-direction. The angular
momentum of the current flowing in the edge j → l is then

lzj→l = m
xj + xl

2
vyj→l −m

yj + yl
2

vxj→l

=
m

iℏ

(
Hljc

†
l cj −Hjlc

†
jcl

)
(xjyl − yjxl)

The midpoint is used as the current is uniform across the length of the edge. The
angular momentum is non-zero only when j, k are nearest-neighbours. The total
angular momentum, Lz, is then obtained by summing across contributions from all
edges. The factor of half accounts for the double-counting due to lzj→l = lzl→j.

Lz =
1

2

∑
j,l

lzj→l

=
1

2

m

iℏ
∑
j,l

(
Hljc

†
l cj −Hjlc

†
jcl

)
(xjyl − yjxl)

=
m

iℏ
∑
j,l

Hlj(xjyl − yjxl)c†l cj

This means that the matrix elements of Lz in the position basis are

⟨l|Lz |j⟩ = m

iℏ
Hlj(xjyl − yjxl)

=
m

iℏ
⟨l|Y HX −XHY |j⟩

Therefore,

Lz =
m

iℏ
(Y HX −XHY )

=
m

iℏ
(Y HX − Y XH + Y XH −XYH +XYH −XHY )

=
m

iℏ
(−Y [X,H] + [Y,X]︸ ︷︷ ︸

=0

H +X[Y,H])

= X
m

iℏ
[Y,H]− Y m

iℏ
[X,H]
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= m(XV y − Y V x)

This simple result agrees with the classical definition of total angular momentum.
To find the thermal average using the single-particle representation, the lesser Green
function is used (Eqn. 4.16).

⟨Lz⟩ = −iℏTr(G<(t = 0)Lz)

=
∑
El

⟨El|Lz |El⟩ f(El)

The thermal average of the angular momentum is independent of the choice of origin.
It is ultimately due to the following.

⟨Πx⟩ = −iℏmTr(G<(t = 0)V x) = 0

⟨Πy⟩ = −iℏmTr(G<(t = 0)V y) = 0

This is an analogous statement in QM that the total linear momentum is conserved.
A few plots of the average angular momentum against an applied magnetic field at
different chemical potential are shown below.

(a) (b)

Figure 4.2: Total angular momentum at different temperatures, magnetic field strength and
chemical potentials. They all decay to zero at high temperature.

Due to the symmetry ⟨−El|Lz |−El⟩ = −⟨El|Lz |El⟩, the angular momentum
is the same when µ → −µ. Therefore, only the plots for µ < 0 are shown. In the
presence of weak magnetic field, the total angular momentum vanishes more quickly
as seen in Fig. 4.2. The precise way in which the current vanishes will be the topic
for the next section.

4.4.2 High-temperature limit

In the high-temperature limit, the current flow vanishes. We found that for edges
along the boundary of our system, the current decays as T−3, whereas for edges in
the interior of the system, the current decays as T−5 or faster. Therefore, it would
appear as if the current becomes localized at the boundary.
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(a) (b)

(c) (d)

Figure 4.3: Persistent current plots at different temperatures. The ratio of current in the
interior to the current boundary approaches zero at high temperatures. This result appears to be
independent of the value of the chemical potential.

4.4.3 Taylor expansion of Fermi-distribution

We will give an analysis of the results shown above. Firstly, the high-energy Taylor
expansion for the Fermi-Dirac distribution is given by

f(E) =
1

1 + eβ(E−µ)
=

1

2
− (E − µ)

4
β +

(E − µ)3

48
β3 + . . . (4.18)
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If the one-particle energy eigenstate basis is written as {|E⟩}, then, from Eqn. 4.6,
the following sum needs to be computed

⟨I⟩ =
∑
|E⟩

f(E) ⟨E| I |E⟩

Previously, the symmetry allows the eigenstates to be paired up, as in Eqn. 4.17.
We can do a little trick by double-counting and then taking half of the result.

⟨I⟩ = 1

2

∑
|E⟩

[f(E)− f(−E)] ⟨E| I |E⟩

Now, it is clear that the reason the current goes to zero at high temperature is due
to f(E)− f(−E)→ 0 as β → 0+. We can even go further and investigate at what
rate the current decays. Use the above Taylor expansion (Eqn. 4.18) to write

f(E)− f(−E) = −E
2
β +

E3 − 3µ2E

24
β3 + . . .

The current expectation can then be written as an infinite series.

⟨I⟩ = 1

2

∑
|E⟩

[
−E

2
β +

E3 − 3µ2E

24
β3 + . . .

]
⟨E| I |E⟩

= −β
4

∑
|E⟩

E ⟨E| I |E⟩+ β3

48

∑
|E⟩

(E3 − 3µ2E) ⟨E| I |E⟩+ . . . (4.19)

From the above expansion, one would naively expect the current to decay as β, since
the first term is the dominant term. However, we shall see that this is not the case.

4.4.4 First-order trace

In the first term of Eqn. 4.19, the coefficient involves computing
∑
E ⟨E| I |E⟩.

This can be expressed as a trace.∑
|E⟩

E ⟨E| I |E⟩ =
∑
|E⟩

ETr(|E⟩ ⟨E| I)

= Tr

∑
|E⟩

E |E⟩ ⟨E|

 I


= Tr(HI)

This trace vanishes for the current operators of all edges. From Eqn. 4.2, an example
of a current operator expressed as a matrix is

Ij→l =
q

iℏ


Hlj

−Hjl

 (4.20)
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=
q

iℏ
(ElHEj − EjHEl)

where El is the matrix with zero everywhere except the (l, l) element, which is one.
Then, the trace is seen to be zero using the cyclic property

Tr(HIj→l) = Tr
(
H
q

iℏ
(ElHEj − EjHEl)

)
=

q

iℏ
[Tr(HElHEj)− Tr(HEjHEl)]

= 0

Note that none of the geometrical features of the square lattice was used to achieve
this result. The zero-order coefficient vanishes as long as Tr(I) = 0, which is true
in general. This means that the same argument can be repeated for lattices of
other geometry, such as the triangular lattice and hexagonal lattice. Hence, in those
lattices, the high-temperature limit current also does not decay as β.

4.4.5 Third-order trace

The next dominant term is third order in β. However, from the calculations above,
we conclude immediately that the term with −3µ2E is zero. Therefore, we focus on
the remaining terms. ∑

|E⟩

E3 ⟨E| I |E⟩ = Tr(H3I)

For geometrical reasons, this quantity vanishes whenever the current operator is
associated to an edge in the interior. For edges along the boundary, the trace has
the same non-zero value (up to sign). A detailed explanation of this phenomenon is
provided in Appendix C. Therefore, using this result, the exact value of the trace
can be computed using the simplest system, the 2 × 2 square lattice. We get the
following

Tr(H3Iboundary) = ±
2qt4

ℏ
sin

(
qBa2

ℏ

)
In the weak-field regime, the expression for the average current simplifies to

⟨I⟩ = qt4β3

24ℏ
sin

(
qBa2

ℏ

)
≈ q2t4β3Ba2

24ℏ2

A log-log plot of the maximum current versus the inverse temperature is shown
below, which confirms that the current indeed decays as β3. The theoretical curve
is a straight line with a slope of 3. Indeed, the behavior of systems of various sizes
all tends towards this straight line when β is small.
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Figure 4.4: Plot of ln I vs lnβ for systems of various sizes. The asymptotic behaviour all agrees
with the theoretical curve, which decays as β3. We then proceed to use the 2x2 system to calculate
the analytic expression for the boundary current in the high-temperature limit.

Some related macroscopic quantities are more easily measured in the laboratory.
Since the current is at the boundary, the system can be modeled as a current loop
with area of

A = (Nx − 1)(Ny − 1)a2

Therefore, the magnetic moment of the system is

µz =
qt4β3

24ℏ
sin

(
qBa2

ℏ

)
(Nx − 1)(Ny − 1)a2

≈ q2t4β3Ba4

24ℏ2
NxNy

The issue with the model above is that to observe a significant proportion of the
current accumulating at the edges, one needs to go to unrealistically high tempera-
tures.

4.4.6 Triangular lattice

A similar analysis can be extended to systems with a different kind of lattice struc-
ture. After modifying the Hamiltonian to reflect the triangular lattice, we re-ran the
algorithm to compute the persistent currents. From the simulations, the boundary
current was found to vanish again as β3. A log-log plot for the current versus the
inverse temperature is given below.
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Figure 4.5: Plot of ln I vs lnB for triangular lattice. The high-temperature limit for the
triangular lattice seems to be identical to the high-temperature limit for the square lattice. In the
triangular lattice, there are two routes for the boundary current to flow. Primarily, the current
flows along the true boundary, while there is also a secondary current flowing in a zig-zag manner
that is grazing the boundary.

4.4.7 Hexagonal lattice

Similar to the square and triangular lattice, we also investigate the high-temperature
behaviour of the boundary current for the hexagonal lattice. This time, the bound-
ary current was found to vanish as β5. A log-log plot for the current versus the
inverse temperature is given below.

Figure 4.6: Plot of ln I vs lnB for hexagonal lattice. The coefficient is almost 5, which agrees
with the reasoning given in Appendix C.
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Chapter 5

Electromagnetic Radiation

The transition of electrons among different energy eigenstates will produce sponta-
neous emission of photons. These photons carry energy, momentum and angular
momentum away from the system. In the following sections, we will derive the
expression for the power and torque exerted by the radiation.

5.1 Current-current correlation function

We start with the current-current correlation functions, as given in [28]. µ, ν are the
spatial indices and can be either x, y, z.

Π<
µν(t, t

′) =
1

iℏ
⟨Iν(t′)Iµ(t)⟩

This correlation function can be written in terms of the electron Green functions
(Eqn. 4.9 and Eqn. 4.10), and the velocity matrices (Eqn. 4.3). See Appendix D
for the full derivation.

Π<
µν(t, t

′) = −iℏq2Tr[V µG<(t, t′)V νG>(t′, t)]

In equilibrium, the Green functions are only a function of one variable, the time
difference t− t′ [26]. Thus, we can set t′ = 0 for convenience and write

Π<
µν(t) = −iℏq2Tr[V µG<(t)V νG>(−t)] (5.1)

A Fourier transform into frequency domain, with the usage of the convolution the-
orem, yields

Π<
µν(ω) ≡

∫ ∞

−∞
Π<

µν(t)e
iωtdt

= −iq
2

2π

∫ ∞

−∞
Tr[V µG<(E)V νG>(E − ℏω)]dE (5.2)
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5.2 Total radiation power

The total power emitted (received at infinity) is given by the following expres-
sion [28]. The derivation is reproduced in Appendix E.

P∞ = − ℏ
6π2ϵ0c3

∫ ∞

0

ω2ℑTrΠ<(ω)dω (5.3)

The trace here means TrΠ< = Π<
xx +Π<

yy +Π<
zz. First, express the terms inside the

integral in terms of the energy eigenstates using Eqn. 4.14.

V µG<(E)V νG>(E − ℏω) = −(2πi)2f(E)[1− f(E − ℏω)]
∑
jk

δ(E − Ej)δ(E − ℏω − Ek)V
µ |Ej⟩ ⟨Ej|V ν |Ek⟩ ⟨Ek|

Tr[V µG<(E)V νG>(E − ℏω)] = (2π)2f(E)[1− f(E − ℏω)]
∑
jk

δ(E − Ej)δ(E − ℏω − Ek) ⟨Ek|V µ |Ej⟩ ⟨Ej|V ν |Ek⟩

When integrated over E, one of the delta disappears.

Π<
µν(ω) = −

iq2

2π

∫ ∞

−∞
Tr[V µG<(E)V νG>(E − ℏω)]dE

= −iq2(2π)
∫ ∞

−∞
f(E)[1− f(E − ℏω)]

∑
jk

δ(E − Ej)δ(E − ℏω − Ek) ⟨Ek|V µ |Ej⟩ ⟨Ej|V ν |Ek⟩ dE

= −iq2(2π)
∑
jk

f(Ej)[1− f(Ej − ℏω)]δ(Ej − ℏω − Ek) ⟨Ek|V µ |Ej⟩ ⟨Ej|V ν |Ek⟩

When integrated over ω, the other delta is captured only when Ej − Ek = ℏω > 0.∫ ∞

0

ω2ℑΠ<
µν(ω)dω = −q2(2π)

∑
jk

∫ ∞

0

ω2f(Ej)[1− f(Ej − ℏω)]

δ(Ej − ℏω − Ek)ℜ ⟨Ek|V µ |Ej⟩ ⟨Ej|V ν |Ek⟩ dω

= −q
2(2π)

ℏ
∑
jk

θ(Ej − Ek)

(
Ej − Ek

ℏ

)2

f(Ej)[1− f(Ek)]ℜ ⟨Ek|V µ |Ej⟩ ⟨Ej|V ν |Ek⟩

In particular, for µ = x and ν = x,∫ ∞

0

ω2ℑΠ<
xx(ω)dω = −q

2(2π)

ℏ3
∑
jk

θ(Ej − Ek)(Ej − Ek)
2

f(Ej)[1− f(Ek)]| ⟨Ej|V x |Ek⟩ |2

In the end, we need to compute the trace. At this point, it is handy to introduce
the acceleration matrix, defined by the Heisenberg equation.

Aµ ≡ 1

iℏ
[V µ, H]
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It is straightforward to check from the definition that the matrix elements in energy
representation are

⟨Ej|Aµ |Ek⟩ =
1

iℏ
(Ek − Ej) ⟨Ej|V µ |Ek⟩

= − 1

ℏ2
(Ek − Ej)

2 ⟨Ej|Xµ |Ek⟩

Next, define the following vector.

ajk ≡ ⟨Ej|Ax |Ek⟩ x̂+ ⟨Ej|Ay |Ek⟩ ŷ + ⟨Ej|Az |Ek⟩ ẑ (5.4)

This definition can be understood as the matrix elements of a real symmetric matrix
in the basis of energy eigenstates. In terms of implementation, this is just the sum of
the element-wise absolute-square of the 3 acceleration matrices in the energy basis.
The trace over x, y, z is then∫ ∞

0

ω2ℑTrΠ<(ω)dω = −q
2(2π)

ℏ
∑
jk

θ(Ej − Ek)f(Ej)[1− f(Ek)]|ajk|2

Thus, the total power emitted is

P∞ =
ℏ

6π2ϵ0c3

∫ ∞

0

ω2ℑTrΠ<(ω)dω

=
q2

3πϵ0c3

∑
jk

θ(Ej − Ek)f(Ej)[1− f(Ek)]|ajk|2

=
4

3

αℏ
c2

∑
jk

θ(Ej − Ek)f(Ej)[1− f(Ek)]|ajk|2 (5.5)

where α = 1
4πϵ0

e2

ℏc is the fine structure constant. A few plots of the total radiation
power for a square lattice at different temperature and chemical potential is shown
below.

(a) (b)
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(c) (d)

(e) (f)

(g) (h)

Figure 5.1: Plots of total radiation power against chemical potential at various temperature.
A 20x20 system is used to generate these plots. Orange points marks the energy levels of the
Hamiltonian as reference. The physical parameters for the systems are: a =276 pm, t =3 eV,
B =1T. At high temperatures, the radiation power approaches a constant value.

We can also look at it from literally another angle by plotting the power against
the temperature.
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Figure 5.2: Plots of total radiation power against chemical potential at various temperature,
using the same set of physical parameters as Fig. 5.1.

5.3 Low-temperature limit for radiation power

In the low-temperature limit, β → ∞. The Fermi distribution then becomes es-
sentially a step function. The only non-zero terms are when Ej < µ and µ < Ek.
However, the step function enforces Ej > Ek. More precisely,

f(Ej)[1− f(Ek)] =
1

1 + eβ(Ej−µ)

1

1 + e−β(Ek−µ)

= e−β(Ej−Ek)
1

e−βEj + e−βµ

1

eβEk + eβµ

The first term decays exponentially with β. The product of the remaining two terms
is a rectangle function in the limit β →∞.

Figure 5.3: Plot of the product of the last two terms, with Ej = b and Ek = a. Maximum is

achieved at µ =
Ej+Ek

2 . This can be verified by the first derivative.
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It is straightforward to see that the function is bounded above by 1.

1

e−βEj + e−βµ

1

eβEk + eβµ
=

1

e−β(Ej−Ek) + e−β(µ−Ek) + e−β(Ej−µ) + 1
< 1

This means that, overall, the term decays as

f(Ej)[1− f(Ek)] < e−β(Ej−Ek)

and there is significant contribution only when Ek < µ < Ej. The most significant
term in the sum (Eqn. 5.5) is when (Ej − Ek) is small. This explains the strong
peaks at certain values of µ in Fig. 5.1. The criterion for “low temperature” is
therefore kbT ≪ (Ej − Ek), which depends mainly on the hopping constant.

From our earlier plot of the butterfly spectrum (Fig. 3.2), each “Landau level” is
highly degenerate, with many energy levels close together. Unfortunately, the chosen
magnetic field of B =1T was too weak to produce the energy bands. In the next
plot, the calculations were repeated with an artificially high field of B =14 000T.

Figure 5.4: Plot of power emitted vs chemical potential. a =276 pm, t =3 eV, B =14 000T.
Compared to the low-field case (Fig. 5.1), the peaks are more prominent.
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Figure 5.5: Distribution of the 20× 20 = 400 energy level for B =14 000T. States in the same
band contribute more to the radiation in the low-temperature limit.

One can also study how the radiation power depends on the magnetic field at
low temperatures. Below, we present the numerical results for the radiation power
versus the magnetic field for a small system of 5×9 at different chemical potentials.

(a) (b)

(c) (d)
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(e) (f)

Figure 5.6: Plots of total radiation power versus the magnetic field for a 5×9 system at different
chemical potentials. The location and strength of the peaks are sensitive to the chemical potential.
For easy visual comparison, the y-axis is the same for all 6 figures.

To have significant radiation, it was previously established that the chemical
potential needs to fall in between two energy levels. In the case of low chemical
potential, this can only happen at certain fields (take a horizontal slice in Fig. 3.2).

5.4 High-temperature limit for radiation power

In the high-temperature limit, β → 0+ and f(Ej) → 1
2
. This removes any depen-

dency on the chemical potential. The expression for the total power (Eqn. 5.5)
simplifies to

P∞ =
q2

12πϵ0c3

∑
jk

θ(Ej − Ek)|ajk|2

=
q2

24πϵ0c3

∑
jk

|ajk|2

=
q2

24πϵ0c3

∑
jk

(| ⟨Ej|Ax |Ek⟩ |2 + | ⟨Ej|Ay |Ek⟩ |2)

=
q2

24πϵ0c3

∑
jk

(⟨Ej|Ax |Ek⟩ ⟨Ek|Ax |Ej⟩+ ⟨Ej|Ay |Ek⟩ ⟨Ek|Ay |Ej⟩)

=
q2

24πϵ0c3
Tr
∑
jk

(Ax |Ek⟩ ⟨Ek|Ax |Ej⟩ ⟨Ej|+ Ay |Ek⟩ ⟨Ek|Ay |Ej⟩ ⟨Ej|)

=
q2

24πϵ0c3
Tr((Ax)2 + (Ay)2) (5.6)

Eqn 5.6 is almost the same as the famous Larmor formula, P∞ = (−e)2

6πϵ0c3
a2, which

describes the radiation due to an accelerating non-relativistic point charge. The
factor of 1/4 can be thought of as arising from the fermi factors due to all the
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sites being half-occupied in the high-temperature limit. For the system used in Fig.
4.3, the high-temperature limit of the power is calculated (using Eqn. 5.6) to be
1.51× 10−8W, which agrees well with the simulation results.

Next, we are interested in the high-temperature radiation power limit as a func-
tion of the magnetic field. We first show some numerical results.

(a) (b)

Figure 5.7: Plots of radiation power in the high-temperature limit against magnetic field.

The power appears to be a sinusoidal function of the magnetic field, with the
same period of 2πℏ

qa2
as the Hamiltonian. At zero field, the radiation is the same for all

systems with the same perimeter. The variance/amplitude of the radiation power
(as a function of magnetic field) is instead the same for all systems with the same
area. The exact expression is given later in Eqn. 5.12. The proof of this statement
is as follows.

The matrix elements of Ax in the position basis (where X is diagonal) are of
interest. Here, there is possible confusion as to whether the matrix elements are in
the position or energy basis. The context and the accompanying explanations aim
to make this clear. First, evaluate the matrix elements of the velocity matrix in the
position basis.

V x
jk =

1

iℏ
⟨j| (XH −HX) |k⟩

=
1

iℏ
(xj − xk)Hjk

For the acceleration, a similar computation is performed. But this time, the com-
pleteness relation

∑
l |l⟩ ⟨l| = 1 is inserted.

Ax
jk =

1

iℏ
⟨j| (V xH −HV x) |k⟩

=
1

iℏ
∑
l

(⟨j|V x |l⟩ ⟨l|H |k⟩ − ⟨j|H |l⟩ ⟨l|V x |k⟩)

=
1

iℏ
∑
l

(
1

iℏ
(xj − xl)HjlHlk −Hjl

1

iℏ
(xl − xk)Hlk

)
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= − 1

ℏ2
∑
l

(xj − 2xl + xk)HjlHlk

Therefore, the entire operator is written out as

Ax = Ax
jk |j⟩ ⟨k|

= − 1

ℏ2
∑
l

(xj − 2xl + xk)HjlHlk |j⟩ ⟨k|

We still need to square it.

(Ax)2 =
∑
jkl

AjkAkl |j⟩ ⟨l|

=
1

ℏ4
∑
jklαβ

(xj − 2xα + xk)(xk − 2xβ + xl)HjαHαkHkβHβl |j⟩ ⟨l|

Taking the trace simplifies the expression a little

Tr((Ax)2) =
1

ℏ4
∑
jkαβ

(xj − 2xα + xk)(xk − 2xβ + xj)HjαHαkHkβHβj

Here we use the idea of adjacency matrix from graph theory again (see Appendix
C). We are supposed to sum over all possible sites j, k, α, β, but HjαHαkHkβHβj

is non-zero if and only if j → α → k → β → j describes a closed walk of length
4. There are only a few ways this can be achieved. So, the summation can be
reinterpreted as summing over all closed walks of length 4. But first, note that for
those closed walks of length 4, the product of matrix elements is nothing but

HjαHαkHkβHβj = (−t)4ei(θj→α+θα→k+θk→β+θβ→j)

The argument in the Peierls phase can only be zero (most cases) or ±θ0 (Eqn. 3.5),
if the closed walk surrounds a plaquette. Now, the problem reduces to counting the
number of possible closed walks of length 4 in a graph. This is then to be weighted
by the value of the coefficient ζ ≡ (xj − 2xα + xk)(xk − 2xβ + xj). We show a few
representative closed walks below and their corresponding coefficients.

(a) ζ = 0 (b) ζ = 0 (c) ζ = −a2
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(d) ζ = −4a2 (e) ζ = a2 (f) ζ = 4a2

Figure 5.8: Some closed walks of length 4.

First, count the number of loops going clockwise (Fig. 5.8c). There are (Nx −
1)(Ny− 1) of these loops. Since any of the vertices can be the starting vertex, there
is a multiplicity of 4. So the contribution from summing over clockwise loops is
(ignoring the common factor of t4/ℏ4)

−4a2(Nx − 1)(Ny − 1)e−iθ0 (5.7)

The number of loops going anti-clockwise is similarly

−4a2(Nx − 1)(Ny − 1)e+iθ0 (5.8)

Next, count the number of long horizontal walks (Fig. 5.8d). There are a total of
(Nx − 2)Ny ways to place them on the lattice. (j/k cannot start at the left or right
boundaries.) There is a multiplicity of 2 since that α ↔ β is also valid (and with
the same coefficient). Thus, the total contribution is

−8a2(Nx − 2)Ny (5.9)

Next, count the number of L-shaped walks with non-zero coefficients (Fig. 5.8e).
There are a total of (Nx − 1)(Ny − 1) ways to place them on the lattice. There are
also 8 symmetry operations available. Thus, the total contribution is

8a2(Nx − 1)Ny (5.10)

Lastly, count the number of closed walks in the form of Fig. 5.8f. There are (Nx −
1)Ny number of ways to accomplish this. A factor of two takes into account those
going in the opposite direction. In total, they would contribute

8a2(Nx − 1)(Ny − 1) (5.11)

Adding up all the contributions from the four scenarios, the grand total is

8a2[Ny + (Nx − 1)(Ny − 1)(1− cos θ0)]

For the trace of (Ay)2, we can get the results for free by x↔ y. The result is

8a2[Nx + (Nx − 1)(Ny − 1)(1− cos θ0)]
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Thereafter, we add them up to get the trace of (Ax)2 + (Ay)2.

8a2[Nx +Ny + 2(Nx − 1)(Ny − 1)(1− cos θ0)]

Restoring the invisible factors of t4/ℏ4, we get

Tr((Ax)2 + (Ay)2) = 8
a2t4

ℏ4

[
Nx +Ny + 2(Nx − 1)(Ny − 1)

(
1− cos

qBa2

ℏ

)]
Hence, the high-temperature limit of the radiation power expression is

P∞ =
q2

3πϵ0c3
a2t4

ℏ4

[
Nx +Ny + 2(Nx − 1)(Ny − 1)

(
1− cos

qBa2

ℏ

)]
(5.12)

The constant term scales as the perimeter of the system while the coefficient of the
cos term (which contains the effect of the magnetic field) scales as the area.

5.5 Radiation torque

To calculate the torque, there is a similar formula that uses the current-current
correlation function introduced in Eqn. 5.2. The total torque in the z-direction is
given by the following [28,29]

Nz =
−ℏ

6π2ϵ0c3

∑
µν

ϵzµν

∫ ∞

0

ωℜΠ<
µν(ω)dω

=
−ℏ

6π2ϵ0c3

∫ ∞

0

ωℜ(Π<
xy(ω)− Π<

yx(ω))dω

First, we try to simplify the term Π<
xy(ω)− Π<

yx(ω) in the integrand.

Π<
xy(ω)− Π<

yx(ω) = −iq2(2π)
∑
jk

f(Ej)[1− f(Ej − ℏω)]δ(Ej − ℏω − Ek)

(⟨Ek|V x |Ej⟩ ⟨Ej|V y |Ek⟩ − ⟨Ek|V y |Ej⟩ ⟨Ej|V x |Ek⟩)

= 4πq2
∑
jk

f(Ej)[1− f(Ej − ℏω)]δ(Ej − ℏω − Ek)ℑ(⟨Ek|V x |Ej⟩ ⟨Ej|V y |Ek⟩)

We made use of the fact that the velocity operators are Hermitian to reach the
last step. With the appearance of the Dirac-delta functions, we are now ready
to integrate. When integrated over ω, the step function ensures that the delta is
captured only when Ej − Ek = ℏω > 0.

Nz =
(−ℏ)(4πq2)
6π2ϵ0c3

∑
jk

θ(Ej − Ek)

(
Ej − Ek

ℏ

)
1

ℏ

f(Ej)[1− f(Ek)]ℑ(⟨Ek|V x |Ej⟩ ⟨Ej|V y |Ek⟩)

= − 8α

3c2

∑
jk

θ(Ej − Ek)(Ej − Ek)f(Ej)[1− f(Ek)]ℑ(⟨Ek|V x |Ej⟩ ⟨Ej|V y |Ek⟩)
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= −8αℏ
3c2

∑
jk

θ(Ej − Ek)f(Ej)[1− f(Ek)]ℜ(⟨Ek|Ax |Ej⟩ ⟨Ej|V y |Ek⟩) (5.13)

MATLAB stores the eigenvalues in ascending order, i.e. k < j =⇒ Ek < Ej. We
thus construct a lower triangular matrix to recast Eqn. 5.13 as a matrix multipli-
cation. Some numerical results are shown below.

(a) Plot of torque against magnetic field at
T =11 603K and µ =1 eV.

(b) Plot of torque against magnetic field at
T =11 603K and µ =−1 eV.

(c) Plot of torque against magnetic field at
T =11 603K and µ =−8 eV.

(d) Plot of torque against magnetic field at
T =11 603K and µ =−4 eV.

(e) Plot of torque against magnetic field at
T =297K and µ =−4 eV.

(f) Plot of torque against magnetic field at
T =58 015K and µ =−4 eV.

Figure 5.9: Plots of radiation torque against magnetic field at different temperatures and chem-
ical potentials for a 10× 10 system.
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The torque radiated appears to vanish in the low-temperature limit, except at a
few special values of the magnetic field. In the high-temperature limit, the radiation
torque approaches a sinusoidal function of the magnetic field, similar to the 5.12.

5.6 Low-temperature limit for radiation torque

From the previous analysis on the low-temperature limit of the radiation power, we
have understood that the exponential decay when β → 0+, due to the vanishing
Fermi factors. The terms only contribute significantly when Ek < µ < Ej. The rea-
soning here is the same, and the only difference is a different set of matrix elements.
Two plots of the low-temperature radiation torque are presented below

(a) Plot of torque against chemical potential
for 10× 10 system in the low-temperature and
weak-field limit.

(b) Plot of torque against chemical potential
for 10×10 system in the low-temperature limit
and with significant magnetic field.

Figure 5.10: Plots of radiation torque in the low-temperature limit at two different magnetic
field region. The torque radiated in the presence of a strong magnetic field is about 109 times
larger than in a weak field. The largest peaks in Fig. 5.4 occur in the same positions as in Fig.
5.10b.

5.7 High-temperature limit for radiation torque

As seen previously, the Fermi distribution goes to half in the high-temperature limit,
and supposedly removing any dependence on µ. However, our numerical simulations
5.11 suggests that the radiation torque is linearly proportional to µ (Fig. 5.11). In
the high-temperature limit, Eqn 5.13 simplifies to

Nz = −
2αℏ
3c2

∑
jk

θ(Ej − Ek)ℜ(⟨Ek|Ax |Ej⟩ ⟨Ej|V y |Ek⟩)

= −αℏ
3c2
ℜ
∑
jk

⟨Ek|Ax |Ej⟩ ⟨Ej|V y |Ek⟩

= −αℏ
3c2
ℜTr(AxV y) = −αℏ

3c2
Tr(AxV y)
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In the last step, Ax and V x are both Hermitian, and thus the trace of their product is
automatically real. However, it turns out that the trace is actually zero. Evaluating
the trace in the position basis,

Tr(AxV y) = − 1

iℏ3
∑
jkl

(xj − 2xl + xk)(yk − yl)HjlHlkHkj

We can borrow the previous idea of counting closed walks. However, there is no
closed walk of length 3 on a square lattice. Thus, we conclude that Tr(AxV y) = 0.
Therefore, the radiation torque vanishes in the high-temperature limit.

However, to be more precise about how the torque vanishes, we should not be
so hasty to take the limit of f(E) → 1

2
. Instead, expand about T = ∞, or β = 0

(Eqn. 4.18). On hindsight, it is sufficient to expand to second order in β.

f(Ej)[1− f(Ek)] ≈
[
1

2
− (Ej − µ)

4
β

] [
1

2
+

(Ek − µ)
4

β

]
=

1

4
+

(Ek − Ej)

8
β − (Ej − µ)(Ek − µ)

16
β2

We have already seen that the zeroth-order term vanishes. It turns out that the
first-order term vanishes too.∑

jk

(Ek − Ej) ⟨Ek|Ax |Ej⟩ ⟨Ej|V y |Ek⟩ = iℏ
∑
jk

⟨Ek|Ax |Ej⟩ ⟨Ej|Ay |Ek⟩

= iℏTr(AxAy)

But by considering all closed walks of length 4, it can be shown that the “destructive
interference” between different walks causes the trace to be zero.

Tr(AxAy) =
1

ℏ4
∑
jkαβ

(xj − 2xα + xk)(yk − 2yβ + yj)HjαHαkHkβHβj = 0

For the second-order term, the numerator can be expanded

(Ej − µ)(Ek − µ) = EjEk − µEj − µEk + µ2

As seen already, the constant term µ2 does not contribute. It also turns out that
the EjEk term does not contribute, as by a similar counting of closed walks with
length 6,∑

jk

EjEk ⟨Ek|Ax |Ej⟩ ⟨Ej|Ay |Ek⟩ = Tr(HAxHAy)

=
1

ℏ4
∑

αβjγδk

(xβ − 2xj + xγ)(yδ − 2yk + yα)HαβHβjHjγHγδHδkHkα

= 0

Therefore, the remaining surviving term is the dominant term.

Nz = −
8αℏ
3c2
ℜ
∑
jk

θ(Ej − Ek)f(Ej)[1− f(Ek)] ⟨Ek|Ax |Ej⟩ ⟨Ej|V y |Ek⟩
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≈ −8αℏ
3c2
ℜ
∑
jk

θ(Ej − Ek)
µ(Ej + Ek)

16
β2 ⟨Ek|Ax |Ej⟩ ⟨Ej|V y |Ek⟩

= −αℏ
6c2

µβ2ℜ
∑
jk

θ(Ej − Ek)(Ej + Ek) ⟨Ek|Ax |Ej⟩ ⟨Ej|V y |Ek⟩

= − αℏ
12c2

µβ2ℜ
∑
jk

(Ej + Ek) ⟨Ek|Ax |Ej⟩ ⟨Ej|V y |Ek⟩

= − αℏ
12c2

µβ2Tr(AxHV y +HAxV y)

= − αℏ
12c2

µβ2Tr(Ax(HV y − V yH︸ ︷︷ ︸
−iℏAy

+2V yH))

= −αℏ
6c2

µβ2Tr(AxV yH) (5.14)

In the second last step, we made use of Tr(AxAy) = 0. The radiation torque is pro-
portional to µ and β2 in the high-temperature limit. This is confirmed numerically
in the following plots.

(a) Plot of torque against chemical potential for
3× 25 system in the high-temperature limit.

(b) Plot of torque against chemical potential
for 7× 9 system in the high-temperature limit.

(c) Plot of torque against inverse temperature
squared for 7× 9 system.

(d) Same plot as (c), but in the region of high
temperatures.

Figure 5.11: Plots of radiation torque in the high-temperature limit. Figure (a) and (b) both
shows the same torque radiated.
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The first two plots confirm that the torque is proportional to µ, as derived in
Eqn. 5.14. This also agrees with Eqn. 5.15, that in the high-temperature limit,
the area is the only significant geometric quantity. The last plot shows that the
radiation torque is linearly proportional to β2 in the high-temperature limit. The
remaining trace does not depend on µ or β and can be further evaluated.

Tr(AxV yH) = − 1

iℏ3
∑
ijkl

(xi − 2xj + xk)(yk − yl)HijHjkHklHli

If all the x are the same, or all the y are the same, there will be no contribution
to the sum. Furthermore, a closed walks has to return to its starting site, so there
are exactly two vertical edges and two horizontal edges for the non-zero terms. The
4 L-shape closed walks (Fig. 5.8b) of different orientations cancel exactly and only
the 4 (out of 8) square loops (Fig. 5.8c) need to be considered. Again, there are
(Nx−1)(Ny−1) ways to place these square loops in the lattice. The full summation
carried out is

Tr(AxV yH) = − t4

iℏ3
(Nx − 1)(Ny − 1)(−4ia2 sin θ0)

=
4a2t4

ℏ3
(Nx − 1)(Ny − 1) sin θ0

This formula is checked numerically in MATLAB. Therefore, the high-temperature
limit of the radiation torque expression is

Nz = −
2a2t4α

3c2ℏ2
(Nx − 1)(Ny − 1)µβ2 sin

qBa2

ℏ
(5.15)

It is a sinusoidal function of the magnetic field and is also proportional to the area
of the system. This result is verified numerically with the two plots below.

(a) Plot of torque against magnetic field for
13× 11 system in the high-temperature limit.

(b) Plot of torque against magnetic field for
16× 9 system in the high-temperature limit.

Figure 5.12: Plots of radiation torque in the high-temperature limit for two systems of different
sizes but with the same area. The radiation torque plots have the same amplitude, as predicted
by Eqn. 5.15.
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Chapter 6

Conclusion

6.1 Main outcomes

We have investigated the physics of non-interacting electrons on discrete lattices,
with a particular focus on their energy spectra, persistence current, and electromag-
netic radiation. The effects of an external magnetic field were accounted for by the
Peierls substitution. The eigenvalues and the eigenvectors of the Hamiltonian were
found numerically using MATLAB.

Using the energy levels and energy eigenstates, we formed the Green functions.
They can be used to compute the expectation values of the current operators and
angular momentum at thermal equilibrium. The resulting current distributions are
complicated, but basic symmetries were observed. In the high-temperature limit,
the current decays to zero in an interesting way. The current vanishes faster in
the interior and thus appears to be localized along the boundary. Through a Taylor
expansion of the Fermi-Dirac distribution, we found that the current at the boundary
of the square lattice vanishes as β3. This power law is obeyed also for the triangle
lattices, but not for the hexagonal lattice.

Using the energy levels and energy eigenstates, we also studied the electromag-
netic radiation that arises from electron transitions. We used the electron Green
function and velocity matrices to construct the current-current correlation function.
Thecurrent-current correlation function allows us to find the total power and torque
radiated using the energy eigenstates. The radiation was computed numerically and
plotted while varying the parameters B, µ and T . Obtaining exact expressions was
impractical due to the lack of exact expressions for the eigenstates, and further com-
plicated by the summation involving the Fermi-Dirac distribution. But nevertheless,
we managed to obtain simple analytic expressions in the high-temperature limit by
Taylor expansion and considering closed walks of fixed lengths on the lattice. This
led us to conclude that the radiation power scales with both the edge and the bulk
of the system, whereas the radiation torque is a bulk effect at high temperatures.
In the low temperature, the radiation is suppressed by an exponential factor, and
will only radiate at specific values of µ and B.
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6.2 Future works

For the next part of the project, we might want to consider systems with periodic
boundary conditions. Despite having some physical inconsistencies, the eigenstates
and eigenvectors are easily computed, and they might be good approximations when
the system is large. We can also study the radiation phenomena in non-equilibrium,
where the system is connected to heat baths. The non-equilibrium Green functions
formalism will be most useful then.
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Appendix A

Fluctuation-dissipation theorem

Here we give a detailed derivation of the fluctuation-dissipation theorem. Recall
that the electron Green functions/correlation functions are a function of a single
real variable t. Extend the domain of the time argument into the complex numbers
and observe the Kubo-Martin-Schwinger condition.

⟨c†k(0)cj(t+ iℏβ)⟩ = 1

Z
Tr(e−β(H−µN )c†ke

i
ℏH(t+iβℏ)cje

− i
ℏH(t+iβℏ))

=
1

Z
Tr(e−βHeβµN c†ke

−βHe
i
ℏHtcje

− i
ℏHteβH)

=
1

Z
Tr(eβµN c†ke

−βHcj(t))

=
1

Z
Tr(e−βHcj(t)e

βµN c†k)

=
1

Z
Tr(e−βHcj(t)e

βµnkeβµ(N−nk)c†k)

=
1

Z
Tr(e−βHcj(t)e

βµnkc†ke
βµ(N−nk))

= Tr(eβµN e−βHcj(t)e
βµnkc†ke

−βµnk)

=
1

Z
Tr(e−β(H−µN )cj(t)e

βµnkc†k)

=
1

Z
Tr(e−β(H−µN )cj(t)e

βµc†k)

= eβµ
1

Z
Tr(e−β(H−µN )cj(t)c

†
k)

= eβµ⟨cj(t)c†k(0)⟩

The above relation applies to the Green functions directly from the defnitions.

−eβµG>
jk(t) = G<

jk(t+ iℏβ)

Translation in time domain corresponds to multiplication by an exponential after
Fourier transform, so intuitively

eβµG>
jk(E) = −eβEG<

jk(E)

G>
jk(E) = −eβ(E−µ)G<

jk(E)
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Although the result is true, the reason is not as simple. The Green functions are not
integrable because they do not decay as t → ∞. Therefore, the Fourier transform
has to be understood in the sense of distribution theory. One way to work this out
is by using the Lehmann representation [26]. Eqn 4.13 can then be used to express
G<

jk(E) and G
>
jk(E) in terms of Gr

jk(E) and G
a
jk(E).

G<
jk(E) = −

1

eβ(E−µ) + 1
(Gr

jk(E)−Ga
jk(E))

= −f(E)(Gr
jk(E)−Ga

jk(E))

G>
jk(E) =

eβ(E−µ)

eβ(E−µ) + 1
(Gr

jk(E)−Ga
jk(E))

= [1− f(E)](Gr
jk(E)−Ga

jk(E))

In the energy domain, there is a nice formula for Gr(E) and Ga(E) [26]. Expanding
in the energy basis and using the Sokhotsky-Plemelj formula,

Gr(E) = (E + i0+ −H)−1

=
∑
l

[
−iπδ(E − El) + P

(
1

E − El

)]
|El⟩ ⟨El|

Ga(E) = (E − i0+ −H)−1

=
∑
l

[
iπδ(E − El) + P

(
1

E − El

)]
|El⟩ ⟨El|

The principal value part will cancel off when their difference is taken. The leftover
terms are

G<(E) = (2πi)f(E)
∑
l

δ(E − El) |El⟩ ⟨El|

G>(E) = −(2πi)[1− f(E)]
∑
l

δ(E − El) |El⟩ ⟨El|
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Appendix B

Peierls substitution for other
lattice geometries

The modification of the code from the square lattice to the triangular lattice is based
on the following isomorphism.

Figure B.1: Correspondence between triangular lattice and square lattice.

Thus, a triangular lattice can be viewed as a square lattice with six nearest-
neighbours. Only a few lines of code needs to be modified to change the definition
of the Hamiltonian. However, the Peierls phases have to be worked out analytically
for all the edges. We label the lattice sites with an integer tuple coordinates (as in
Fig. B.1). The relation between the coordinates and the physical position is(

x
y

)
= a

(
m+ 1

2
n√

3
2
n

)
Using Landau gauge A = xBŷ, the following Peierls phases are obtained.

θ(m,n)→(m+1,n) = 0

θ(m,n)→(m,n+1) =

√
3

2

qa2B

ℏ

(
m+

1

4

)
θ(m,n)→(m−1,n+1) =

√
3

2

qa2B

ℏ

(
m− 1

4

)
Next, we consider the hexagonal (or honeycomb) lattice. The hexagonal lattice is
not a Bravais lattice, so it would appear to be harder to implement the Peierls
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substitutionn in code. However, the result turns out to be quite simple if we choose
the Landau gauge. Again, we have an isomorphism to convert the hexagonal lattice
into a square lattice.

Figure B.2: Correspondence between hexagon lattice and square lattice.

The hexagonal lattice can be considered as a superposition of two triangular
Bravais lattice. This means that in calculating the Peierls phase, we need to specify
the sublattice which we are refering to. However, if we choose the gauge A = −yBx̂,
then the “horizontal” edges will all have the same Peierl phase.

θ(m,n)→(m+1,n) = −
3
√
3

4

qa2B

ℏ
n

For the vertical edges, the associated Peierls phase is zero. The other only modifi-
cation required is to set half of the vertical hopping to zero.
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Appendix C

Proof for third order trace

Here we investigate the trace Tr(H3I) in more detail. We will show that it is zero
when I is an interior edge, and non-zero when I is a boundary edge. But before
that, some properties of adjacency matrices in graph theory are discussed. As a
simple example, consider the following path graph of length 6.

Figure C.1: Path graph with 6 vertices.

Its adjacency matrix is

A =


0 1 0 0 0 0
1 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 1 0
0 0 0 1 0 1
0 0 0 0 1 0


The adjacency matrix provides information about the neighbours of every vertex.
In particular, the number of ways to travel from site j to site k in 1 step is given by
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the matrix element Aij. Next, we compute the higher powers of A.

A2 =


1 0 1 0 0 0
0 2 0 1 0 0
1 0 2 0 1 0
0 1 0 2 0 1
0 0 1 0 2 0
0 0 0 1 0 1

 A3 =


0 2 0 1 0 0
2 0 3 0 1 0
0 3 0 3 0 1
1 0 3 0 3 0
0 1 0 3 0 2
0 0 1 0 2 0


The matrix elements of A2 tells us the number of ways to travel from site j to site k
in exactly two steps. This can be seen from the definition of matrix multiplication.
However, the Hamiltonian has complex entries, due to Peierls substitution.

Hjk = (−t)eiθk→j

Thus, the higher powers of H will have matrix elements

(H2)jl = (−t)2
∑
k

HjkHkl

= (−t)2
∑
k

ei(θl→k+θk→j)

The Peirels phases tend to add up in the complex exponential, which can also be
understood as the total phase accumulated when travelling along a certain path.
Thus, the matrix elements of H3 involves count the number of ways to travel from
site j to site k in exactly three steps, while also taking into account the Peierls
phases. Below, the possible type of edges in a square lattice are enumerated.

(a) Boundary (2×N system) (b) Boundary (corner) (c) Boundary (general)

(d) Interior (2×N system) (e) Interior (near boundary) (f) Interior (general)

Figure C.2: All possible types of edges in a square lattice system.

If we consider the edge in Fig. C.2a, there are 4 ways to go from the left red
site to the right red site in exactly 3 steps. They are: 1) ↑↓→, 2) →←→, 3) →↑↓,
4) ↑→↓. In the first three ways, there is always an edge that is traversed twice and
in opposite direction. That edge does not contribute any phase to the total Peierls
phase. So for those three ways, the total Peierls phase is simply the phase of the
edge joining the two red sites, which we denote as Ω ≡ θl→j.
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However, for the fourth way, the total Peierls phase is not the same as the
previous three. The total phase can be computed by the following trick. Extend the
path to a 5-step walk, ↑→↓←→. This does not introduce any additional phase as
the last two steps cancel each other. The total phase is then θ0 + Ω, where Ω is as
defined earlier and comes from the last step, and θ0 is the Aharonov-Bohm phase
(Eqn. 3.5) for traversing around a square plaquette (which is gauge invariant).

Therefore, the matrix element of H3 is the sum over all these possible walks,
similar to the path integral formalism of quantum mechanics. They are

(H3)lj = eiΩ + eiΩ + eiΩ + eiΩeiθ0

= (3 + eiθ0)eiΩ

It is the relative phase (3 + eiθ0) that is important, as we will see subsequently.
The counting is done for each of the scenario in Fig. C.2 and the relative phase is
written in the upper-right corner of each figure. The key observation is that for the
interior edges, the relative phase is real, while for the boundary edges, the relative
phase is complex. This arises because in the cases of the interior edges, there are
always two paths that give phases which are complex conjugate of each other (going
upwards versus going downwards). The imaginary part of the phase cancels when
the contributions from the two paths are added. For boundary edges, there is no
such path to go downwards and so the total phase still has an imaginary component.

Now, we are ready to give a proof on why the third-order trace vanishes in the
interior. Suppose the matrix H3 is written as

H3 =


z11 z12 z13 . . . z1N
z21 z22 z23
z31 z31 z33
...

. . .

zN1 zNN


The current operator can also be written as a matrix

Ij→l = =
q

iℏ


Hlj

−Hjl



Their matrix product is

H3Ij→l = =
q

iℏ


−Hjlz1j Hljz1l
−Hjlz2j Hljz2l
−Hjlz3j Hljz3l

...
...

−HjlzNj HljzNl


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Therefore, the trace is given by

Tr(H3Ij→l) =
q

iℏ
(−Hjlzlj +Hljzjl)

= −2q

iℏ
ℑHjlzlj

However, since only the current between nearest neighbours are considered (other-
wise Hlj = 0), the matrix element is actually

Hjl = (−t)e−iΩ

Hence, whether the trace is zero or not depends on whether the relative phase is
real or complex.

This manner of reasoning has many other implications. For example, we can im-
mediately conclude that Tr(H2I) = 0 for square lattice as it is a bipartite graph and
there is no way to reach a nearest-neighbour in exactly two steps. For a hexagonal
lattice, the current decays as T−5 at the boundary in the high temperature limit.
This is because the minimum number of steps to reach a nearest neighbour while
having a non-trivial phase (going around a hexagonal plaquette) is 5. This argument
is also useful when interactions between next-nearest neighbours are allowed.
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Appendix D

Derivation of current-current
correlation function

D.1 Time evolution of fermionic operators

We start by stating that the anti-commmutation relations hold whenever the oper-
ators are taken to be at the same time.

{c†m(t), cn(t)} = {U(t)c†mU(t)†, U(t)cnU(t)†}
= U(t)c†mU(t)

†U(t)cnU(t)
† + U(t)cnU(t)

†U(t)c†mU(t)
†

= U(t)c†mcnU(t)
† + U(t)cnc

†
mU(t)

†

= U(t){c†m, cn}U(t)†

= U(t)δmnU(t)
†

= δmn

In the context of the non-interacting Hamiltonian, as given in Eqn, 2.3, we can solve
for the equations of motion for the fermion annihilation operators.

iℏ
d

dt
cj(t) = [cj(t),H]

=
∑
mn

Hmn[cj(t), c
†
m(t)cn(t)]

=
∑
mn

Hmn(cj(t)c
†
m(t)cn(t)− c†m(t)cn(t)cj(t))

=
∑
mn

Hmn((−c†m(t)cj(t) + δmj)cn(t) + c†m(t)cj(t)cn(t))

=
∑
mn

Hmnδmjcn(t)

=
∑
n

Hjncn(t)
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If we put the annihilation operator into a column vector, c, the system of differential
equations can be written in a Schrödinger-like form

iℏ
d

dt
c(t) = Hc(t)

The solution is

c(t) = e−
i
ℏHtc(0) ≡ U(t)c(0)

where U(t) ≡ e−
i
ℏHt is a unitary matrix. In component form,

cl(t) =
∑
q

Ulq(t)cq

The time evolution of the creation operator is obtained simply by taking the Her-
mitian conjugate.

c†k(t) =
∑
p

U∗
kp(t)c

†
p

D.2 Wick’s theorem

Wick’s theorem states that the average of the following 4 fermionic operators at
equal time is

⟨c†icjc†pcq⟩ = ⟨c
†
icq⟩⟨cjc†p⟩+ ⟨c

†
icj⟩⟨c†pcq⟩

Using the results above, the generalization to operators at different time is as follows.

⟨c†icjc
†
k(t)cl(t)⟩ =

∑
pq

Ulq(t)U
∗
kp(t)⟨c

†
icjc

†
pcq⟩

=
∑
pq

Ulq(t)U
∗
kp(t)(⟨c

†
icq⟩⟨cjc†p⟩+ ⟨c

†
icj⟩⟨c†pcq⟩)

= ⟨c†icl(t)⟩︸ ︷︷ ︸
−iℏG<

li (t)

⟨cjc†k(t)⟩︸ ︷︷ ︸
iℏG>

jk(−t)

+ ⟨c†icj⟩︸ ︷︷ ︸
−iℏG<

lk(0)

⟨c†k(t)cl(t)⟩︸ ︷︷ ︸
−iℏG<

ji(0)

Subsequently, we will see that the second term contributes nothing in the expression
of the current-current correlation function.

D.3 Current-current correlation

Here, we define one variant of the current-current correlation function. It is also
proportional to the velocity-velocity correlation function due to Eqn. 4.4.

Π<
µν(t) =

1

iℏ
⟨Iν(0)Iµ(t)⟩
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=
q2

iℏ
⟨V ν(0)V µ(t)⟩

=
q2

iℏ
∑
ijkl

V ν
ijV

µ
kl⟨c

†
icjc

†
k(t)cl(t)⟩

Using Wick’s theorem,

Π<
µν(t) =

q2

iℏ
∑
ijkl

V ν
ij ⟨cjc

†
k(t)⟩V

µ
kl⟨cl(t)c

†
i⟩+

q2

iℏ
∑
ij

V ν
ij ⟨c

†
icj⟩

∑
kl

V µ
kl⟨c

†
kcl⟩

= −iℏq2
∑
ijkl

V µ
klG

<
li (t)V

ν
ijG

>
jk(−t) +

q2

iℏ
∑
ij

(−iℏV ν
ijG

<
ji(0))

∑
kl

(−iℏV µ
klG

<
lk(0))

= −iℏq2Tr[V µG<(t)V νG>(−t)] + q2

iℏ
⟨V ν⟩︸︷︷︸
=0

⟨V µ⟩︸︷︷︸
=0

= −iℏq2Tr[V µG<(t)V νG>(−t)]

This is Eqn. 5.1 in the main text.
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Appendix E

Derivation of radiation formulae

In classical electromagnetism, the Poynting vector represents the flow of electromag-
netic (EM) energy and momentum. It can be expressed in terms of the electric and
magnetic fields [30].

S =
1

µ0

E ×B

In QM, it is more favorable to express everything in terms of the EM potentials.
We adopt the temporal gauge, where there is no scalar potential, ϕ = 0. The EM
fields can then be expressed in terms of the vector potential A alone.

E = −∂A
∂t

B = ∇×A

Or in terms of indices (with implied summation over repeated indices)

Eµ = −∂tAµ

Bν = ϵνγδ∂γAδ

The components of the Poynting vector are thus

Sα =
1

µ0

ϵαµνEµBν

= − 1

µ0

ϵνγδϵαµν(∂tAµ)(∂γAδ)

At this point, we introduce the definition of the photon Green functions.

D<
µν(r, t, r

′, t′) ≡ 1

iℏ
⟨Aν(r

′, t′)Aµ(r, t)⟩ (E.1)

D>
µν(r, t, r

′, t′) ≡ 1

iℏ
⟨Aµ(r, t)Aν(r

′, t′)⟩ (E.2)

Then, the expectation value of the Poynting vector is

⟨Sα⟩ = −
1

µ0

ϵνγδϵαµν⟨(∂tAµ)(∂γAδ)⟩
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= − 1

µ0

ϵνγδϵαµν∂t′∂γ⟨Aµ(r
′, t′)Aδ(r, t)⟩|r′=r,t′=t

In the classical world, the order of the product of quantities do not matter. However,
in the quantum world, there is a difference in writing AµAν versus AνAµ. Also, the
product of two Hermitian operators is not necessarily Hermitian. According to
Janowicz et al. [31], the correct way to proceed is to use normal ordering.

⟨: Sα :⟩ = − 1

µ0

ϵνγδϵαµν∂t′∂γ⟨: Aµ(r
′, t′)Aδ(r, t) :⟩|r′=r,t′=t

Normal ordering involves decomposing the operator into the sum of a “positive
frequency part” and a “negative frequency part”. To do this, we need to use the
Fourier transform of the operator.

A(ω) =

∫ ∞

−∞
A(t)eiωt dt

We assume that the Fourier transform and the inverse Fourier transform both exist,
and the Fourier inversion theorem holds. A(t) is assumed to be a Hermitian operator,
so

A(ω)† =

∫ ∞

−∞
A(t)e−iωt dt

= A(−ω)

We define the positive and negative frequency terms of A(t) using with a slight
modification of the inverse Fourier transform

A(+)(t) ≡ 1

2π

∫ ∞

0

A(ω)e−iωt dω

A(−)(t) ≡ 1

2π

∫ 0

−∞
A(ω)e−iωt dω

such that A(t) = A(+)(t) + A(−)(t). Since A(t)† = A(t), we have a relation between
the positive and negative frequency terms.

A(+)(t)† =
1

2π

∫ ∞

0

A(ω)†eiωt dω

=
1

2π

∫ ∞

0

A(−ω)eiωt dω

=
1

2π

∫ 0

−∞
A(ω)e−iωt dω

= A(−)(t)

The normal ordering ensures that whenever there are product of operators, the
negative frequency term is on the left and the positive frequency term is on the
right. To be less cumbersome, we temporarily suppress the time dependence of A
in the next few lines.

: AµAν :=: (A(+)
µ + A(−)

µ )(A(+)
ν + A(−)

ν ) :
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=: A(+)
µ A(+)

ν + A(+)
µ A(−)

ν + A(−)
µ A(+)

ν + A(−)
µ A(−)

ν :

= A(+)
µ A(+)

ν + A(−)
ν A(+)

µ + A(−)
µ A(+)

ν + A(−)
µ A(−)

ν

= A(+)
µ A(+)

ν − A(+)
ν A(+)

µ + A(+)
ν A(+)

µ + A(−)
ν A(+)

µ + A(−)
µ A(+)

ν + A(−)
µ A(−)

ν

= [A(+)
µ , A(+)

ν ] + AνA
(+)
µ + A(−)

µ Aν

The commutator between the positive frequency terms is zero. Therefore, the ex-
pectation value is a real quantity.

⟨: AµAν :⟩ = ⟨AνA
(+)
µ ⟩+ ⟨A(−)

µ Aν⟩
= 2ℜ⟨AνA

(+)
µ ⟩

The order of the indices µ, ν does not matter here. One can show using the same
approach that

: AνAµ : = AνA
(+)
µ + A(−)

µ Aν + [A(−)
ν , A(−)

µ ]

and

⟨: AµAν :⟩ = 2ℜ⟨AνA
(+)
µ ⟩ = ⟨: AνAµ :⟩

Now, we are interested to evaluate the expectation ⟨AνA
(+)
µ ⟩. We aim to write this

in terms of the photon Green function defined in Eqn. E.1.

1

iℏ
⟨Aν(t

′)A(+)
µ (t)⟩ = 1

iℏ
⟨Aν(0)A

(+)
µ (t− t′)⟩

=
1

2π

∫ ∞

0

1

iℏ
⟨Aν(0)Aµ(ω)⟩e−iω(t−t′)dω

=
1

2π

∫ ∞

0

D<
µν(ω)e

−iω(t−t′) dω

Where we have introduce the photon Green function in frequency domain.

D<
µν(r, r

′, ω) ≡
∫ ∞

−∞
D<

µν(r, t, r
′, t′)eiω(t−t′)dt

=

∫ ∞

−∞
D<

µν(r, t, r
′, t′ = 0)eiωtdt

=
1

iℏ
⟨Aν(r

′, t′ = 0)

∫ ∞

−∞
Aµ(r, t)e

iωtdt⟩

=
1

iℏ
⟨Aν(r

′, t′ = 0)Aµ(r, ω)⟩

Therefore, the average value of the normal-ordered operators is

⟨: Aµ(r
′, t′)Aδ(r, t) :⟩ = −

ℏ
π
ℑ
∫ ∞

0

D<
µδ(r, r

′, ω)e−iω(t−t′) dω

The expression for the Poynting vector involves differentiation in time and space.
The temporal derivative becomes the factor iω under the Fourier transform.

∂t′∂γ⟨: Aµ(r
′, t′)Aδ(r, t) :⟩ = −

ℏ
π
ℑ
∫ ∞

0

iω∂γD
<
µδ(r, r

′, ω)e−iω(t−t′) dω
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= −ℏ
π
ℜ
∫ ∞

0

ω∂γD
<
µδ(r, r

′, ω)e−iω(t−t′) dω

Finally, the expression for the average Poynting vector is

⟨: Sα(r, t) :⟩ = −
1

µ0

ϵνγδϵαµν∂t′∂γ⟨: Aµ(r
′, t′)Aδ(r, t) :⟩|r′=r,t′=t

=
ℏ
πµ0

ϵνγδϵαµνℜ
∫ ∞

0

ω∂γD
<
µδ(r, r

′, ω)e−iω(t−t′) dω|r′=r,t′=t

=
ℏ
πµ0

ϵνγδϵαµνℜ
∫ ∞

0

ω∂γD
<
µδ(r, r

′, ω) dω|r′=r

Using the identity ϵνγδϵαµν = δαγδµδ − δαδδµγ, the expression can be simplified to

⟨: Sα(r, t) :⟩ =
ℏ
πµ0

(δαγδµδ − δαδδµγ)ℜ
∫ ∞

0

ω∂γD
<
µδ(r, r

′, ω) dω|r′=r (E.3)

Next, write D<
µν(r, r

′, ω) as a matrix and use the Keldysh equation.

D<(ω) = Dr(ω)Π<(ω)Da(ω) ≈ dr(ω)Π<(ω)da(ω) (E.4)

Dr andDa are the retarded and advanced photon Green functions, with (Dr)† = Da,
and Π is the current-current correlation function. Dr can be approximated with the
free photon Green functions, dr, by truncating the Dyson series at the zeroth order

Dr = dr + drΠrDr

= dr + drΠrdr + drΠrdrΠrdr + . . .

≈ dr

Eqn. E.4 in component form is

D<
µδ(r, r

′, ω) =
∑
σβjl

drµσ(r, rj, ω)Π
<
σβ(rj, rl, ω)d

a
βδ(rl, r

′, ω)

Since we are later going to integrate over a large spherical surface, we make the
following monopole approximation.

drµσ(r, rj, ω) = drµσ(r − rj, ω) ≈ drµσ(r, ω)

The expressions for the free photon Green functions are [32]

drµσ(r, ω) = −
ei

ω
c
r

4πϵ0c2r

(
δµσ −

xµxσ
r2

)
+O(1/r2) (E.5)

daβδ(r, ω) = −
e−iω

c
r

4πϵ0c2r

(
δβδ −

xβxδ
r2

)
+O(1/r2) (E.6)

The higher order terms can be neglected as there will be a surface integral later,
and we will take r to be large. The next step is to work out the derivative ∂γ.

∂γD
<
µδ(r, r

′, ω) = (∂γd
r
µσ(r, ω))

(∑
jl

Π<
σβ(rj, rl, ω)

)
daβδ(r

′, ω)
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We try to perform the derivatives term by term.

∂γ

(
eikr

r

)
= ik

xγ
r2
eikr +O(1/r2)

∂γ

(
eikrxµxσ

r3

)
= ik

xµxσxγ
r4

eikr +O(1/r2)

so that

∂γd
r
µσ(r, ω) = −iωxγ

ei
ω
c
r

4πϵ0c3r2

(
δµσ −

xµxσ
r2

)
= i

ωxγ
cr

drµσ(r, ω)

and

∂γD
<
µδ(r, r

′, ω) = i
ωxγ
cr

drµσ(r, ω)

(∑
jl

Π<
σβ(rj, rl, ω)

)
daβδ(r

′, ω)

The current-current correlation function is obtained using the random phase ap-
proximation. ∑

jl

Π<
σβ(rj, rl, ω) = Π<

σβ(ω)

=

∫ ∞

−∞
Π<

σβ(t)e
iωt dt

where the current-current correlation in the time-domain is given in the main text
in Eqn. 5.1. Therefore, continuing from Eqn. E.3, the Poynting vector is

⟨: Sα(r, t) :⟩ =
ℏ
πµ0

(δαγδµδ − δαδδµγ)ℜ
∫ ∞

0

i
ω2xγ
cr

drµσ(r, ω)Π
<
σβ(ω)d

a
βδ(r, ω)dω

= − ℏxγ
πµ0cr

(δαγδµδ − δαδδµγ)ℑ
∫ ∞

0

ω2drµσ(r, ω)Π
<
σβ(ω)d

a
βδ(r, ω)dω

Using Eqn. E.5 and Eqn. E.6, the free photon Green functions can be eliminated.

⟨: Sα(r, t) :⟩ = −
ℏxγ
πµ0cr

(δαγδµδ − δαδδµγ)ℑ
∫ ∞

0

dω ω2

ei
ω
c
r

4πϵ0c2r

(
δµσ −

xµxσ
r2

)
Π<

σβ(ω)
e−iω

c
r

4πϵ0c2r

(
δβδ −

xβxδ
r2

)
=

−ℏxγ
16π3ϵ20µ0c5r3

(δαγδµδ − δαδδµγ)
(
δµσ −

xµxσ
r2

)(
δβδ −

xβxδ
r2

)
ℑ
∫ ∞

0

dω ω2Π<
σβ(ω)

With some contractions of the Kronecker delta’s, it can be shown that

xγ(δαγδµδ − δαδδµγ)
(
δµσ −

xµxσ
r2

)(
δβδ −

xβxδ
r2

)
= xα

(
δβσ −

xβxσ
r2

)
so the expression of the Poynting vector simplifies to

⟨: Sα(r, t) :⟩ =
−ℏxα

16π3ϵ0c3r3

(
δβσ −

xβxσ
r2

)
ℑ
∫ ∞

0

dω ω2Π<
σβ(ω)
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Since Sα is proportional to xα, the average Poynting vector is radial. To find the
total power emitted, we integrate the flux over a large sphere. This is also the reason
we only keep the Poynting vectors to term of order 1/r2. Instead of having the terms
which sums over β, σ, we can write it as a matrix product instead.(

δβσ −
xβxσ
r2

)
Π<

σβ(ω) = Tr
(
I− r̂r̂T

)
Π<

where I is the 3x3 identity matrix and r̂ is the unit position vector as a column
vector. The trace is summing over the diagonal elements. When calculating the
surface integral over the sphere, we need to know the angular average of the quantity
S · r̂, which is proportional to Tr

(
I− r̂r̂T

)
Π<. The matrix

(
I− r̂r̂T

)
is a projector

and it turns out that the angular average is

⟨Tr
(
I− r̂r̂T

)
Π<⟩r̂ =

2

3
TrΠ<

The notation ⟨. . .⟩r̂ is to average over all unit vectors r̂ (angular average over a unit
sphere). We are now finally in a position to calculate the total power. First, the
angular average of S · r̂ is

⟨S · r̂⟩r̂ =
〈xα
r
⟨: Sα(r, t) :⟩

〉
r̂

=
−ℏ

16π3ϵ0c3r2
ℑ
∫ ∞

0

dω ω2
〈(
δβσ −

xβxσ
r2

)
Π<

σβ(ω)
〉
r̂

=
−ℏ

24π3ϵ0c3r2
ℑ
∫ ∞

0

dω ω2TrΠ<

For the last step, multiply by the area of the sphere.

P∞ = lim
r→∞

4πr2⟨S · r̂⟩r̂

=
−ℏ

6π2ϵ0c3
ℑ
∫ ∞

0

dω ω2TrΠ<

This is Eqn. 5.3 in the main text.
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Appendix F

Energy spectra for small systems

This section is meant to be a mini database collecting the exact spectrum for small
systems. We have managed to find the eigenvalues for the cases 2× 2, 2× 3, 2× 4
and 3× 3. For convenience, set t = −1 in this appendix.

F.1 2x2 square lattice

The 2× 2 square lattice Hamiltonian can be written as

H =


0 1 1 0
1 0 0 eiθ

1 0 0 e−iθ

0 e−iθ eiθ 0


The symmetric gauge is used here, and θ = Ba2q

2ℏ is the associated Peierls phase.
The eigenvalues are very simple.

ϵ0 = −2 sin
θ

2
, ϵ1 = 2 cos

θ

2
, ϵ2 = 2 sin

θ

2
, ϵ3 = −2 cos

θ

2

A plot of the eigenvalues against the magnetic field is shown below

Figure F.1: Eigenvalues for 2× 2 square lattice.
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The (right) eigenvectors are

|ϵ0⟩ =
1

2
(1,−iei

θ
2 , ie−i θ

2 ,−1)T

|ϵ1⟩ =
1

2
(1,−ei

θ
2 ,−e−i θ

2 , 1)T

|ϵ2⟩ =
1

2
(1, iei

θ
2 ,−ie−i θ

2 ,−1)T

|ϵ3⟩ =
1

2
(1, ei

θ
2 , e−i θ

2 , 1)T

F.2 3x2 square lattice

We look at the next-simplest square lattice, the 3 × 2 lattice. The Hamiltonian is
of the following form.

H =


0 1 0 1 0 0
1 0 1 0 eiθ 0
0 1 0 0 0 e2iθ

1 0 0 0 e−iθ 0
0 e−iθ 0 eiθ 0 e−iθ

0 0 e−2iθ 0 eiθ 0


Its eigenvalues can be solved exactly. For convenience, define the quantity

ϕ = cos−1

[√
729

1000

(
cos 2θ +

1

27

)]

Note that cos−1
√

98
125
≤ ϕ ≤ π − cos−1

√
169
250

. The eigenvalues can then be written
as

ϵ0 = 2

√
10

9
cos

(
ϕ

3

)
+

1

3

ϵ1 = 2

√
10

9
cos

(
ϕ− π
3

)
− 1

3

ϵ2 = 2

√
10

9
cos

(
ϕ− 2π

3

)
+

1

3

ϵ3 = 2

√
10

9
cos

(
ϕ− 3π

3

)
− 1

3

ϵ4 = 2

√
10

9
cos

(
ϕ− 4π

3

)
+

1

3

ϵ5 = 2

√
10

9
cos

(
ϕ− 5π

3

)
− 1

3

A plot of the spectrum is provided below. Note the appearance of “higher harmon-
ics” as compared to the 2x2 case.
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Figure F.2: Eigenvalues for 3× 2 square lattice.

F.3 4x2 square lattice

For the family of 2 ×N systems, the next one is 4 × 2 lattice. The Hamiltonian is
of the following form.

H =



0 1 0 0 1 0 0 0
1 0 1 0 0 eiθ 0 0
0 1 0 1 0 0 e2iθ 0
0 0 1 0 0 0 0 e3iθ

1 0 0 0 0 e−iθ 0 0
0 e−iθ 0 0 eiθ 0 e−iθ 0
0 0 e−2iθ 0 0 eiθ 0 e−iθ

0 0 0 e−3iθ 0 0 eiθ 0


The eigenvalues are

ϵ0 =

√√
8 cos 3θ + 10 cos 2θ + 12 cos θ + 15

2
+ cos θ +

5

2

ϵ1 =

√√
−8 cos 3θ + 10 cos 2θ − 12 cos θ + 15

2
− cos θ +

5

2

ϵ2 =

√
−
√
8 cos 3θ + 10 cos 2θ + 12 cos θ + 15

2
+ cos θ +

5

2

ϵ3 =

√
−
√
−8 cos 3θ + 10 cos 2θ − 12 cos θ + 15

2
− cos θ +

5

2

ϵ4 = −

√√
8 cos 3θ + 10 cos 2θ + 12 cos θ + 15

2
+ cos θ +

5

2

ϵ5 = −

√√
−8 cos 3θ + 10 cos 2θ − 12 cos θ + 15

2
− cos θ +

5

2
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ϵ6 = −

√
−
√
8 cos 3θ + 10 cos 2θ + 12 cos θ + 15

2
+ cos θ +

5

2

ϵ7 = −

√
−
√
−8 cos 3θ + 10 cos 2θ − 12 cos θ + 15

2
− cos θ +

5

2

The energy spectrum is shown below.

Figure F.3: Eigenvalues for 4× 2 square lattice.

F.4 3x3 square lattice

Lastly, we examine the 3 ×3 lattice, which the energy eigenvalues can be solved
analytically too. The Hamiltonian is

H =



0 1 0 1 0 0 0 0 0
1 0 1 0 eiθ 0 0 0 0
0 1 0 0 0 e2iθ 0 0 0
1 0 0 0 e−iθ 0 1 0 0
0 e−iθ 0 eiθ 0 e−iθ 0 eiθ 0
0 0 e−2iθ 0 eiθ 0 0 0 e2iθ

0 0 0 1 0 0 0 e−2iθ 0
0 0 0 0 e−iθ 0 e2iθ 0 e−2iθ

0 0 0 0 0 e−2iθ 0 e2iθ 0


The eigenvalues are

ϵ = 0,±2 sin θ,±2
√
1 + cos2 θ,±2 sin

(
θ +

π

4

)
,±2 sin

(
θ − π

4

)
Graphs of the energy spectrum is shown below.
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Figure F.4: Eigenvalues for 3× 3 square lattice.

As the system grow larger, it becomes almost impossible to solve the character-
istic polynomial when the degree is larger than 5. Thus, we do not pursue further
in this direction.
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Appendix G

Matlab code

Code for Hamiltonian on square lattice with Peierls substitution

% r = B ∗ q ∗ aˆ2 / hbar i s d imens ion les s B f i e l d
% Landau gauge : (Ax , Ay, Az) = B (−y , 0 , 0)
function H = Hamiltonian ( t , Nx , Ny, r )

N = Nx ∗ Ny;
H = zeros ( [N, N ] ) ;

for index1 = 1 :Nx % crea t i on index
for index2 = 1 :Ny % crea t i on index

for x = 1 :Nx % ann i h i l a t i on index
for y = 1 :Ny % ann i h i l a t i on index

% f l a t t e n e d ind i c e s
C = f l a t t e n ( index1 , index2 ,Nx ) ;
Z = f l a t t e n (x , y ,Nx ) ;

i f index1==x+1 && index2==y % r i g h t
H(C,Z) = exp(−1 i ∗y∗ r ) ;

e l s e i f index1==x−1 && index2==y % l e f t
H(C,Z) = exp(+1 i ∗y∗ r ) ;

e l s e i f index1==x && index2==y+1 % top
H(C,Z) = 1 ;

e l s e i f index1==x && index2==y−1 % bottom
H(C,Z) = 1 ;

% e l s e not neares t neighbours , remains 0
end

end
end

end
end

H = −t ∗ H; % hopping
end

function f l a t t e n e d = f l a t t e n (x , y ,Nx)
f l a t t e n e d = (y−1)∗Nx + x ;

end
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Appendix H

Units

Below are the units used in the calculations. We define the following 5 units and
derive the rest from them.

Table H.1: Defined units

Physical quantity Defined unit
Angular momentum ℏ
Energy/torque 1 eV
Mass me

Charge e
Temperature 1K

These units are chosen such that the numerical values for our physical quantities
are in a reasonable range. The other units derived from them are

Table H.2: Derived units

Physical quantity Derived unit
Time ℏ

1 eV
= 6.582× 10−16 s

Length ℏ√
me(1 eV)

= 2.760× 10−10m

Velocity
√

1 eV
me

= 4.194× 105m/s

Magnetic field me(1 eV)
eℏ = 8636T

Voltage 1V

Current e(1 eV)
ℏ = 2.434× 10−4A

Power (1 eV)2

ℏ = 2.434× 10−4W

Force

√
me(1 eV)3

ℏ = 5.804× 10−10N

Only four significant figures are written down in the table above due to aesthetics.
However, we try to be as precise as possible when implementing them in the code.
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