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Abstract

In this thesis we showed that Non-equilibrium Green’s Function Perturbation Theory (NEGF) is really
the overarching perturbative transport theory. This is shown in great detail by using NEGF as a
starting point and developing in 3 directions to obtain the usual transport-related expressions. The 3
directions are: Landauer-like theory, kinetic theory and Green-Kubo linear response theory. This thesis
is concerned with using NEGF to generalize the 2 directions of Landauer-like theory and the kinetic
theory.

Firstly, NEGF is used to derive phonon-phonon Hedin-like functional derivative equations which
generates conserving self energy approximations for phonon-phonon interaction.

Secondly, for the Landauer-like theory, using the perturbation expansion, we easily obtain anhar-
monic (or phonon-phonon interaction) corrections to the ballistic energy current and to the noise associ-
ated to the energy current. The lowest 3-phonon interaction, the lowest and the second lowest 4-phonon
interaction corrections to the ballistic energy current are obtained. The lowest 3-phonon interaction
correction to the noise is obtained. Along a seperate line, we found that we can incooperate high mass
disorder into the ballistic energy current formula. The coherent potential approximation (CPA) for
treating high mass disorder is found to be compatible with the ballistic energy current expression.

Lastly, for the kinetic theory, Wigner coordinates + gradient expansion easily allow the reproduction
of the usual phonon Boltzmann kinetic equation. It is also straightforward to derive phonon-phonon
correlation corrections to kinetic equations. Kinetic equations lead to hydrodynamic (balance) equations
and we derived phonon-phonon correlation corrections to the entropy, energy and momentum balance
equations.



Chapter 1

Preface

[Organisation of the thesis|] The thesis is structured to compare 3 types of transport theories
emanating from Nonequilibrium Green’s Functions (NEGF): Landauer-like theory, kinetic theory and
Linear Response Green-Kubo theory. That is why for each type of interaction, all 3 versions are
presented as far as possible. Then for each interaction, the Hedin-like functional derivative equations
describing the self consistent treatment of that interaction are presented. Such Hedin-like equations
generate conserving approximations for that interaction.

1.1 Main Objectives of the Research

1. Seek a rigorous framework of NEGF for phonons. This is done along 2 lines of development: the
Landauer development, and the kinetic theory development Here, rigorous means the derivations
are done with minimal “mysterious steps” like dropping terms without notice. The anharmonic
corrections to Landauer energy current is done rigorously by expanding the S-matrix properly
and checking all usages of Wick’s factorization theorem properly.

2. Phonon-phonon and electron-phonon interactions are recasted into self consistent functional deriva-
tive Hedin-like equations. These equations generate self consistent skeleton diagrams of the inter-
action. The self consistent skeleton diagrams are conserving approximations ! . In other words, we
want to derive equations that generate conserving approximations for as many types of interactions
as possible.

3. We want to survey bulk theories that handle high concentrations of disorder in lattices to see
which one works best for finite nanosystems (at least numerically).

1.2 Guide to Reading the Thesis

For the thesis examiners, I include here a guide to point out the main flow and to list the results in
the thesis to facilitate an easy access to the thesis. There are several features in the thesis that the
examiner can use as guides.

!The meaning of conserving approximations is in the sense in [Baym1962] by Gordon Baym. Essentially, the idea is sim-
ple: The Green’s functions are approximated by retaining some subset of self energy terms/diagrams. These approximated
Green’s functions are used to calculate the physical quantities. Conserving approximations are self energy approximations
that give approximated Green’s functions that give approximated physical quantities which satisfy continuity equations
between these physical quantities. I have to admit that Baym derived the criteria in a particular context (2-particle
interaction) and this criteria may be modified in this particular context of particle number non-conserving 3,4-particle
interaction. This needs to be checked in future.
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[Features:]

1. The contents page gives the overall structure of the thesis. The logical flow of concepts and
developments can be seen in the contents page. Please always refer back to the contents page for
the logic of a particular development.

2. The asterisked sections in the contents page indicate sections with my contributions. Comments
at the end of those sections explain the contributions. All un-asterisked sections are reproductions
from the literature.

3. Some long subsections has a bold paragraph heading in square brackets. That heading summarizes
the objective of that subsection. For readers who are lost in the reading or lost in the derivation
can refer back to the bold heading and stay on track.

4. Final and important equations are boxed. A receipe is given in some sections where the derivation
is very long.

For the examiners of this thesis, I shall now list the parts of the thesis which contain my contribution
and what they are.

1. The chapters which have my contribution are: chapter 3 on NEGF (mostly phonons), chapter 5
on anharmonicity and chapter 7 on disordered systems.

2. The results in the chapter on NEGF (mostly phonons) are:

(a) Langreth’s theorem for terms in vertex multiplication.

(b) Noise associated with Energy Current (for a noninteracting central) where we obtained the
Satio & Dhar’s formula via a different way. They did it using generating functionals based
on a 2-time measurement process. We did it by pure NEGF only.

(¢) H-Theorem for correlated phonons is explicitly derived. The corrections due to correlations
enter the entropy density and the entropy flux density.

(d) Generalized Kadanoff-Baym Ansatz (Phonons) was constructed but it turned out to be un-
successful. We hope the derivation given there allows the problem in construction to be
uncovered.

3. The results in the chapter on anharmonicity are:

(a) Anharmonic corrections to the Landauer ballistic current are systematically derived.
(b) Anharmonic corrections to the ballistic noise are systematically derived.

(¢) Phonon-phonon Hedin-like equations are derived and a library of self consistent phonon self
energies which gives conserving approximations is collected.

(d) In the section on applications of QKE on top of BE, correlation corrections to phonon energy
and momentum balance equations are derived.

4. The result in the chapter on disordered systems is:

(a) In section 7.4.1.1.3, the 2-particle configuration average within CPA is incooperated into the
Landauer formula. Hence it becomes possible to modify Landauer formula for high mass
disordered systems. This leads to the publication [NIMLL2011].

5. We state here briefly the aims of including the other chapters:
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(a) Chapter 4 on Reduced density matrix is included to provide another dimension besides
NEGF. A promising numerical method - stochastic unravelling - is also illustrated.

(b) Chapter 6 on Electron-phonon interaction is included to show that electron-phonon interac-
tion has also been rewritten into Hedin-like equations.

(c) Appendix D on NEGF for electrons is included to show the corresponding development for
electrons. This provides a comparison with the main text which is concentrated on phonons.
1.3 Incomplete Derivations in the Thesis

1. The derivation of the exponent in the influence functional.

2. The checking of the Landauer energy conservation sum rule in the appendix. It is not exactly an
incomplete derivation, the derivation gives contradictory results.

3. In the section on electron-phonon Hedin-like equations, the derivations on “normal modes in
body-fixed frame” and “phonon-induced effective electron-electron interaction” are not included.

1.4 Notation used in this Thesis

Notation used in this thesis

G — Electron Green’s function

k — Electron momentum

n — Electron band index

D — Phonon Green’s function

U — displacement vector

Q — normal coordinate

at,a — mode amplitudes

éfq, ﬁ? =[] — position vector of site [ or cell [.

k — kth atom in the cell.

« — cartesian component of the displacement vector
q — Phonon Momentum

J — Phonon branch index

G<, D= — Lesser Green’s functions

G~, D~ — Greater Green’s functions

GE, D — Retarded Green’s functions

G4, DA — Advanced Green’s functions

GK, DX — Keldysh Green’s functions

&) — Left lead related function

) — Right lead related function

fed — Equilibrium electronic distribution (Fermi-Dirac distribution)
f — Non-equilibrium electronic distribution

Ned — Equilibrium phononic distribution (Bose-Einstein distribution)

N — Non-equilibrium phononic distribution
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Fourier Transforms:
dq g7 _ o QG g (>
A(r) = /(271)36 AQ) A(cj’)-/dr@ A(T) (1.1)
A(t) = /dwe_i“’tA(w) ,  Aw) :/dteith(t) (1.2)

1 - 1 -
= — 7etdT — =2, —1q-T
6() L /dqe ., 6(q) @2n)? /d e (1.3)
— i —iwt _ i iwt
o(t) = o dwe , O(w) = 5 /dte (1.4)

[Recommended Phonon and or Transport related books] These are references that serve me
well to cover the background of the topic. Obviously the list is strictly a personal one and is neither
complete nor all inclusive.

e Description of phonons and anharmonicity at the level of solid state or condensed matter text-
books: [Madelung1978] and [Callaway1991].

e Specialized books on phonons: [Maradudin1974] especially chapter 1, [Srivastaval990], [Gruevich1986],
[Ziman2001] and [Reissland1973].

e Specialized articles on phonons: [Kwok1968] and [Klemens1958].

e Good books on transport: [Smith1989], [DiVentra2008|, [Bonitz1998] and [Vasko2005]. These
books on transport are more in the engineering style: [Chen2005] and [Kaivany2008].

1.5 Acknowledgements

I would like to thank my supervisors; Prof Feng for his support and Prof Wang for always asking
penetrating questions that provoke deeper thinking. I would like to thank my family and my friends for
their support.



Chapter 2

Introduction

2.1 Discussion on Theoretical Issues in Thermal Transport

In this section, we discuss only theoretical issues in thermal transport with a mind for nanosystems.
These are essentially the big questions that the thesis will try to address.

1. [Transport Theories:]

(a) [Boltzmann Kinetic Theory] Historically, this transport theory came first and it came
as the classical version. Some quantum effects are taken into account by using Golden Rule
transition rates for the rate of change in distribution due to collisions.

(b) [Kubo Linear Response| This came from a complete quantum treatment although it is
truncated at first order (hence the name linear response). It is written into a response function
form which makes it very attractive because transport coefficients are response functions!

(¢c) [NEGF] This is still a perturbative theory but the step forward is that, a time dependent
Hamiltonian can also written into a perturbative form that allows a Feynman diagram-
matic treatment thus immediately there are various ways to go beyond first order perturba-
tion. There are other developments from NEGF: (voltage/thermal) leads can be dynamically
treated (called the Landauer-like treatment); kinetic theory can be derived from a complete
quantum treatment and quantum corrections to kinetic theory can be done systematically
(called quantum kinetic theory (QKE)).

Thus as far as quantum effects are concerned, NEGF gives the most complete treatment although
it is still perturbative.

2. [Non-equilibrium Situation| Due to the small sizes of the system and due to the small sizes
of the contacts the transport in the system is likely to be in a highly non-equilibrium state. The
question is, can such a non-equilibrium state be reached by perturbation theory? Most likely
no. We hope that by employing self consistent methods (such as Hedin’s equations) the non-
perturbative regime can be reached (computationally).

3. [Finite Size Effects] The finite size of nanosystems means that surface and interface effects
are going to be significant and perhaps dominate the transport properties. What is the most
realistic way of taking these effects into account? The typical Physics/Engineering treatment is
to treat surface and interface effects as some kind of “rough reflective surface” where particles’
momentum get degraded and changes direction. A parameter is introduced to denote the amount
of degradation. Chemists’ treatment is a bottom-up approach where bigger and bigger molecules
are considered and all internal and external degrees of freedom are taken into account. The Coriolis
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and Mass Polarization terms calculated in the chapter on electron-phonon interaction are terms
which decrease in effect as the system gets larger and larger. Thus these are finite size effects
which the Physics/Engineering treatment miss.

4. [N and U-processes] ! In the well-established treatment of phonon transport by the phonon
Boltzmann equation the argument of N-processes redistributing phonons and of U-processes
“killing” crystal momentum is convincing and physically sound but Brillouin zones and momenta
are all bulk concepts. Thus for finite systems, the ideas of elastic scattering (IN-processes) and
inelastic processes (U-processes) are not very obvious. It is important because we need to know
what processes “kills” the momenta of the carriers.

5. [Controlled Approximations] Many-body problems are not solvable. Approximations are un-
avoidable. The issues we need to keep in mind are that approximations must be tracked so that we
know exactly the approximations within the theory then it can be systematically checked which
set of approximations work in a particular situation. Example: do approximations that work in
describing bulk systems work for nanosystems?

6. [Experiments] Thermal transport experiments are extremely difficult to carry out because there
is no direct way to meansure a heat current so there are not many experimental results. Thus our
real picture of thermal transport in nanosystems is still sketchy but there are a few hints which I
will state now. 2

(a) [Depressed Melting Points| There are plentiful and definitive experimental results show-
ing that nanomaterials have much depressed melting points compared to their bulk coun-
terparts. No references are given here as such data can be found in many articles, tables
and handbooks. There are also various (surface to volume ratio related) models to explain
for the depression but in the context of anharmonicity, we simply need to know that melt-
ing requires the particles to move apart from their average equilibrium positions and thus
anharmonic excitations are needed. The lowered melting point implies the ease of creating
anharmonic excitations in nanosystems over their bulk counterparts. This means 2 things:
we should have theoretical developments including higher phonon-phonon interactions and
simple renormalization may not be sufficient as anharmonicity is not really “small”. 3

(b) [Ballistic or diffusive transport? Fourier’s Law?] The usual understanding of bulk
thermal transport is that there is diffusive transport since the system size is far larger than
the phonon mean free path and Fourier’s Law is obeyed. For nanosystems, experiments
tell a different story. The measurement in [Schwab2000] showed conclusive phonon ballistic
transport at very low temperatures. This brings in the need to consider coherent (or semi-
coherent) phonon transport. This motivates the theoretical development of transport theories
with correlations on top of the usual collision scenario. The measurement in [Chang2008]

'Here is a quick recap of the definition of the N and U-processes. N-process stand for Normal process and represents
the conservation of “crystal momentum”, i.e. (3, tj;)inmal = (Zf if)ﬁnal is obeyed in an interaction. U-process stand
for Umklapp process and represents the conservation of “crystal momentum” modulo reciprocal lattice vectors g, i.e.
(Zicﬁ)mmal =ng+ (Zf Jf) is obeyed in an interaction (with n = 1,...). U-process maps the final vectors back

final

into the first Brillouin zone and these mapped-back-vectors typically have a smaller magnitude and have their directions
“flipped backwards”.

20bviously, this is an incomplete coverage of experimental results but I hope that this coverage is representative. There
is a huge amount of numerical results but I choose to be skeptical and exclude numerical simulation results from this
introduction.

31t is also important to note that the reduced dimensionality of nanosystems results in different phonon dispersion
relations and also severely limit 3-phonon anharmonic excitations upon the application of selection rules. Thus higher
phonon-phonon interactions will also need to be considered as well.
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and in other measurements [Eletskii2009] showed that violations of Fourier’s Law occur even
when the system size is much larger than the phonon mean free path. It appears to be
common that low dimensional systems do not obey Fourier’s Law and there is real urgency
to theoretically understand what sort of “diffusive” transport this is. This review article
[Dubi2011] and the references therein are useful for following more experimental work.

2.2 The Hamiltonian of a Solid

To describe interactions in a solid, it is very important to know the most basic Hamiltonian which is
the Hamiltonian of a solid. We follow [Madelung1978].
We make the following simplifications

Divide electrons into 2 types — core electrons + valence electrons

Define an ion as — nucleus + core electrons

So hereafter, “electrons” means “valence electrons”. The Hamiltonian of the solid (in position repre-
sentation) is

Hsolid — TI-I + WI-I + Tel + Wel-el + Wel-I (21)
where
Nn h2
— : L1 _ _ 2
Kinetic energy of the ions 71" = Z < 2mk> VRZ (2.2)
=1k
N. 52
Kinetic energy of the electrons T° = Z < > VZ (2.3)
i=1 2me '
1
Inter-ionic potential energy ~ W'l = 5 Z ) (Rll — RZQ) (2.4)
Li#l
JEACO
Inter-electronic potential energy ~ Wl = 3 Z (2.5)
it T =75 ’
Ne Noo
Ton-electron interaction potential energy ~ Wet = — Z Z 7l_' = Z V(ri — Ry) (2.6)
i=11=1 |T; — Rl‘ il

where Gaussian units are used and charges are in units of electronic charge. Thus the electron has
charge -1 and the ion at site [ has integer charge Z;. Note that there is no need to assume these explicit
expressions for W and WebL,

2.2.1 Adiabatic Decoupling (Born-Oppenheimer Version)

Here we follow [Maradudin1974] including his notation. After the Hamiltonian of the solid is specified
the next step is to seperate the quantum problem of the solid into the quantum problem of the electrons
and the quantum problem of the ions. Note that it should be obvious that the seperation cannot be

4This is the rigid ion model where the core electrons and the nucleus is one object. A well known example where the
core electrons and the nucleus are considered seperately is the shell model.
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complete. The physical basis here is that the ions are slow and have small kinetic energy so T is
treated as the perturbation in the Hamiltonian of the solid,

Hsolid — TI—I+WI—I+Tel+Wel—el+Wel—I (27)
The “unperturbed” Hamiltonian is °
Ho(7F,R) = W 41 4 pyebel 4 ppetd (2.11)

The expansion parameter of the theory is some power of the ratio % where m is the mass of the electron
and M is of the order of the mass of a nucleus. Let,

= (E())a (2.12)

Assume that we know the solution of this Schrodinger equation for fixed nuclei positions R (so Risa
parameter)

Ho(7, R)®, (7, R) = E,(R)®,(7, R) (2.13)

where 7 is an electronic quantum number. We want to solve (actually, to seperate) the exact Schrodinger
equation

HW (7, B)U (7, R) = EU(F, R) (2.14)
We define some equilibrium position RO
R— R’ = kit (2.15)

We will find that the equilibrium position will be defined in the course of the calculation. Expand
Hy(7, R) in powers of the ion displacements

Ho(7, R) = Ho(F, RO+ RU) = Héo) + ﬂHél) + :‘QQHéz) +--- (2.16)

Expand also E,(R) and &, (7, R)

Eo(R) = En(R°+ki)=E® +kEW +x2E® + ... (2.17)
®,(F,R) = &,(F,R° + ki) = 0 + 5oV 4+ k202 + ... (2.18)
® Actually, in the thesis and in most literature, we expand W about equilibrium position ﬁo,
i =yt el el el R) (2.8)
= T4 w4 w4 w0 (7 B%) + “electron-phonon terms” (2.9)

We ignore the “electron-phonon terms” for the time being and define the “unperturbed” Hamiltonian as,
Ho(7, R) = W 79 4 WO el (7 RO) (2.10)

The “electron-phonon terms” will be brought back via perturbation theory. See Chapter on el-ph. The difference is that
the “electron-phonon terms” are not included in the calculation of the effective ion-ion potential. It will be seen at the end
of the section, from the derivation of the harmonic approximation, that the effective ion-ion potential is the eigenenergy
of Ho, i.e. En(R).
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T takes the form ©

TII 7722 < > in _ 772H(7_2)

(2.23)

It is actually possible to show that the harmonic approximation can be accommodated into the theory.

This is done simply by requiring that 7" have the same order in & as H(()Q) which is quadratic in ion

displacement. Thus,

1 m 1/4
Sa=lok (M0>

T 2 Hf)
The total expanded Hamiltonian is now in the form,
H =0 +rbf" + 2 (B + BF) + 200 + -
We seek a solution of the form

0) = an(ﬁ)q)n(r U

We want to know the conditions for seperable solutions.

HM(F Ry (r, R) = EU(F,R)
Hsohd(,,;» ’J) i

(
(B + b + 12 (HP + HP )+ 2B+ ) S xa@(70) = € xa®alf )

use Ho®, (7, @)

S (ED +wBD + k2 (B + ED) + 2 ED + - ) @70 = €Y xa(@)@u(7, @

n n

5We check backwards
" Mo\ K2
TYNR) = —xa2 20 1 g2
( ) K zl: Ml 2mvul
| note that V%l =Kk V%
ey (M) B oo
= Ko K : (Mz) vaRz

B Mo\ h? _,
= _””Z(MJT,LVI%
| recall that kK = m® /Mg

h2
= 2o

(2.24)

(2.25)

(2.26)

(2.27)

(2.19)

(2.20)

(2.21)

(2.22)
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Multiply (project) from the left by & (7, @) and integrate over 7. We can assume that eigenvectors ®
are orthonormal for all values of 4. We get,

Y / A, (7, i) Y (@) (7, @) xn (@) + Y (B +RED ++- ) Xadam = € Y x0(@)m

> / ar®y, (7, D) B (@) @0 (7, D)x(@) + (B + kEQ + 2ED + - ) xm(@) = Exn(@)  (2.32)

O e (7 v (@) = Mo h? 2 (o (7 E (7
@2 (F @xn(@) = =D oV (8a(7 @) xn()) (2:33)
o MO h2 2 - —
= T TM(Vul(I)n(T,U))Xn(U)
Mo ~ I L » ,
— 23 (Va@al @) - (Vi xa(@) + @ D H ) (@)xn (@)(2.34)

2
Y (1) g [ 47000 (7327 ) xal@ (2.35)

| use /dﬁbg(f’, @)Dy, (7, &) = Iy, in the first line

| seperate m = n terms and m # n terms for the other 2 lines

Mo\ h? e o L L
_,€2zl: (Mz> m/drq)m(r,u) (Via, @ (7, 1@0)) - (Vi xm (1))
Mo\ h? e o - -
— K2 Z Z (M) m/drcbm(r,u) (Vg @n(7, 1)) - (Va,xn())
n(#m) | !
My\ h?
—K zl: (Ml> 2m/d D, (7, @) (Vi @ (7, @) xm (1)
2 3y (R hQ/dfF(I)* (7, @) (V2 @0 (7, @) xn () (2.36)
(#m) 1 M) 2m " R " '
| in the absence of magnetic field, ® can always be chosen to be real
1
| then in the second line, we write @y, (7, @) (Vg,®m (7, 7)) = §Vﬂl @2 (7, 1)

| then Vg, [ di®2,(F, @) = 0 due to normalization
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_, My\ h? . . Lo
| define C, (1) = — K2 E (ZW(I)> Im /dr@m(r,u) (V%lfbm(r,u))
1

Mo\ R* [ L -
| define G,y = —12 Z (.M?) m/dr(l)m(r,u) (Vg ®n(7, @) - Vg, + (V%lén(T,u))]
l
K2 H{? (@) Xon (@) + Con (i) + Co (2.37)

The complete Schrodinger equation becomes

(RHP + En(@) + Con(@) xim + > Counn = Exm (2.38)
n(m)

The lowest order for C,, is ~ x* and the lowest order for C,,, is ~ k3. © The adiabatic approximation
is where C),, is ignored. The (nuclear) eigenvalue equation in this approximation is,

2 . s
(’QQH{ ) + Em(u) + Cm(u)> Xmv = €muXmu (2.41)
where v can be regarded as a vibrational quantum number. Since C,,, is at least of the order x3, the

adiabatic approximation fails beyond k2. We expand the eigenvalue equation up to x? (so Cy, does not
contribute) and compare order by order.

<K2H£2) + Em(ﬁ) + Cm(ﬁ)> Xmv = EmuXmo (242)
(FHD B + kB + 2BD) (0 + wnfi 4 wir2) = (2 4 wefl) 4 s2e2)

< (22 + ol + 2 (2.3
Zeroth order in k gives,

B0 — (0),(0) (2.44)

m v = Evamv

First order in x gives,

(0 4 (0, (1) (2.45)

muv mUXmU

EW O 4 O, (1) _ (1)

m m Amv T tm

Second order in k gives,
(H [ Eff)) X9 + EWxG) + BSOXGE), = e xQ) + eQxG), + e x2) (2.46)

From the zeroth order equation, we immediately get eﬁ,% = E,(,g) = E,(,?)(R'O) and we use it in the first

order equation to get,

1 0 1 0 1 1
BN - A0 = B = ) 2
"We estimate as follows,
lowest Cy, ~ k20D V203 = 203 = x* (2.39)

lowest Crpn ~ 201 V00 = 200 = 3 (2.40)
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However Eﬁ,% )
1)

SO €my = 0) i.e.

(1)

is first order in ¥ and €,y is a constant, thus to satisfy the equality, we need Er(r}) = 0,(and

EW =% (vélEm(f{)> o =0 (2.48)
! R=R0

Thus the equilibrium configuration ]%0, corresponding to the mth electronic state is defined. We use
eﬁ,% = E7(7?) and Efﬁ) =0= 6532) in the second order equation to get

(B + ED) 10+ d@ = a2+ O 249
(HO +E2) A0 = ) 250

| multiply ~% on both sides
</@2H£2) + /@2E7(73)) OREE </<;26( )> © (2.51)
Recall, Ton kinetic energy term : k2 H 1(2) = TYY(R) (2.52)
Effective ion-ion harmonic potential term : HQE,(,%) = Z Z 8R 8R 5 A Ui Usay| (2.53)

lll2 Qi hoa t20 B—R0
= Z Z a Ul oy Uy (2.54)
lll2 Q1a2 llal l20r2 —

u=0

And so we get the usual ion-ion Schrodinger equation in the harmonic approximation, where I€26,(732, is

the harmonic phonon energy. Thus the harmonic approximation is really part of the adiabatic approxi-
mation. The effective ion-ion potential is given by F,, which implies that there is electronic contribution
to the ion-ion interaction as it should because the electron-ion problem cannot be completely seper-
ated. This results in some form of uncontrolled double counting of the electronic contribution when
electron-phonon interaction is treated. Electrons enter the phonon frequency via FE,, and also enter the
electron-phonon interaction.

For the rest of the thesis, the effective ion-ion potential will be denoted by @ instead of E,, and
for solids with multi-atoms in a unit cell, we need to generalize the index notation of the displacement
vector to uj, where [ denotes the unit cell at position ﬁfq, k denotes the kth atom in the unit cell and
« denotes the Cartesian component of displacement of that kth atom. Effectively, we can write such an
expansion for W,

wH = @

+ ! E 7 *
Ulka T 5y Uiy kyog Ulgkoog T 7"
2! ou ou

=0 l1k1atlzkaos fikion @ laka0 =0

=0 Z 8ul ko

| the first term is a constant shift in the Hamiltonian which can be absorbed
| the second term is zero as the minimum of & is at ﬁfg (BO energy surface)
| the third term together with T" is known as the harmonic approximation
|

higher order terms are called anharmonic corrections

1 0?®
= — UL koo Ulo ke + - 2.55
21 Z aullklalauleQQQ 1R100 Yok ( )

" likioalakaon =0



CHAPTER 2. INTRODUCTION 13

Taylor expansion of W around equilibrium positions is treated in the chapter on electron-phonon
interaction.
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Chapter 3

Non-Equilibrium Green’s Functions
(NEGF)(Mostly Phonons)

[Chapter Introduction and Roadmap:] We enumerate the introduction and the scope of the
chapter to make it easy to read. (All acronyms can be deciphered from the Contents Page.)

1.

In transport, we have to deal with non-equilibrium systems (from time dependent Hamiltonians)
and many-body interactions (from many-body interaction Hamiltonians).

. This chapter aims to show in great detail that, at the pertubative level, NEGF is the “Mother The-

ory” of transport theories. We develop from NEGF into three forms for transport; the Landauer-
like form, the (quantum) kinetic equation form and the linear response form.

. This chapter also presents NEGF rigorously and systematically, thus exhibiting its full general-

ity. This allows NEGF to guide us through generalizations beyond the three forms of transport
mentioned. (This thesis is only concerned with the first two forms.)

. We show that despite starting from a time dependent and a many-body interacting Hamiltonian,

a perturbative expression can still be obtained. This expression originated from Kadanoff, Baym
in [Kadanoff1962] and Keldysh in [Keldysh1965]. It looks symbolically similar to the usual finite
temperature equilibrium Matsubara Field Theory. Thus all the nice features of Feynman diagrams
expansions and resummations are automatically available in this theory!

. A contour time parameterization of Heisenberg operators is needed to arrive at the pertubation

expansion. Once the perturbation is done, we need to go back to the physical problem in real
time. This is done by applying Langreth’s theorem to the (contour time) terms we kept in the
perturbation expansion.

. We summarize the perturbation procedure using NEGF with the section “Receipe of NEGF”.

We then use NEGF in Landauer-like theory to derive the energy current for an (arbitrary) in-
teracting central system. It was specialized to two cases: (1) the left-central coupling and the
right-central coupling are proportional to each other (2) the central is harmonic with no many-
body interactions. We also showed that calculation of noise (associated to energy current) is
possible with the help of NEGF.

. NEGF is then used to develop kinetic theory. First the Green’s functions give us an equation that

looks like a kinetic equation - I call it “pre-QKE”. Then we turn pre-QKE to QKE (i.e. turn
Green’s functions to distributions) via two different ways: (1) KB ansatz and (2) GKB ansatz.

15
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9. Finally NEGF is shown to develop into linear response theory but this is not the main theme of this
thesis so linear response theory is briefly mentioned throughout the thesis only for completeness.

As our focus is on phonon transport, we will present the theory in phonon variables. The parallel
presentation for electrons is shown in the appendix.

3.1 Foundations

3.1.1 Expression for Perturbation

The references we follow in this section are [Haug2007], [Rammer2007] and [Leeuwen2005]. For a concise
review which is intended for phonon transport, see [Wang2008]

[The Statistical Average] We write the time dependent Hamiltonian in this form,
H(t) = Ho + Hins + V(1)0(t — to) (3.1)

where Hj is quadratic in the variables and the (parametric) time dependent V(t) is switched on at
t = tJ. The step function is there only to symbolise the (sudden) switch on. !

The purpose of the switch on allows us to write statistical averages using Heisenberg picture and a
simpler form results because we choose tg to be the time when the pictures coincide.

The non-equilibrium average is thus defined as,

Tr (6*5(H0+Hint)AH(t))

<A(t)> =Tr (ptoAH(t)) = Tr (e—ﬁ(Ho-l-Hint))

where 8 = k'BLT and T is the equilibrium temperature before the switch-on.?

[Establishing the Contour ordering identity] The idea is simply that Heisenberg operators can
be written as a contour parameterized Interaction operator. The parameter on the contour is denoted
by “r”, the so-called contour time variable.?

First we artifically partition the Hamiltonian as

H(t) = Ho+ (Hine + V (t)) (3.4)

'This is not to be confused with the adiabatic switch on as seen in [Gross1991] chapter 18 and [Fetter2003] pg 59. It
means we can use a mathematical device

H(t) = Ho + e 1 Hip (3.2)

and prove that (within perturbation theory) if we start with an eigenstate of Hy, we will land up in some eigenstate of
Ho + Hing. This is protected by Gell-Mann and Low theorem. We are thus assured that within perturbation theory, an
adiabatic switch on of Hint will give us something sensible. I am unaware if there is such a corresponding “protection”
for the time dependent Hamiltonian H(t) = Ho + Hine + V(t), i.e. using the mathematical device, we write H(t) =
Ho + Hins + e "'V (¢) and do we have the guarantee that if we start from some Hy + Hiyne eigenstate, we will land up in
some eigenstate of H(t) = Ho + Hint + V (t)? Because of this, I will avoid using the phrase “adiabatic switch on of V' (¢)”
in the main text.
e~ B(Ho+Hint)

Tr(e—ﬂ(H0+Hint)) .

3Note that in quantum dynamics, a “picture” consists of 2 components, the operator and the state, eg the Heisenberg
picture consists of the Heisenberg operator and the Heisenberg state. Here we are rewriting the Heisenberg operator to
the Interaction operator, so there is no change in “picture”. It is just an operator transformation. Strictly speaking, in
terms of dynamics, we are in Heisenberg picture throughout.

2Before the switching on of V(t), the system is in equilibrium which is a canonical distribution ps, =
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and use Dyson’s identity (see Appendix A) and write the Heisenberg evolution from the coincident time
to as

Ap(t) = Upg(t,to) A(to)Ug(t, to) (3.5)
_ (Te_%ffto dt'(Him+v(t’))H0)T e%Ho(t—to)A(tO)e—%Ho(t—to) (Te_%ftto dt,(Hint-‘rV(t,))Ho) (3.6)
_ (TG% ftto dt/(Hint“rV(t/))HO) AHO (t) (Te_%ftto dt/(Hint-‘rV(t/))HO) (37)

where T is the time ordering operator and T is the anti-time ordering operator 4. Also such notation
has the meaning

(Hing + V(') 1 = €870 =00) (Hy 4+ V(1)) o —t0) (3.8)
The identity we want to prove is the following,
AH(t) _ (Te% ftto dt,(Hint+V(t,))H0) AHO(t) (Te_%ftto dt’(Hint-i-V(t’))Ho) (3'9)

_ (T?te_% f%t dt’(Hint+V(t’))H0> Apg, (t) (Tﬁte_% f?t dt’(Hint+V(t’))H0> (3.10)
| where T'z, denotes time ordering parameterized by the “upper” contour

| and T%, denotes anti-time ordering parameterized by the “lower” contour

_ Tct (e—%f% dT(Hint+V(T))H0AHO(t)) (3‘11)

An(1) =T, (e He T A 1)) (312)

where contour ¢; is the oriented path parametrized by contour variable 7 as shown below.

A

Figure 3.1: The contour ¢; parameterised by 7. The diagram on the left is the actual path. The diagram
on the right is artifically “blown up” for clarity. On the right, the “upper” contour parameterizes
evolution from tg to t and the “lower” contour parameterizes evolution from t to ty. This is the sequence
of evolution when we read the Interaction operator from right to left.

4The Hermitian conjugate changes the sign of the exponent and it also reverses the order of the operators giving rise
to T.
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The proof is as follows, starting from the RHS (we write (Hin, + V(7)) m, as (7)m, and ¢; as ¢ to
save some writing)

RHS = T, (e—% Jedr g Ay (t)) (3.13)

_ no( ) /dﬁ / At (1) 1y - () 1 A (£)) (3.14)

Divide each contour integral into 2 branches,

/C = /?-1-[3 Where/?:/t: and[E:/:o (3.15)

The nth order term has 2" real time integrals. Take the example of ( ) term,
/ dTl/ dTQ/ drs .. / drn, T ((T1) Hy - - - (Tn) Ho AR, (1))
- L drs.. / A7 T (75) o - - () 110) Ao (¢ / . / dry T () 1y (7)) (3.16)

where the factors to the left of A, (t) are later than time ¢ (“lower” contour) and the factors to the
right of Ap,(t) are earlier than time ¢ (“upper” contour). This term has mulitiplicity (") For a general
term in the nth order, it has multiplicity ( ) So we can write the nth order term as

/dﬁ .. /dTnTC((Tl)HO o (Tn) Ho A, (1))
S (”) [ o A PSR LA PV PAC IR s A PRINCAPS

m=0 m
!
| note ") = — " and we can rewrite into
m m!(n —m)!
= ——Onktm | dri.. AT ((T)Hy - - (Th)Hy)AH (L) [ dri. .. dr T2 ((T1)Hy - - - (Tm) Ho )
— i m!k! < 2

And for the full series,

) 0o 00 k+m
Tc (6_%fch(T)HoAHo(t)) = Z Z — ( > / dTl-udiT(E((Tl)Ho-"(Tk)Ho)AHo(t)

m=0 k=0

X /? dry...drp T2 (1) - - - (Tim) Hy)

li'(—i>kédT1...diT<g((Tl)Ho--~(Tk)Ho)AHo(t)

xmzz:om! (—;i)m/?dn...dTmT7((T1)HO...(Tm)HO)

| write T as T and Ty as T

t to
| write in/ :/ and/ :/
z to < t

I
OM8
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_ (Te_% ftto dt,(Hint"FV(t,))HO) AHO (t) (Te—% ftto dt’(Hint'i‘V(t’))HO)
| invert the integral limits in the operator on the left to get a sign change
_ (Te% I dt/(Hint-l-V(t’))HO) An, (1) (T o7 i dt/(Hin:-I-V(t’))HO)
0
= LHS

Hence the proof is completed.

[Derivation of the perturbation expression] We will now make use of the contour ordering
identity and apply it to the time-ordered Green’s function (just take it to be a strangely defined two
operator averaged function for now, the proper definitions are given later) so that we get an expression
amendable for perturbation. Recall the definition of the phonon displacement operator ® wu;, from the
appendix and so using the phonon Green’s function as example,

D(llklaltllgkgagtg)
_ i Tr (e P I T (up (ko Jug (Iakzasts))) 317
= _h Tr(e_B(H0+Hint)) ( ’ )
= —%(T(uH(llklaltl)uH(Z2k2a2t2))> (3.18)

where 7" is a time ordering symbol

the T" symbol only serves to remind that ¢; and ¢5 are arbitrary and unrelated

|

|

| a proper meaning of T' will emerge in the derivation

| wp is the phonon displacement operator in the Heisenberg picture.
|

Use the contour identity for each Heisenberg operator

h
| combine the 2 contours, see the diagram

) —1 At (Hint+V (7
— _ﬁ <Tct1_,_ct2 <e hlety +ety (Hint ())HOuHO(llklaltl)uHo(l2k2a2t2)>>

_ i <T0t1 <e_h' o, dr(Hing+V (7)) 1, uH (l1k1a1t1)> Tct2 (e_h ety dr(Hint+V (7)) ur, (l2k2a2t2)>>

where we avoided commas in the arguments whenever possible to reduce cluttering. Thus we can

tOEM t— —t Max{t, .t.}
S T I D ——
N — t t

(1] -
€y + €, = O

Figure 3.2: Combining 2 contours to form the Keldysh contour for the one-particle Green’s function.
The first 2 diagrams take to > t1 and the last diagram is general. Again, be reminded that these are
artifically blown up diagrams.

generalize and state that the final contour is from ¢y to max{t1,¢2} which we shall call it the Keldysh

SWithout reading the appendix, the indices I, k and « refer to unit cell I, kth atom in the unit cell and the ath Cartesian
component of the displacement vector.
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contour cg. So

{ —i dt(Hin T
D(llklaltllgkgagtg) = _ﬁ<TCK <€ hch (H t+v( ))HOUHO(llklaltl)uHo(lgkgagtg))> (319)

i Tr <€7B(HO+HiUE)TCK (eiﬁ fCK dr(Hine+V (7)) o UH, (llklaltl)uHO (leQOéQtQ)))

h Tr(e_ﬁ(HO'i‘Hint))

(3.20)

The final step to do is to change the statistical weight to e ?H0 where Hj is quadratic in the variables
so that Wick’s factorization theorem can be applied. So we apply Dyson’s identity again simply by
letting 8 = ;(t — to),

e~ B(Hot+Hint) _ ,—BHo (Te;; t’i)()iﬂﬁdt’(Hint)HO(t’)> (3.21)
where (Hint)p, (t) = e%HO(t_tO)Hint(to)e_%HO(t_tO) and T orders from t( to tg — ¢h3. The term in round

brackets can also be treated as a contour ordered expression. In this case, we call this the Matsubara
contour, cys that parameterizes tg — th0 to tg — ih5. The Green’s function is now given by

D(llk‘laltllngOtQtQ)
; Tr (G_BHO <TCM6_% Jeyy @ (Hint) g (7)) T.. <e—% e dr(Hing +V (7)) g, wp (Ikronty )ug, (l2k2a2t2))>
- Tr (G_BHOTcMe_% fcM dr(Hint) g (T))

T, 67% fCK dT((Hint+V(T))HO)
K

Insert a unity term into the denominator.

to see why it is unity, write it back into Heisenberg operators using the contour ordering identity

| and combine the contours cx and c¢ps into one contour path, cx + cjy.
| we denote t; — 7 and to — 7o

this is to emphasize that ¢; and to have no specific relationship until the perturbation is done

D(llklal’ﬁlngOzQTg)
; Tr (6_5H0TCK+cM (6_% Jercveny THm) 1o (1) = Jeye 4Vt (1) oy ey gy, (l2k2a272)))
- h Tr <e—ﬁH0TCK+CM (ei%feK"’CZ\/f dT(Hint)HO(T)eilr‘Lch dTVH()(T)>>

(3.22)

This is the final form where Wick’s theorem applies and the denominator cancels disconnected diagrams.
6 The relationship between t; and t, only affects the choice of cx but that is after the perturbation.
Also, it is clear that any number of Heisenberg operators give only one cg after combining the contours.
Now, at least in perturbation theory, we have an expression that can potentially probe non-equilibrium

SFollowing the literature, we can write eqn (3.22) as D(l1kiaatilokacats) = *%(TCKHM (wg (likroam)um (l2keaets)))
which is the so called contour ordered Green’s function. Thus the contour ordered Green’s function is really a nice symbolic
form that represents eqn (3.22) where really the calculation happens.



CHAPTER 3. NON-EQUILIBRIUM GREEN’S FUNCTIONS (NEGF)(MOSTLY PHONONS) 21

regimes. 7 Thus now the machinary of Feynman diagrams is also available in NEGF. 8

"We could take on a different way of “partitioning” the Hamiltonian and we can derive a different expression for the
Green’s function.
D(lk1aitilzkoaats)
i Tr (E_ﬁ(H0+Him)T(UH(llk1C¥1t1)uH(lzkzagtz)))
" h Tr(e—A(Ho+Hin))

| Change each Heisenberg operator with the differently partitioned contour-ordering identity

| ie use Ap(t) =T, (e*% Je dTVEG 4 H (T)AH0+H;m(t))

| proceed to combine the contours and then “split” the statistical operator just like in the main text, we get,
;Tr (67,3110 (TcMe_% Jens d‘f‘(Hint)H[)(T)) To, (e—% Jese FTVHG+ Hig, Wity + iy, (LK1 @1t ) Uprg 4 (121@2@2152)))

i Tr (e*ﬁHOTCMe*% Jeps 47 (Hine) Fg (T))

However, we are stuck as the operators are in different unitary-transformed form so we can’t combine the expression into
one single S-matrix form.
We could even start from Ho and switch on Hine + V(t) so that the statistical average to use is

Tre #Ho |

() = (3.23)

The final perturbation expression is actually simpler with only Keldysh contour and the availability of Wick’s theorem is
immediate.

; Tr (€7BHUTCK (67% Jege A (Hine) 1o (1) =55 Je g d7Veg (T)UHO (Likionti)um, (l2k2a2t2)))

D(l1k1a1t1l2k2a2t2) = —= i i
h Tr (E_BHOTCK (e_i fCK dT(Hint)HO(T)e_ﬁ cx dTVHO(T)))

(3.24)

However we are not in favor of this expression because it seems artifical in switching on Hins which may represent Coulomb
interaction, phonon-phonon interaction or electron-phonon interaction which cannot really be switched on or off.

8Here is quick summary of the various levels of approximations in diagrammatic perturbation theory. This is stated in
increasing order of sophistication.

1. We need to pick out irreducible (proper) self energy diagrams. Irreducible (proper) self energy diagrams are diagrams
that cannot be split into 2 by “cutting” only 1 Green’s function line.

2. Inserting an irreducible self energy diagram into the Dyson’s equation amounts to an infinite sum of that diagram.

3. To set up a self consistent self energy diagram, we need to pick skeleton diagrams from the irreducible self energy
diagrams. Then replace free Green’s functions with full Green’s functions in the diagrams. Skeleton diagrams
are irreducible diagrams with no self energy insertions. We can make skeleton diagrams by removing self energy
insertions from irreducible diagrams.

4. The self consistent diagram is then inserted into the Dyson’s equation and the full Green’s function is solved self
consistently. It appears that Hedin-like equations generate the self consistent diagrams within the theory itself.
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Now the final contour, cx + cps is of this form
t,—ih0 = t, Max{t,t}  t,—ih0 =t Maxdt, 1.}

to —hB t, - I

Figure 3.3: The combined Keldysh contour cx with the Matsubara contour cpr. The diagram on the left
1s the actual path. The diagram on the right is the “blown up” path shown for clarity. It appears that
cyr 18 later than cix but actually it is the other way round, cx s later than cpr. Recall that cx appears
when V(t) is switched on.

We mention some special limits to indicate the generality of NEGF.

1. Matsubara T' # 0 field theory: set V(t) = 0 and restrict tg < 7 < tg — i8h. See appendix for the
derivation.

2. Linear Response Theory: simply just take first order perturbation in V(¢) (this is true for me-
chanical perturbations). See the last section of this chapter.

3.1.2 Wick’s Theorem (Phonons)

We now quickly digress to fill in the proof for Wick’s theorem following [Rammer2007]. We consider
the case of bosonic operators which is the main interest in this thesis. The crux is that the statistical
weight is a quadratic Hamiltonian.”
First we establish 2 identities:

Identity 1:

|l p(Ho)| = p(Ho)a (eMa/nT 1) (3.25)
(ag, p(Ho)l - = p(Ho)ag (e "s/oT — 1) (3.26)
where ag = a}HO, aq = agg, are bosonic operators in the for mode ¢ and w, is the angular frequency
of mode ¢q. We omitted the vector notation and the Hy unitary transformation here just to simplify
writing.
Proof of identity 1:
Write p(Hyp) explicitly into modes:

e*,@hwq/a:;,aq/
alp(Ho) = af ][ T (3.27)
Ty (6—5hwq/aq,aq/>
fﬁhwq/a:;,aq/ e*ﬁhwqa:;aq
_ (3.28)

- - a
Q’gq) Tr <e_6h‘”4’“2’“q’> Iy (e—ﬁhwqalaq>

9 A slightly more general Wick’s theorem is proved in section 5.3.1. That case is when the statistical weight is quadratic
+ linear.
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| use [aq, a:g] =1= agaq = aqa:; — 1 in the exponent.

—Bhwq/aT/aq, 1 Jr
= H € 4 T - eﬂmuqa(];e—ﬁquaqaq (3‘29)
7' (#q) Tr <eﬂh“’f1’aq/%’> Tr (e—ﬁﬁwqaqaq>
| Expand the exponential term, insert a:rl from left and remove a:rl from right.
—Bhw,sal,a, Bhw
— H e g’ e q T e—ﬁhwqaz;aqag (330)
a'(#q) Tr <eﬂh‘”q'al/%/> Tr (e‘ﬂh‘*’qaqaq>
= P(Ho)aj;eﬁh‘”‘l (331)
then,
abp(Ho) = p(Ho)afe™™s (3.3
ayp(Ho) — p(Ho)ay = p(Ho)aje™ — p(Hy)aj (3.33)
[af.p(H)| = p(Ho)a] (0 1) .

The proof for [aq, p(Ho)]_ = p(Ho)aq (e*ﬁh‘“q — 1) follows in an analgous way.
Identity 2:

<M,A}> - (1—e’wq/’“BT) (a} A) (3.35)
(lag A]) = (1—6—%/’“BT> (agA) (3.36)

where A is an arbitrary operator.
Proof of identity 2:

([ahoa] ) = v (ot (a}a - aa}) (3.37)
= Tr <pa:gA) —Tr (pAa:g) (3.38)
| Use trace cyclicity in the second term.
= Tr <pa2A> —Tr (aj]pA) (3.39)
- Tr <[a;, p(Ho)} . A) (3.40)
| Now, use identity 1.
- _To (p(Ho)ag (qu/kBT - 1) A) (3.41)
_ (1 _ ehwq/kBT> <a2 A> (3.42)

The proof for <[aq, A]_> = (1 — e’h‘”q/kBT) (aqA) follows in a similar way.
Now we proceed to prove Wick’s theorem using identity 2. Consider a typical expression upon
expanding equation (3.22) which is a N-string of 2N operators

SN = <TC (C(TQN)C(TQN_l) e C(TQ)C(Tl))> (3.43)
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where ¢(7) is either aq or a, and we display only the contour time arguments. Since these are Bose
operators, we can forget writing the contour ordering operator T, for a while (of course it is still there!)

and reorder them freely.'?

2N
Sy = <H C(Tn)>

n=1

IN—1
= <c(7'2N) H C(Tn)>

n=1

| Use identity 2 to write,

_ <1 _ e:l:ﬁwq/kBT>_1 < -c(TQN),QJﬁlc(Tn)] >

n=1

|  where + is for a:;, — is for aq.

1 r 2N -2 ]
_ (1_e:|:ﬁwq/kBT> < C(TQN),C(TQN—I) H C(Tn) >

n=1

|  Use the product rule of commutators.

1 IN—2 1 IN—2
= <1_6j:)‘zwq/kBT) <c(7’2N1) [C(TZN)a H c(tn)|  + [e(men), c(ran—1)]_ H C(Tn)>

n=1 _ n=1

_ (1 _ eimq/kBT>‘1

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

IN-2 N2 IN_2
X <C(T2N—1)C(T2N) 1 e(m) = e(ran—1) ( I1 C(Tn)) c(ran) + [e(ran), c(ran-1)]- ] C(Tn)>

n=1 n=1

|  We keep commuting ¢(m2n) to the right in the first term.
_ (1 _ eimq/kBT>’1

2N -2
X <C(T2N_1)C(7'2N_2) .. .C(Tl)C(TQN) — C(TQN_l) ( H C(Tn)> C(TQN)

n=1

2N—-1 2N—-1
+ > le(ran) el 1 C(Tm)>
n=1 m(#n)=1
/2Nl 2N -1
= <1_eihwq/kBT> <Z [e(Tan), c(mm)] H C(Tm)>
n=1 m(#n)=1

|  The average is independent as the commutator is a c-number.

| [ea(ran)seq (ma)] 2 (feq(ran) e ()] )
_, /2N-1 2N—1
= (1 _ eihwq/kBT> < Z [C(TQN),C(Tn)]_> < H C(Tm)>

n=1 (#n)=1
|  Now use identity 2: <[Cq(T2N),Cq/ (Tn)]_> = 0qq' (1 - eih“’q/kBT> (cq(Ton)cq (Tn))-

For fermions, there are sign changes to keep track of. See footnote 28 on page 100 of [Rammer2007].

n=1

(3.49)

(3.50)

(3.51)
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2N—-1 2N—-1
= > <c(TQN)c(Tn)>< 11 c(Tm)> (3.52)

n=1 m(#n)=1
We remember to write T, again

IN—1 IN—1
— Z<TCC(TQN)C(Tn)><TC H c(Tm)> (3.53)

(#n)=1

n=1

The 2nd factor is a string of 2/N — 2 operators and the same procedure is repeated until 2 operators
are left. By writing out explicitly some simple examples, we can see that the total sum is over all
possible pairs (APP). This concludes the proof.
~ We can thus write expicitly, say for a bosonic phonon displacement field, (where this statistical
average is done with p(Hy)) '

(Te (why (lankanoon, Ton)uH, (lon—1kon—102n—1, Ton—1) - . . ub, (lLik1oa, 11)))

= T (T (wr Qikscvs, miyumy (k. 7)) (3.54)

APP i)

3.1.3 Definitions of Green’s functions

Now we will properly define the single particle Green’s functions. Based on the 3-branched contour
(cx + car) used for perturbation, we can write down 7 (real time) Green’s functions 2 (supressing the
lattice indices [, k, o and recalling that cr and &x refer to the “upper” contour and the “lower” contour
respectively)

Dt(t1,t5) t1,ty € Ci
D>(t1,t2) t1€g(7t2€C—K>,:>t1>t2
D_<(t1,t2) t166_1(>,t2€ﬁ[(,:>t1<t2
D(r1,m) ={ Di(t1,t2) ti,ts € &k (3.55)
Dj(tl,TQM) t1 GCK,TQMGCM
Dr(le\/[,tQ) TMECM,tQECK
DM (M My M M e ey

The last Green’s function DM is the Matsubara Green’s function (see appendix on Matsubara
theory). The Green’s functions D' and D" are symbolized as such to graphically denote the contour
branch where the time argument is taken from. The explicit expressions for the first 4 (real time)
Green’s functions are,

Time-ordered Green’s function

Dt (llk}laltllgk‘QOQtQ)

—%<T(UH(llkl&ltl)ﬂH(leQ&QtQ))) (356)

7 1
= 700t — t2)(un (hikrantJu (Iakaastz)) — 2 0(t2 — t1) un (lokpastz)un (hkroaty)) (3.57)

"For phonons, there are three types of operators that can be used. The proof for Wick’s theorem was done with the “a,
a!” operators. The other two operators are linear combinations of them, i.e. u, Q (aT +a) and so Wick’s theorem applies
to these two operators. A crucial ingredient is that, (in schematic form) harmonic averages (aa) and (a'a') vanish. This
ingredient ensures that for an expression expressed in whichever of the three variables, they will give the same number of
pairs after applying Wick’s theorem.

12 A1l permutations would seem to indicate 9 possible definitions of Green’s functions. However for D' and D" there is
only one distinct choice each because t € cx > to — iht™ e e
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Greater Green’s function

1
D>(l1k1a1t1l2k2a2t2) = —ﬁ<uH(llk‘lozltl)uH(lgkgozgtg)) (358)
Lesser Green’s function
1
D<(l1k1a1t1l2k2a2t2) = —%<uH(l2k‘2a2t2)uH(llk:lozltl)) (359)

Anti-time ordered Green’s function (T is the anti-time ordering operator)

D{(llklaltllgkjagtg)

= —%<T(UH(llklaltl)uH(lngO@tQ») (360)

—%9(252 - t1)(uH(llklaltl)uH(l2k2a2t2)> — %G(tl — tg)<uH(le‘Q()éQtQ)UH(llklaltl)) (3.61)

Immediately we see a relation

D'+ D'=D<+ D~ (3.62)

Thus are only 3 linearly independent Green’s functions in non-equilibrium (i.e. non-homogenous &
non-time translational invariant) systems. We define 3 more Green’s function for later considerations.
Advanced Green’s function

DA(likrartiloksants) = —0(t2 - t1)(D” (Iikrartilokoants) — D= (Iikrontilokaaata))  (3.63)
= %9(152 — 1) (um (likrarts), wrr (lakacats)] ) (3.64)
Retarded Green’s function '3
DR(likiontylokoants) = Q(t.l — t9)(D” (I1kyantilokaasts) — D<(likiaqtylakaants))  (3.67)
- —%H(tl — to)([up (hkionty), ug (lokpoats)] ) (3.68)
Keldysh Green’s function
DK(llklaltlleQOéth) = D~ (likiagtilaksants) + DS (I kit lakocats) (3.69)

where [, |- represents the commutator.

3.1.4 Langreth’s Theorem

Now suppose the perturbation has been done by expanding the S-matrix in the pertubation expression
(i.e. eqn(3.22)) in contour time and we get a collection of terms that could be convolved or multiplied

13 Actually if there is a time singular part (denoted by superscript §), the definitions of the retarded and advanced
functions should be

DR (tltz)
D% (t1t2)

D°(t1)d(t1 — t2) + O(t1 — t2) (D (t1t2) — D= (tat2)) (3.65)
D°(t1)d(t1 — t2) — O(t2 — t1) (D7 (t1t2) — D= (tat2)) (3.66)
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with each other. We need a method to change these expressions from contour time expressions to real
time and/or to Matsubara time expressions so that explicit evaluation of observables in real time can
be done. ™ This is called Langreth’s theorem. There are actually three types of “multiplication” that
we have to deal with. The references are [Rammer2007] and [Leeuwen2005].

3.1.4.1 Series Multiplication

Consider the first type which is a convolution in contour time (encountered in Dyson-type of equations)
and we evaluate a lesser function as example.

C<(m,m) = / dr A(ry, 7)B(T,11/) (3.70)
cKk+tcm
= /dTA(Tl,T)B(T,T1/)+/ drA(ry,7)B(T,T1/) (3.71)
CK cM

We take 71,7/ to be real times and we do the 2 terms seperately

1st term of C< (on Keldysh contour) = / dr A(11,7)B(T,71/) (3.72)

CK

using the group property of contour evolution operators, consider the “deformed” contour and the lesser
function, (take 71 < 7y/)

tO t“] E‘I'
I
[ 1 T

Y

Figure 3.4: The deformed contour for proving Langreth’s theorem. This is for the case of t1 > t1.

1st term of C<(y,71/)

= / drA(m,7) B(1,711/) —l—/ dr  A(m,7) B(r,11) (3.73)
c1 —— cqr ~——
along c1,7 < 11/ along ¢/, 71 < T
= / drA(m,7)B<(1,71/) —i—/ dr A<(t1,7)B(T, 11/) (3.74)
c1 cyr

| split ¢; into c_f and a, split ¢ys into c?/ and E

YRecall that the contour time is just a trick for us to carry out the perturbation and now the trick is over.
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= /dT A(ry,T) B<(T,7'1/)+/d7' A(r,7)  BS(1,m1/)
& & —

ci — 1
along 517,71 > T along c’l—/),ﬁ <T

—i—/ drA<(m,7) B(r,71) —|—/ drA<(ri,7) B(7, 1) (3.75)
o N— ; N—_——

1/ 1
along ¢y7,7 < 1/ along &1/, 7 > 11/

= LdTA>(Tl,T)B<(T,Tll)+/ngA<(T1,T)B<(T,T1/)

1 1

+/ dr A< (11, 7)B<(7,71) —I—/ dr A< (1, 7)B” (1, 11/) (3.76)
—
¢y’ 1/

| Now we can write in real time.

- /t1 dt (A7 (t1,t) — AS(t1,t)) BS(t, 1) + /tl/ dtAS(t1,t) (B<(t,t1) — B”(t, 1)) (3.77)

to to

= / dto(ty —t) (A~ (t1,t) — AS(t1,t)) B(t,t1) + 0(ty — t)AS(t1,t) (BS(t,ty — B7 (L, t1))
to

| recall the definition of the retarded function, A% = 0(t, — t;)(A” (ta, ty) — A= (ta, tp))-

| and the definition of the advanced function A4 = 0(ty — to) (A< (ta, tp) — A (ta, tp)).

= / dtAR(ty, t)B=(t,t1/) + A<(t1,t) BA(t, 1) (3.78)

to

2nd term of C<(r,71/) = / dTA(Tl,T)B(T,Tll):/ drM A (t, ™MYB (M 1) (3.79)

M M

to—iBh . -
= / drM A (ty, T™MYB" (M t1) (3.80)
to

In total, we have,
oo to—iBh 5 -
C<(t1,ty) = / dtAR(ty, t)B=(t,t1/) + A<(t1,t) BA(t, 1) +/ drM A (t, B (7™ [ ty)
to to
(3.81)
Similarly for C~,
oo to—iBh 5 -
C” (t1,ty) = / thR(tl,t)B>(t,t1/)+A>(t1,t)BA(t,t1/)+/ drM A (1, B (7™ [ ty)
to to

(3.82)
Using the above equations for C< and C~, we can further calculate

CR(t1,t1) = O(t1 —t1)(C” (t1,t1) — C=<(t1,t1)) (3.83)

note that the Matsubara time functions cancel out,

i.e. the initial correlations do not affect the retarded quantity

- /OO dtAT(ty, )BT (t,t1) (3.84)

to
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Similarly for C4,
CA(ty, t1/) :/ dtA* (t1,t) BA(t, ty) (3.85)
to
Then,

o] to—iBh
C(ty, M) = / thR(tl,t)Bj(t,TlM)—i—/ drM A (ty, MYBM (M M) (3.86)

to to

o] to—iBh
C (M ty) = / dtA" (rM ) BA(t, 1) + / drM AM (M MYBY (M 1) (3.87)

to to

to—1iBh

CM (M My — drM AM (M MM (MM (3.88)

1 1 ] 1 1
0

Now we give 2 examples on calculating 3-term convolutions and the generalization to convolutions
of more than 3 terms will be obvious. Consider,

D=<(tq,t1/)

- / dry / dry A(t1, 72) B(73, 7)C (i 1) (3.89)
cx+cp cK+Cpm

= / dTQA(tlTQ) </ dTQ/B(TQ,TQ/)C(TQ/,t1/)> (390)
cCKten cxtem

_ / dra Aty ) (7, 117) (3.91)
Ccx+cnm

| we simply apply the 2-term convolution formula.

_ / (ARES + A<EA) + / AE (3.92)
t M

| since F is also a 2-term convolution, we simply use the 2-term convolution formula again.

- /(AR (/BRC< +B<CA+/ B“C“) + A< (/BAC'A>> +/ A (/B“CAJr/ BMcr>
t t M t M t M

= / / (ARBRC< 4 ARB<C4 4+ A<BACH)
tJt

+// ARBYJ%L/ /A”BFCAJF/ / A'BMc" (3.93)
tJrM ™ Jt ™ JrM

The second example is

D7 (ty,ty) = / droA(t1,72) (/ dTQ’B(T%TQ’)C(TQ’atl/)) (3.94)
ctca c+ca
- / dra A(t1,72) B (7, t17) (3.95)
ct+ca
= /(ARE>+A>EA)+/ A'E (3.96)
t M

— //(ARBRC>+ARB>CA+A>BACA)
tJt

+ / / ARB'C" + / / A'B'cA+ / / A'BMC" (3.97)
t JrM M Jt M J M



CHAPTER 3. NON-EQUILIBRIUM GREEN’S FUNCTIONS (NEGF)(MOSTLY PHONONS) 30

3.1.4.1.1 Keldysh RAK Matrix for Series Multiplication In the literature, it was mentioned
that the non-equilibrium field theory is simply done by treating the contour ordered Green’s function
as a 2 X 2 matrix in “Keldysh” space with real time Green’s functions as matrix elements. We do not
adopt this view here as we feel that this perspective is not only unnecessary and it obscures the physics
and generality of NEGF. Here we only want to mention that if the 2 time functions are expressed in the
R (Retarded), A (Advanced), K (Keldysh) matrix form then there is a neat way to handle Langreth’s
theorem “series multiplication” type of terms.

We illustrate this with the so-called Dyson equation (just treat it as a 3 term convolved object).!?

G(1,1) = G9(1,1') +/ d2/ d3G9(1,2)%(2,3)G(3,1') (3.98)
K+Cm K+cm
Now we apply Langreth’s theorem to get the terms to be expressed in RAK form.
cfa,1) =cOr1,1) + /d2 /d3G<°>R(1, 2)nf(2,3)GF(3,1) (3.99)
Also,
GAL 1) = GOA(L 1) + / 02 / d3GOA(1,2)54(2,3)GA(3,1) (3.100)
And the Keldysh Green’s function

GR(1,1) = G~ (1, 1)+G<(1,1’) (8.101)
_ oK 02 / 43 (GOR(1,2)27(2,3)G5 (3,1)
t t

+GOR(1 2)%5(2,3)GA(3,1') + GOK(1,2)24(2,3)GA(3,1 ))

+2 / / GO'SRG 42 / / GOy 'gM (3.102)
7_M t 7_M 7_]V[

Now we will follow [Wagner1991] and introduce the (rotated) Keldysh matrix which allows us to get
the RAK (and ™, 7, M) components conveniently simply by matrix mulitiplication. When we have an
n- term convolution, we simply perform n matrix multiplications.

Gt Gk  2G"
0 G4 0 (1,1

0 V26 GM
GOR  GOK /g
= 0 GA 0 (1,1
0 V26O  gOoOM
G(O)R G(O)K \/ﬁG(O)T ZR EK \/ﬁzj GR GK ﬂGj
+ / d2 / d3 0 GOA 0 0o x4 0 0o G4 0
V2G0T gOoM 0 Vv2x' xM 0 V26" GgM
(3.103)

So we see that by simply carrying out the matrix mulitplication, we reproduce the Dyson equations

5The notation here is generic, it works for both Bosons and Fermions.



CHAPTER 3. NON-EQUILIBRIUM GREEN’S FUNCTIONS (NEGF)(MOSTLY PHONONS) 31

for the RAK components (as well as the other 3 components).

3.1.4.2 Parallel Multiplication

Now we proceed to calculate the second type of multiplication (it occurs when evaluating self energy
diagrams). This is of the form,

C(m1, 1) = A(m1,71) B(71, 71/) (3.104)

The conversion to real time and/or Matsubara time is straightforward,

C<(ty,ty) = A<(t1,t1/)B (t1,t1/) (3.105)
C”(t1,t1) = A”(t1,t1)B” (t1,t1) (3.106)
CR(ti,tr) = 0t —tr) (C(tr, trr) — C<(t1,t1))

(
0(t1 — t1r) (A” (t, tr) B™ (tr, t) — A (t1, 1) B=(t1,t1/)) # ARBR  (3.107)

CAtr, t) = —0(ty —t1) (C” (t1, tr) — C=(t1, 1))
= 0ty —t1) (A7 (t1,t1) B” (t1,t1) — A<(t1,t1)B=(t1,t1)) # A*B? (3.108)
C'(tr,m) = A'(tr,")B (tr, 7)) (3.109)
C (M ty) = A t)B (7Y ty) (3.110)
CM (M My = AM(M MY BM (M FMH16 (3.111)

Now we provide a table to summarize the results:

Series Multiplication

Contour time: C(7,7") = dr A(t,m1)B(m1,7")

f cktenm

Real/Matsubara time:

C=(t,t) = [ dtr (AR(t,t1) B=(t1,)) + A<(t, 1) BA(t1, 1)) + jO dr™ A (t, tg — iht™) B (tg — iht™ t')
C>(t,t') = [ dty (AR(t, t1) B (tr,t) + A (t,t1) B (1, 1)) + [0 drMA (¢, tg — ik ™M) B (t — ih ™, )
CE(t,t) = ft dty AR (t, t1)BE(t1,1)

CAt, ) = ft AA t,t1)BA(ty,t)

C(t,tg — ihr™M) = [ di AR, t1) B (tr, to — ilir™) + [ drM A (¢, to — ihr) BM (to — il o — ilir™)
Cr(to - iﬁTM ft dtl (to — ZhTM tl)BA(tl, )

—i—fO dTlMAM( o — ihtM tg — ihtM) B (tg — ihm{  to — ihT™)
CM(tg — iht™ tq — ihr™ fo dTlMAM(to —ihtM ¢y — thlM)BM(tO — ithM, to — ihTM/)

Parallel Multiplication

Contour time: C(7,7") = A(r,7")B(r,7’)

Real/Matsubara time:

C<(t,t') = A<(t,t')B=(t,t)

C=(t,t') = A= (t,t) B~ (¢, 1)

C'(t,tg — ihT™) = A'(t, tg — iht™M)B'(t, 1y — ihT™M)

C' (to —ihT™ 1) = A“(to —iheM B (tg — iht™M 1))

CM(tg —ihir™M tg — ihe™M') = AM (tg — ilir™ tg — ihr™")BM (tog — ihe™M  tg — ihr™")

The derivation requires noting that (i — ) x 0(rf — M) = 0.
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3.1.4.3 Vertex Multiplication*

The third type of mulitiplication occurs when we evaluate self energy diagrams with vertex corrections.
We simply illustrate with an example here. The example is for a self energy term with a one-ladder
vertex correction (just treat it as a term with a complicated type of multiplication). 7

The term in contour time is (nevermind about the notation, just look at how the contour times
convolve),

n6PR) (7)) = / drsdry D(1173) D (7374) D(7174) D(7372) D(7472) (3.112)
cK+cnm

Figure 3.5: Contour to be use for calculating the lesser (real time) expression of XGPM (1y7y).

¥ (8ph)< t1te) = drs + drs + drt dry + dry + drM
3 4
e () cx (t2) 3y, e (t1) ck (t2) M

XD(tng)D(7’3’7’4)D(t1’7'4)D(T3t2)D(T4t2) (3113)
Thus we got 9 terms that we shall work out explicitly.

1st Term
= / dTg/ dryD(t173D(1374) D(t174) D(73t2) D(T4t2)
ek (t1) cr (t1)

| thus ty is later than 73 and 74

= / dT3/ dT4D(tngD(TgT4)D(t17'4)D<(Tth)D<(T4t2)
e (t1) e (t1)

%
| break up ck(t1) = cx(t1) + ck(t1)

= d7'3+/ dT3 / d7'4—|—/ d7'4 D(tngD(T37'4)D(t17'4)D<(Tgtz)D<(7’4t2)
</CK(t15 ci (t1) ) ( cx (1) ck (t1)

= / dTg/ dT4D>(t1T3>Dt(7'3T4)D>(t17'4)D<(T3t2)D<(T4t2)
e (t1) ck (t1

+/ dT3/ dT4D>(t1T3)D<(7‘37’4)D<(t1T4)D<(7'3t2)D<(T4t2)
ck (t1 ci (t1)

1"Note that the calculational method used here can also be used for Series Multiplication. In fact the method here is a
slight generalization of that used in Series Multiplication.
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+/ d7'3/ dr4D<(t173) D~ (1374) D~ (t174) D= (73t2) D= (74t2)
K (t1) ek (t1

+/ d7'3/ dT4D<(t1T3)D£(T3T4)D<(t17'4)D<(7'3t2)D<(T4t2)
K (t1) (t1)
| write integration limits explicitly and write in real time

t1 t1

= / dtg/ dtyD” (t1t3) D' (tsty) D7 (t1ts) D= (t3ts) D= (t4t2)
t1 to

+/ dtg/ dt4D” (t1t3) D= (tsts) D<(t1t4) D<(tste) D<(tsts)
to t1

+/ dtg/ dtyD<(t1t3) D~ (tsts) D~ (t1t4) D= (t3to) D= (t4t2)

to to _
+ / dts / dty D= (t1t3) D' (t3ts) D= (t1t4) D= (t3t2) D= (t4t2)
t t1

33

It should be now clear that the evaluation of the remaining 8 terms simply follows the same proce-

dure. Hence we shall shorten some steps in the subsequent working.

2nd Term = / dTg/ dT4D(t17'3)D(7'37'4)D(t17'4)D(Tgtg)D(T4t2)
(t1) (t2)
| so 7y and t9 are definitely later than 73

= / dTg/ dr4D(t173) D= (1374) D<(t174) D= (73t2) D(74t2)
(t1) (t2)

— —
|  break up ci(t1) = cx(t1) + cx(t1) and cx(t2) = cx(t2) + cx(t2)

| then write integration limits explicitly and write in real time

t1 to
= / dtg/ dtyD” (t1t3) D= (tsts) D= (t1t4) D= (t3t2) D= (tat2)

t1 to

+/ dt3/ dtyD” (t1t3) D<(tsts) D<(t1t4) D<(tst2) D~ (tat2)
t
to 2152

+/ dtg/ dtyD<(t1t3) D= (tsts) D= (t1t4) D= (t3t2) D= (t4t2)
t 0

to to
+/ dt3/ dtyD<(t1t3) D= (tsts) D<(t1t4) D<(t3t2) D~ (tat2)
t to

3rd Term — / drs / drM D(t173)D (57D (17 M) D= (32) D" (rM 1)
(t1) cMm

%
break up cx(t1) = cx(t1) + cx(t1)

_ / drs / 4 D> (t1m) D (757 2)D (17 D= (7t2) D' (M)
t1;

— / dr M D= (t173)D " (rs7 M) D (1172) D= (mst2) D (1)
K (t1) cm
then write integration limits explicitly and write in real time

t1 to—ihp . ~ r
_ / dts / 4 D> (1£5)D (57 M) D (1721 D= (tst2) D' (1)
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to to—ihB
N / dts / 4 D= (t1£5)D (57 M) D" (1721 D= (tst2) D' (M1 1)
t1 to

4th Term = / dT3/ dT4D(tlTg)D(T37'4)D(t1T4)D(7’3t2)D(T4t2)
e (t2) ek (t1)

which is the same as 2nd Term after renaming 73 <+ 74. Note that it does not happen in general. In
this case (371 has that symmetry in 73 and 74.

5th Term = / dTg/ dT4D(t1T3>D(7'3T4)D<t1T4)D(T3t2)D(T4t2)
ck (t2) ck (t2)
| thus t; is earlier than 73 and 74

= / dTg/ dr4D<(t173)D(1374) D<= (t174) D(73t2) D(74t2)
ck (t2) ck (t2)

%
| break up cg(t2) = ck(t2) + cx (t2)

| then write integration limits explicitly and write in real time

to to
= / dts / dtyD<(t1t3) D' (t3t4) D= (t1t4) D= (t3to) D= (t4t2)
t t
0 \ 0 "
+/ dtg/ dtyD<(t1t3)D<(tsty) D<(t1t4) D= (tsto) D~ (tato)
t t
Yo
+/ dtg/ dtyD<(t1t3) D~ (t3ts) D<(t1t4) D~ (t3t2) D<(tats)
to to

to to _
+/ dts / dty D= (t1t3) D' (tsts) D= (t1ts) D7 (t3ta) D~ (tats)
to to

6th Term = / drs / drM D<(t173)D (37D ' (ty 7)) D (73t2) D" (m112)
ck (t2)

cM

%
break up cx (t2) = cx(t2) + cx(t2)

then write integration limits explicitly and write in real time

to to—1ihfB
= / dtg/ dTi\/[D<(t1t3)Dj(t3’TiV[) (D<(t3t2) - D> (tgtg)) Dr(Tith)
to to

7th Term — / i / D (YD (7 r) D(t1m) D (7214) D= (74t2)
ey e (t1)

%——_—
break up cg (t1) = cx(t1) + cx (t1)

then write integration limits explicitly and write in real time

to—ihB t1
= / dr! / dtyD ' (ty) D" (t374) D (t1t4) D" (1M t9) D= (t4ts)

to to

to—ihs to
+ / dr / dty D (ty7) D" (7)) D= (t1t4) D" (rMt2) D (t4ts)
to t1



CHAPTER 3. NON-EQUILIBRIUM GREEN’S FUNCTIONS (NEGF)(MOSTLY PHONONS) 35

8th Term = / dTéVI/ dT4Dj(tlTé\/[)Dr(Té‘JT4)D<(t17'4>Dr(Té\/[t2)D(T4t2)
cm ck (t2)

the derivation is very similar to the 7th Term

to—ihfB t1
— / dTS{”/ dtaD (tim3") D" (187t4) D= (t1t2) D" (13" t2) (D= (tst2) — D™ (tats))
t t

0 0

9th Term = / dTé\/[/ dTyDj(hTéw)DM(TéwTiw)Dj(tlT%)Dr(Té\/ltg)Dr(T%tQ)
CM CM

write integration limits explicitly

to—ihS to—ihf B - i i
= / dTé\/l/ dTi\/‘[D (tlTé\/‘[)DM(Té\/[T%)D (tlTiV[)D (Tg{wtg)D (Ti\/[tg)
t t

0 0

[Contribution:] Here I will briefly state what this contribution is about. Vertex corrections was never
really mentioned in any NEGF literature but they are needed in linear response theory and from the
experience in equilibrium many-body field theory, we know that vertex corrections are important in
bringing out hidden physics. Thus I have given here a systematic way to calculate vertex corrections
explicitly though they are very complicated (as expected). With vertex corrections, we can perform even
more sophisticated renormalizations and probe regimes where the perturbation is not really considered
as “weak”.

3.1.5 BBGKY Hierarchy Equations of Motion: The Many-Body Problem

This section is essentially trying to explain what the many-body problem is. It can be stated simply:
in a N-body system, if there exists an interaction involving pairs (or more) particles, full knowledge of
the system requires N-particle quantities. We are mostly working with the 1-particle Green’s functions,
trying to get as much knowledge of the N-body system out of it.

When we derive the equation of motion of the 1-particle Green’s function (of a many-body problem),
we do not get a closed equation and we led to a higher particle quantity. Seeking the equation of motion
of the higher particle quantity will lead to even higher particle quantities. This hierarchy of equations,
which ends at the full N-particle quantity is called the BBGKY (Bogoliubov-BornGreenKirkwoodYvon)
hierarchy. '®

The purpose of the Green’s function hierarchy of equations is to present us with a hierarchy of
correlations. Then assuming that many-particle correlations are weaker, the hierarchy can now be
truncated. Thus applying the BBGKY hierarchy to Green’s function allows us to make approximations
based on correlations.

Finally for completeness, we now list down the many-body problems and non-many-body problems
that are dealt with in this thesis. !9

1¥Pause for a moment to ponder, and you will realise that this has nothing to do with physics. This is simply mathematics.
This is why the BBGKY hierarchy appears in so many different branches of (classical or quantum) physics.
9Here we note some subtleties regarding many-body problems and equations of motion by looking at some terminology:

e Space Translational Invariance. In the equilibrium many-body problem, the interacting system is space translational
invariant since it is in equilibrium. All quantities only depend on differences in position. An appropriate description
will be to use reciprocal vectors k or . Homogenous system is a special case where quantities are the same for any
differences in position or in reciprocal space, it means E, q = 0. For systems without this invariance, every position
variable is a seperate dynamical variable!

e Time Translational Invariance. In the equilibrium or steady state problem, the system has time translational
invariance. All quantities only depend on time differences. Fourier transforming to frequency variables provides a
slightly more compact description. For systems neither in equilibrium nor steady state, then each time variable is
a seperate variable. For the non-equilibrium 1-particle Green’s function (which has 2 time variables), we therefore
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1. O-particle problem. A general name for this class of problems is the “mean field theory”. An
example given in this thesis is the CPA mean field theory which deals with mass-disordered
systems. There is no many-body problem here.

2. 1-particle problem. 3 examples are given in this thesis: the linear coupling between system and
lead, electrons interacting with electric fields and magnetic fields (in appendix). The 1-particle
description is sufficient for the 1-particle problem, there is no many-body problem here.

3. 2-particle problem. The most famous example is the Coulomb interaction and it is treated in this
thesis in the appendix. The equations are (D.52) and (D.53). This is the starting example of a
many-body problem.

4. 3-particle problem. In this thesis, the case treated is the 3-phonon interaction. The equation is
(5.147).

5. 4-particle problem. In this thesis, the case treated is the 4-phonon interaction. The equation is
(5.147).

3.1.6 (Left and Right) Non-equilibrium Dyson’s Equation

Since the structure of the Green’s function for the non-equilibrium theory is similar in structure to
the Green’s function in equilibrium theory, we expect a non-equilibrium Dyson equation of the same
structure but the quantities are in contour times. Also, we need to have the “left” Dyson’s equation
and the “right” Dyson’s equation in order to describe the non-equilibrium problem (which does not
have time translational invariance). Here, we merely state the Dyson’s equations because the rigorous
derivation is one of the main theme of the thesis. The Coulomb case, the electron-phonon case and
phonon-phonon case are derived in the form of Hedin-like equations in their respective chapters.
In integral and contour time form,2°

“Left” Dyson’s Equation:
G(1,1') _G<O>(1,1’)+/ d2/ d3G9(1,2)%(2,3)G(3,1') (3.114)
K+cnm CK+CM

C

“Right” Dyson’s Equation:
G(1,1) = G9(1,1') +/

cx+em

d2/ d3G(1,2)2(2,3)G(3,1') (3.115)
cKk+Cm

Here we explicitly show the (differential) Dyson’s equations for the contour ordered phonon’s Green’s
function defined as (cross reference with equation (5.147))

D(irlr) = —% (Topvors (wrr (ir)urs (7)) (3.116)

Left equation:

82
E <5111872 -+ (I)ll1> D(llTl/T/) = —(5”/5(7', TI) + E / . dle(lTllTl)D(llTll/T/) (3.117)
I 1, Jextem

need 2 equations; the “left” and the “right” equations for the time variable on the left and for the time variable on
the right.

20 Again this is in generic notation, it applies to both Bosons and Fermions.
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Right equation:

82
Z <(Slll/a ) + (I)lll’> D(lTllT/) = o (T, T’) + Z/ . dTlD(lTllTl)E(llTlllT/) (3.118)
1 I K TCM

where the Hamiltonian H = Hy + Hiy, + V() which I only need to specify that Hy is the harmonic
(quadratic) term. The self energy 3 need not be specified now. The contour delta function shall be
defined from the contour step function.

H(t—t’) t,t' i

o(t' — 1) t,t' e &k

0 te ekt €

o(r—7)={ 1 teég,t' ecy (3.119)
1 tECK,TM, €cym

0 MECM,tIECK

(M — 7MYy Mo oM e ey,

5(t—1t) tt' e
5t —t) ¥ eéx
d6(r — ) 0 teck,t' g
S(r,7)=68(r—71)=—"——2={0 te gt ecg (3.120)
dr 0 tGCK,TMIECM
0 ™ ¢ CM,t/ € CK
§(tM 77’M,) ™ e ey, ™ € ey

3.1.6.1 Kadanoff-Baym Equations

These are simply the differential form of Dyson’s equations written in real time upon the application of
Langreth’s theorem (involving series multiplication). Here we will present the Kadanoff-Baym equations
for the phonon Green’s function (3.116). Looking at the table collecting Langreth’s theorem, the 4
Kandanoff-Baym equations from the left Dyson equation are

62
@ > (5111&2 + <1>”1> D=(11tl't)
1

—Z dtlER (Utht) D= (Lt ')+ [ daS=(ithtr) DA (Lita 't
1 Jto

+Z / drMs (1t tg — iheM)D' (11, to — i 1I't)) (3.121)
2

0
(b) Z <6l1lat2 + q>”1> D>(lltl/t/)

I

:Z/ dtlZR(ltlltl)D>(lltll’t’)+Z/ dt, X (It ) DA (1111t
I to I to

B
+> /0 Aty (It to — ihr) D" (Iy, to — ihrt, I't)) (3.122)
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2

%) . o
© > (5,11&2 - <I>,ll> D'ttty — ihr™M")

I

— Z/ dty SRt t) D (it to — ihe™)
1, Yt
B 3 .
+Z/ drts (It to — ihr) DM 1y, to — i U tg — ik ™) (3.123)
0

0? Y
(d) Z (6l1l8(to—ih7']w)2 + @[[1> DM(Z17t0 - hTM7l/’t0 — ZhM )
5

= —8((to — ihe™) — (to — ihe™")) oy

Z/ drMSM (1t — ikt ™ 1ty — ihr M) DM (1 tg — ihr Ut — ihe™') (3.124)

We note that the left equation for D" is not needed as D' is related to D' according to equations (30)
and (31) in [Stan2009].
Then the 4 Kandanoff-Baym equations from the right Dyson equation are

82
(a) Z <5l1l’ BYG + (I)lll’> D<(ltl1t/)

5

— Z/ dty DE(Itl 1) 2= (11111t +Z dt1D< (It t) B2 (11t 1Y)

+Z/ dr D (1tly, to — ihrM)S (Iy, to — ihrd 1Y) (3.125)

2

0
® > (5,11’ 5 T <I>lly> D~ (Itl1t')

I

:Z/ dtlDR(ltl1t1)2>(lltll’t’)+Z/ dt, D> (Itlyt)) A (1111t
i, Jto

+Z / dr D (Itly, to — ihrd) S (Iy, to — ihr ') (3.126)

2

0 A .
(C) Z (5[11 (,%,2 + (I)lll’> D (lto - ZhTM, l1, t,)

51

= Z / dt, D' (1, tg — ihe™  11t) 24 (1Lt 1Y)

+Z / drM DM (1, tg — ihe™ 11, tg — ihrM) S (I, to — iheM, 1Y) (3.127)
0’ M M M’
d e a—— SR I 5 LA TN L R
( ) ; < 111 3(t0—ihTM')2 + l1l> (7 0 T 501,00 hT )
1

= —5 to — ’Lh’i‘ ) (t() — Zh’l’ ))(5”/

Z/ dr'sSM (1 tg — iht™ 1yt — i )DM (1, to — ihr U to — ihre™')  (3.128)
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Again, note that the right equation for D' is not needed as D is related to D" according to equations
(30) and (31) in [Stan2009].

[Relations and Initial Conditions] Now we shall list the relations between the Green’s functions
and list the initial conditions for solving the 8 Kandanoff-Baym equations.
According to [Stan2009], there are 2 relations, first consider,

(D) = (= Topse Can (1)) (3.129)
| note that they are Hermitian
= 5 (Tegren (unr(Wyun (') (3.130)
= —D<(I't'lt) (3.131)

Similarly, (D> (Itl't'))" = —D>(I't'lt). Next we consider the equal time situation where we know the
equal time commutation relations,

lwp (1t), ug (I't")] _ L, =0 (3.132)
| expand the commutator and take statistical average
D~ (It |y—s — D<(IH't)|y— = 0 (3.133)

This means that in the time propagation, we only need to solve D~ (Itl't") for t > t' and D<(ltl't’) for
t<t.
The initial conditions for the time propagation of Kandanoff-Baym equations are,

D (Itol', to — ihm™) = DM (1, tg — ih0, 1, tg — ihr™) ( )
D (I,to —iht™ I'to) = DM(l,tg — ihr™, 1, to — ih0) (3.135)
D<(ltol',tg) = DM(l,tg —ih0,l',tg — ih0T) ( )
D> (Itol',tg) = DM(l,to —ih0", 1, tg — ih0) ( )

[Numerical Implementation] We follow [Stan2009] section IV and for the first numerical results see
[Bonitz1998] pg 285. Fortran codes are in [Kohler1999]. For an (electronic) application see [Myohanen2008].
Recall that we only need to propagate Dy, (tt') for t > t' and Djj,(tt') for t < ' and the equal time
synchronization condition is Dy, (tt')|,_, = Dy (tt')|,_,. So we only time step D~ in the first time
argument and time step D< in the second time argument. D" (tg — iht™,t) and D (t,to — iht™) are

time stepped in t for fixed 7M.
The general outline for time stepping is,

1. Time step T'— T + A once for the Green’s functions.
2. Use that to recalculate the RHS of the Kadanoff-Baym equations.
3. Time step T — T + A again using the average of the old and new RHS.

In [Stan2009], a method was given to absorb the time singular part of the self energy 9 into the
time stepping process for the sake of numerical stability. It appears that the method requires the first
order time derivative in KB equations to work and in this case, we have second order time derivatives
so the method seems to fail here. So we need to be careful if we use time singular (phonon-phonon) self
energy for calculations.
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Figure 3.6: Time stepping scheme.

3.1.6.2 Keldysh Equations

These are simply the integral form of Dyson’s equations written in real time upon the application of

Langreth’s theorem (involving series multiplication). We start with the integral form of the left Dyson’s
) 21

equation (in contour time).

G=aG" ¢+ / elhye! (3.138)
K+Cm

Apply Langreth’s theorem to get the lesser component (in real time),

< A
G = GO / GOR ( / EG) + / GO< < / 2G> + / GO ( / zc:)
t ck+ecm t ck+cm ™ cKk+em
— G(O)< + /G(O)R (/ERG< +/Z<GA+/ EﬂGr> +/G(O)< /EAGA
t t t M t t
+ / GO < / > GA + / EMGF> (3.139)
M t M

_ G(0)< /G RZRG< /G RE<GA /G <EAGA

t

+/tG(O)R/ NG +/ /z GA + / / MG (3.140)

We further rewrite the first line

-

“First line”
<+ / GORpRG< + / GORg<GA + / GO<xpAga (3.141)
t t t

| iterate once

21The arguments are left out and the convolution is written in symbolic form. Again here we use the generic notation
of Green’s functions. The calculations here apply to Bosons and Fermions.
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_ G(O)<+/G(0)R2<GA+/G(O)<2AGA
t

t
+/G(O)RER (G(0)< L GORy<GA L q0<nAgA | G(O)RERG<>
t

(3.142)

— /G(O RE<GA /G <2AGA /G RERG(O /G RERG(O)RE<GA

+ / GORSRGO<sAGA + / GORSRGORSRGS (3.143)
t t
_ /G(0)< (142464 +/G(O)RZRG(O)< +/<G(O)R+G(O)RERG(O)R) n<GA
t t t
+ / GORpEGO<sAGA 4 / GOEpREGORSRG< (3.144)
t t
- / (14 GORSR) GO< (14 464) + / (GOF + GORSRGOR) 5<A
t t
()R
+ / »RGOEREGS (3.145)
G
| iterate more
= / (1 +GOERE L GORSRGOR ) GO< (14+34G%)
t
+ / (G<O>R + GORSRGOR L qORGRGORSRGOE . ) negh (3.146)
t
= / (1+ G GO< (142464 + / Ghiy=g? (3.147)
t t
The full (left) Keldysh equation (with initial correlations) is
G< = / (1+GE2R) GO< (14 24G64) + / Gly<gt
/G / el +/ /EGA / / MG (3.148)
When escribes non-interacting particles then is of the form,
hen G(© describ les then G(©< is of the form,??
GO< o §(e — e(k)) for electrons (3.149)
§(w? —w?(jq)) for phonons ’
then the first term of G< becomes (e.g for phonons),
Ry R\ ~(0)< AAA nR 2 2 AA
1 by 1+ 1 — ] 1+ =
/t( LGPy GO (14 3AG )o<< +w2_w2(jq)_2R)5(w WD) (14 2464 =0

then the Keldysh equation (when the free Green’s function is the non-interacting Green’s function)

22To see why G© represents non-interacting particles, just take the lowest order term in the perturbation expansion. It
is the term G©). Remember that this choice is made so that Wick’s theorem works. However the original physics is that

we perturb from an interacting equilibrium state (due to Ho 4+ Hint). This piece of physics is unchanged.
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becomes

e :/GR2<GA+/G<0>R/ szUr/ G<0>j/erA+/ G<0>1/ MG (3.150)
t t 7—M 7—]% t 7—]\/1 TIM

If we assume that initial conditions do not affect long time evolution (which we can check numerically
or theoretically by solving the Kadanoff-Baym equations) which is usually stated as “dropping the
Matsubara contour cp;” and/or “taking tg — —o0” then only the first term survives. The (left) Keldysh
equation (when the free Green’s function is the non-interacting Green’s function and initial correlations
are ignored) simplifies to

G< = /GP‘E<GA (3.151)
t

3.1.7 Receipe of NEGF

It looks like as if NEGF is abstract and complicated. In reality, it is really just a bag of clever tricks
which is quite straightforward to apply. Here we give a step by step receipe.

1. Look at the Hamiltonian of your problem and decide which part goes into Hy, Hiy and V(t).
Remember that Hy should be the quadratic part, Hi,, must not be time dependent and V' (¢) can
be time dependent or time independent. Once the partitioning is done, the contour is chosen, i.e.,

¢k + ey when Hiyg # 0 and V(t) #0

CK when Hiye =0 and V() #0 (3.152)

contour = {

2. For the quantity to calculate, write it into some Green’s function “component”. KEg. in the
Landauer-like case, the current is purposely written as the (time derivative of the) lesser component
of a mixed Green’s function.

3. Then define the contour ordered version of this Green’s function because a perturbative treatment
only exists for this object. Choose a suitable (contour time) self energy.

4. The contour time trick is over and we apply Langreth’s theorem to give us the (real time) com-
ponent that we want in step (2). One can also just pick the relevant component KB or Keldysh
equations to solve for the particular Green’s function component of interest. Note that the real
time self energies in KB or Keldysh equations are obtained from the contour time ones by using
Langreth’s theorem (involving parallel multiplication).

5. Once we have the (real time) Green’s function component, we carry on with the calculation of the
physical quantity (eg current or noise).

3.2 From NEGF to Landauer-like equations

3.2.1 General expression for the Current

This is the first of three developments of NEGF. 22 We follow [Haug2007] chapter 12, [DiVentra2008]
chapter 4 and [Meir1992]. This development deals with systems with leads attached. The (rather
artificial) time dependent problem is that, at ¢y, the leads are attached to the system. After the leads
are attached, the Hamiltonian is time independent actually, thus the physical quantities (in this case,
the current) is a constant. This constant is the steady state value.

23The three developments are: Landauer-like theory, Quantum Kinetic equations and Linear Response theory.
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We work out the simplest case?* of two thermal leads and a central interacting system. The (sudden)
switch on in NEGF is now used as the system-lead attachment.We assume that the left lead and the
right lead are independent, infinite and non-interacting.

H = H{ + HS + H,

int

+ HEC9(t — 1) (3.153)

where HOL and Hj ¢ are the harmonic non-interacting Hamiltonians of the left lead and the central system
respectively. Hu(it is the interacting Hamiltonian of the central system where the interaction may be
mass disorder, anharmonicity, electron-phonon interaction and so on. HC is the Hamiltonian that
describes the connection of the left lead and the central system.

We choose to partition it as follows (let H¢ = H{ + HE,),

Hy = HEF+HS +HS, = HF + HY (see footnote)? (3.154)
Hye = 0 (3.155)
V(O —t)) = HECO(t —to) (3.156)

We define the energy current from the left lead to the central device as the change in expectation
value of the left lead Hamiltonian (again we supress the indices k and «)

Tt = (—Hfu(0)) (3.157)
Tr (e‘BLHOL_BCHC . )

Tr (e‘ﬁLHoL_BCHC)
| and Hl4; is the Heisenberg picture operator of H{

- <5tH0H( )> (3.158)

|  where (...) =

i

d

| use the Heisenberg equation of motion %HOLH(t) =3 [Hp(t), H(%H(t)] B
]

) <[H0LH(75)7HH(75)],> (3.159)
]

= ([H(0), HEC )] ) (3.160)
i interface

T oh < oML ZpH (), Y Vi ui(htyug(lat) > (3.161)

Ll B
| use the fundamental commutator [u”(I1t), p"(lat)] _ = ihéy,,

| recall that p© = MLal
interface d
= Y v < (Cﬁuﬁ(lt)) u%}(l’t)> (3.162)
lila

Now we want to use NEGF methods to deal with the (iku$) correlation. To maintain u% on the

24 A one lead + one system problem is also an open system problem but it is not, strictly speaking, a transport problem.

25This is an unusual way of partitioning the Hamiltonian where Hy is actually nonquadratic. We will pay the price for
it in the final result of the current. The current expression, equation (3.182) looks nice but the expressions DO and
D)< are not known and are most likely not closed expressions.



CHAPTER 3. NON-EQUILIBRIUM GREEN’S FUNCTIONS (NEGF)(MOSTLY PHONONS) 44

left and that % only acts on uk;, we write ul; (it) — ul(I') with ' > ¢, hence defining a (hybrid) lesser
Green’s function D< 26

1

D<) = — (uly (V) (1t)) (3.163)
interface d interface d
ThSa) = Tm > VECL (g n) = inlim >0 VEC L DY) (3.164)

iw w

Now we define and work with the contour-ordered version of D in order to employ NEGF pertur-
bation techniques,

DL (/17 = _% (Tue (uly (UG (7)) (3.165)

The contour ordering is only over cx because we choose to partition such that Hij,y = 0. We can copy
over the perturbation expression from the first section,

_ i LC
T (e s 5O, (e Iy 17 (1))

DB (irl'7') = —— . (3.166)
h Tr (e*ﬁLHoL*ﬂCHCTCK (e‘ﬁ Jex dlezer(Tl)))

We can make some slight simplifications in the expressions,

u§ (Ir) = enHFHHOT—10),C (1)~ i (HE+HO) (T —t0) (3.167)

| note that H}' commutes with H “ and u®

- e%HC(T_tO)uC(lto)e_%HC(T_tO) (3.168)

o (3.169)

Similarly, (3.170)

ulﬁo(l,T/) _ ué}g (l,T/) (3.171)
interf(;ce

Hig (1) = D ViiCupy (e (1) = H*C(7) (3.172)

w

We will carry out the S-matrix expansion and we assume that H¢ = HOC + HE is not quadratic,

nt
hence Wick’s theorem cannot be applied to u® correlation terms at this stage.

D(CL)(ZTZ'T’)
i T (BB HOT, (e L @i (1))
= - : S (3.173)
Tr (e_fBLHo _’BCHCTCK (e—ﬁ ch ! (7—1)))
_ _d —i ., dnHYC(m) L c
- - <TCK (e i Jege 4m 1uHOL(z'T’)uHC(zT))> (3.174)

| expand out the S-matrix following [Haug2007] pgl88

_ _;i;‘ <_;>k / dr - dn (T (2 (m) P (nuby, (G (7)) (3.075)
k=0

CK

26Define a D€M™ if the reader prefers. Note that the fermionic version has a different sign.
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. -\ k
= _hkzoli!(—h) /CKdTl...di
X Z <TCK <u§§(z’7')ug§ (zm)>> ViC < » <uHC(lT)uHC (o) HEC (73) .. .ﬁILC(Tk))@.m)

| there are k — 1 terms more due to uHL(l 7') pairing with u (lng) uIL{OL(llTk)

| note that the u® terms on the right cannot be factorised

| all k terms are the same after relabeling indices, giving a factor k

| note that —% <TCK (uIL{OL (ZIT/)U[L{()L(llTl))> = DO (171, 7)

| < i)k_l/ /
= —z — | = dT1 dTQ...dT
hkzzo(k—l)! B o o

xS DOB 171wV < h) <TCK (ugc(h)ugc(zm)ﬁw(@) : ..ﬁLC(Tk))> (3.177)
lil2
| since the sum is infinite, we can reconstruct the S-matrix

1 i o FTLC (1
= / dr > DOB (1 I'TVES <—h> <TCK (e i ey A2t (2)ugc(h)ugc(lm))> (3.178)
CK

Il

|  we now define the interacting central Green’s function D)

= / dr > DO (1 ' \VET DO (Ir1ym) (3.179)
CK l1la
= / dr1 > DO (irlyr)VET DO (111’7 (3.180)

l1l2

Since we only want the D(CL)<(ltl’ t') component, we will now apply Langreth’s theorem on the above
equation.

D(CL)<(ltl t' / dt1 Zvlzll ( ltlgtl)D( )(L )<(l1t1llt/) + D(C)<(ltZQtl)D(O)(L)A(lltll/t/)>

to lilo

(3.181)

Now the thermal current expression takes the final form,

interface

d
Tl (t) = i lim Vii©— 2D DBt
i

| define the lead self energies as follows

interface

| SOty = Y VDB ) VAT
IS4
interface

| SOty = Y VEfDOWA LI VES

b

= z’hlimz T / dt1 ltlgtl)E(L)<(ltllgt/)—|—D(C)<(ltlgtl)E(L)A(lltll’t’)>

t'—t
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This is the time dependent expression that has information on transients due to the lead-system coupling
switch on.

Jthermal —Zh hmzd// dtl ltlztl) ( )<(lt1l2t/) +D(C)<(ltl2t1)E(L)A(l1t1l/t/)>

(3.182)

We now just want to make a formal remark on how the transient problem is handled. The Green’s
functions D and D)< are solved from the Kadanoff-Baym (KB) equations using the self energies
of the lead-system coupling and the interacting central. Then the Green’s functions and the lead-
system coupling self energy is used to solve the (time dependent) current expression above. Transient
information is contained before the steady state value is reached.

Subsequently, we are going to assume steady state and derive steady state (or DC) currents for 3
cases.

3.2.1.1 Current for an Interacting Central

First we note that the leads are in a stationary state so we can write (X <(It1lot)) = S<(lly, t; — ')
and DALY = SEALL ) — t'). Now if we assume that a steady state current has occurred
in the central then the 2-time dependence in the central Green’s function becomes a time difference
dependence due to time translational invariance. Thus it is advantageous to take the Fourier transform
and work in frequency space.

t'—t

Hherma = iﬁlimZ / by (D = )T < (0~ ) + DYV - )= 0 - 1))
0

| temporal Fourier transform can be done when tg — —oo which is taken now

| thus we see a time-convolved expression which we can write as a Fourier transform

dw —ist—t) [ pOR (D)< (O)< (3 (L)A
= ingm > i / =0 [ DO WP () + D@D W)]  (318)
| now we can differentiate with respect to ' and take the limit ¢’ — ¢
dw C)R L)< c L)A

_ / hwz DI @)% @) + D= (@)= ()] (3.184)

| write as trace (over ko indices)

_ / ;li’th [D(C)R(w)E(LK(w) + D(C)<(w)E(L)A(w)} (3.185)

| use identities D4 (w) = DO (W) and W<t (w) = —nF)<(w)

_ / ;L:m [~ DO (@) £B<1 (@) + (~1) DOt W) 5P w)] (3.186)

T
- / ;l—wthr [( n )<(w)D(C)A(w)+Z(L)R(w)D(C)<(w)) } (3.187)
oo 2T

Witho;che previous expression, it is now easy to write down the Hermitian conjugate of the current,
‘]t[lllgmal'

gt / L e [£09(0) DO (w) + SR () DO () (3.188)

thermal At
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Since current is an observable, the current expression must be Hermitian, thus we symmetrise and
make it Hermitian.

L—C | NG L—C
Jth;;m;l = 5 (Jthgmal + Jth;;mjxl> (3189)
| use trace cyclicity

= 5 [ S (DO - pOA)EB< _ O _ )] (3.190)

oo 2T L
| use the identities D(©)> — D(O< = DO _ p(OA 4pq n(1)> _ pE)< = p(0E _ ()4
= 5[ oo (D@7 - DB - pO= (x> 50 (3.191)

oo 2T L
- 1/00 o [p@>5@< D<C><2<L>>} (3.192)

2 J_o 2m L

A similar treatment for Jtlfl:rgal gives
Jh=C ;/Oo gﬂthr (DO 5 _ p@)<xm>] (3.103)
oo 2T
At steady state, Jihermal = Jt]ﬁ;glal = — tﬁ;gal’ thus we now (left-right) symmetrise the current
expression as
1
Jthermal = 5 (Sirormat + Jiformal) (3.194)
1
= 5 (hema = Jiiehinal) (3.195)
= i/oo Z—WMTr [D<C>>(E<L>< — x)<y _ plO<(p®)> _ nR)>) (3.196)
oo 2T

Now we make a small digression to introduce some identities and after that we can write the current
into the more usual form found in the literature.

Define the level width function (level means state, width means the inverse lifetime which is essen-
tially the imaginary part of the self energy)

rOw) = i (2<L>R . 2<L>A> — (2<L>> - 2<L><) (3.197)

r®w) = i (E<R>R - 2(R>A> =i (2<R>> - 2<R><) (3.198)

Since the leads are in equilibrium, we can use the equilibrium relations, for phonons (bosons) we have
the general equilibrium relation,

D= (w) = N°(w) (DR(w) — DA(w)) = N(w) (D7 (w) — D= (w)) (3.199)
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where N (w) = 6,%%_1, thus we get 27

N(w)

<(1y) — >
D= (w) = T Neq(w)D (w) (3.202)
and for the width function,
NealL) 1

(L) — x> __ 2t > - »()>
' (w) i (E [T NeaD) z ) i7 NeD) b (3.203)
D 2(O L (1 + N@q@)) () (w) (3.204)

eq(L
and, W< = L()2<L>> = —iNedB)p(E) (3.205)
’ 1+ NeaD)
similarly, 2> = (1 + N@q<R>) T(® (3.206)
nR< —  _;nea(R(R) (3.207)
Now the current expression can be written as
Tl = / Tdw, T [( DOR _ p(@)A D<c><> <_Z- Neal () 4 NEQ(R)F(R))
erma. 4 o 27_‘_

_plo)< (—z’(l + NP 4 (1 4 Neq(m)p(mﬂ
| where we have substituted D(©)> = DO _ p(O4 4 plO)<

_ % /_ O; %’Mﬁ [_i (D(C>R _ D(C)A) ( Neal)pL) _ Neq(R)p(R))

;D)< (NBQ(L)F(L) _ NetZ(R)F(R)) — D<) _d)y

1iDO< ( NeaD (L) _ NCQ(R)F(R))}

4 ) 2w
_ % / - CQLW;MTT [DO<(N®) — 1) — (DIOR _ D) (NeallIp(E) _ Nea(Rp ()
oo 2m

Jihermal = i / T dw, T [D(C)<([‘(L) _ PRy _ (DR _ p@Ay Nea)pL) _ NGQ(R)[‘(R))}

(3.208)

The last expression is the final expression of the steady state current with an interacting central region.
Note that there is a sign difference when we compare this expression with the electron version. This is
due to the difference in expression in the equilibrium relations.

2"For electrons,

1
eq _ . . .
Y w) = e 11 where p is the chemical potential (3.200)

G (w) = —lie;qu>(w) (3.201)
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3.2.1.1.1 Current Conservation Sum Rule Recall the equation

d
Tihermal = —2/ 2—wthr( ()>E(L)<—D(C)<E(L)>) (3.209)

where we can interprete the first term in the trace as tunnelling out from the left and the second term
as tunnelling into the left.

Define the total self energy (in the non-crossing approximation 2%),
yltotal) = y(C) 4 53(L) 4 53(R) (3.210)
The current conservation statement is
R
Jthermal + Jthermal =0 (3211)

which we will turn it into a sum rule involving the self energy of the central region, X¢.
First, rewrite the earlier identity,

D(c)R_1 _ D(C)A—l _ E(total)A o E(total)R (3.212)
| use 2 — 34 = »> _»<
E(tota1)< _ E(total)> (3_213)

We derive another identity by considering this expression.

T (E(tota1)<D(C)> _ E(total)>D(C)<)

| use Keldysh equations, D> = pO)hx(total)> [(O)A 4pq pE)< = pO)Ry;(total)< [(C)A
_ ( (total) < 15(C) Ry (total)> 1 (C)A _ E(total)>D(C)Rz(total)<D(C)A) (3.214)
| use the above 1dentity y(total)> _ gy(total)< _ p(O)E-1 4 p(@)A-1
_ Tr( (total)< 1(C (E(total)< _ p©)R-1 JrD(C)A_l) DA

(E (total)< (C)R—l + D(C)A—l) D(C)RE(tOtal)<D(C)A) (3215)
_ ( (total)< 1) (O)Ryx(total) < )(C)A _ yr(total)< 1) (C)A 4 y(total)< ()R

E(total)<D( )Rz(total)<D(C)A + E(total)<D(C)A o D(C)A—1D(C)R2(total)<D(C)A) (3216)

| 1st cancels 4th, 2nd cancels 5th, 3rd cancels (cyclic traced) 6th
= 0 (3.217)

And now we are ready to use the current conservation for getting a sum rule.

0 = J thermal + ']t]flerrnal (3218)

28Quppose the interacting part of the Hamiltonian is made up of 2 terms, there will be 2 S-matrices to expand in the
Green’s function. Expanded terms will be factorized according to Wick’s theorem. The total self energy can then be
identified and generally, the total self energy is not just a sum of the self energies of each interaction. The non-crossing
approximation simply means that we assume that the total self energy is a sum of the self energies of each interaction.
Physically, such an approximation implies that when a particle undergoes scattering due to one interaction from start to
end. All intermediate scatterings are due to the same interaction with no scatterings due to the other interaction. A
counter example to this is actually given in this thesis in sections 5.4.2.4, 5.4.2.5 and 5.4.2.6 where intermediate scatterings
are due to both 3-phonon and 4-phonon interactions.
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_ _% / ‘: ;L:Mr (D©> (501 4 5W<) - pO= (50> 4 5>)) (3.219)

| use the definition of total self energy, y(H)z 4 w2z = plteta)z _ 57(C)2
1 [ dw

_ _2/ ﬁthr <D(C)>E(total)< — DO>xO)< _ p(O)<y(total)> D(C)<g(0)>> (3.220)

| use the identity, Tr (Z(tOtal)<D(C)> - Z(tOtal)>D(C)<) =0

1 [ dw
_ LT aw (©)<5:(O)> _ pO)>xn(0)<
2/_00 %thr@ 2 D©>yx ) (3.221)
1 [ dw
_ L[ aw (©)< p@)> _ 5(C)> p(CO)<
2/oo2vrthr (2 D x(©>p ) (3.222)

which is the sum rule that the self energy of the interacting central is required to satisfy in order to
fulfill the conservation of current (in this case, it is energy current) at steady state.
3.2.1.2 Current for an Interacting Central with Proportional Coupling
Suppose that the leads are proportional matrices,
It = arft (3.223)

where A is a proportionality constant. At steady state, Jtthgal = —Jgﬁgﬁal,

total current with different weights.

so we can symmetrise the

Jinermal = ¢JEZC  — (1 — 2)JESC (3.224)

ermal

First we rewrite JtLh;glal and Jﬁ;’gal into a more suggestive form (following [DiVentra2008]),

1 [ dw
L—C _ - i C)y>y (D)< _ nO)<s(L)>
Thosa = 3 / g heTr (D 5 DO<x ) (3.225)
| substitute the identities R(F< = —iN/EITE) and B> = —j(1 4+ NeaE))p(E)
1 [ dw
_ 1 /7w (©> (_; Nea D)) _ plO< (_; eq(L)y[(L)
2/00 QthTr(D ( iNea(DT ) D ( i(1+ Nea(D)T )) (3.226)
| substitute D(©)> = DR _ p(©)4 4 p(©)<
_ 1 / Ty oy (~iNHPTE(DOR - DO 1 ip@<ph) (3.227)
2 J_ o 2m
1 [ dw
_ i [T (L) ( D)< _ near) ( D(OR _ p(C)A
2/0027Tthr(F (D N (D D ))) (3.228)
Similarly,
roc 0 [T dw (B) (p(©)< _ yealR) ( p(OR _ pC)A
T = 5 / g heTr (F (D N (D D ))) (3.229)

Now symmetrizing the current using the new weights.

Jthermal

= xjtlfl;gal - (1 - w)‘]t]ﬁ;rgal (3230)
1 [ dw

- hatd (L) (C)< eq(L) (C)R _ p(O)A
2/00 %thr(a:r (D +N (D D ))
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(1 —2)® (D<C>< — Nea(R) (D(C>R - D(C)A>>> (3.231)
LT dw (R) p(C)< (L) prea(r) (B yea(R)) (DA _ pOR
= L —thr((:cA—(l—x))r D —l—(xF NealD) (1 — z) P yea )(D -D ))
2 J_ oo 27
| choose x such that the first term vanishes, ztA — 1+ z =0so z = T
i [ dw 1 1
I bt = rWpnead) _ (1 -~ ) R pealR) (@A _ pOR
2/_00 27rthr(<1+)\F N (1 1+)\)F N )(D D )) (3.232)
i [ dw 1 A
- it —— 1@ pnead) _ 2 p(R) pea(R) (@A _ pOR
2/_00 27rthr<<1+)\F N 1+)\F N )(D D )) (3.233)
i [ dw &)
I bt eq(L) _ nea(R)y(p(@A _ p(OR
5 /_OO 27rthr (1 n )\(N N (D D )) (3.234)
he i ) oOT@®R) oOT®R) (&)
| note the identity, O 1@ = IESRG =371
i [ dw (&)
I o - r T nea(D) _ oarea(R) (O)A _ p(OR
5 /_OO 2ﬂthr (F(L) T (N N (D D) (3.235)

The final expression of steady state current for an interacting central with proportional lead-system
coupling is

i [ dw r&r®E .
Jihermal :2/ ﬂh‘“’Tr (F(L)—i—l“(R)(N (L) _ Nea(B)y(p(O)A _ plO)R) (3.236)

—00

3.2.1.3 Current for a Non-interacting Central (Ballistic Current)

We get the non-interacting case by expanding the full interacting Green’s function to zeroth order in
interaction

D(C)(lTl/TI) — _% <TCK (e—%ch dTQfILC(TQ)ugIC(ZT)U%‘IC(ZIT/)>> (3237)

| recall HC = HOC + HE, and HE, exists before the switch on
| go back to Heisenberg operators and rewrite into another set of interaction operators
| so we arrive at the full perturbation expansion in chapter 1
|

the whole idea is, this set of interaction operators allow Wick’s theorem

i —i [ A HLO(ra) T Jegeters ABHE, o (T8)
= — <TCK rens <e i ey draHEC(72) TR Jercvens e ugg(lT)ugoc(l/T/)>> (3.238)

|  where the statistical operator is now quadratic and Wick’s theorem is applicable

| expand the 2nd S-matrix to first order

1 _i o FILC (7 i
LG N P e O / drsHE o (73) ) uS e (Ir)ue (')
h h cx+tepm 0 0 0

| the first term thus represents no interactions (and no cps)

) _i o FTLC (7
= (T (THe G e 0))

.\ 2 ) N
7 -2 fc dra HEC (19) 170 C C
+ (n) / L, dn (Tescren (¢ Mo P CIEC o (m)uGe (17)uGe (7)) )(3.239)



CHAPTER 3. NON-EQUILIBRIUM GREEN’S FUNCTIONS (NEGF)(MOSTLY PHONONS) 52

| for the non-interacting (or mean field) central, we retain only the first term

_%<TCK< f dra HLC (15) C’ (lT) (l/T,)>> (3.240)

The second term is thus the first correction to the ballistic current. This correction term will be
calculated in the chapter on anharmonicity.
The Dyson equation is now exact as we only have a 1-point interaction.

DO(7l'7"y = DO©N (1717 + / dry / dry Y DO (171 m) 5B (1 71lom5) DO (lomol'7') (3.241)
l1la

We expand out the second order term just to illustrate.
DAI©) (Irl'r")
1/ i\? . N
= 5 (_h> /CK drdry <T0K <HLC(T1)HLC(T2)UJ2C(lT)UfIg (l’T’)>> (3.242)

| recall that HXC () ZVMQ HL(Z1T1) Hc(ZQTl)

lil2

: (5) e
= |- T1dTs
20\ 1) Jo,

< Toe Y > Vil Vl3l4uHL llTl)uHc(lng)uHL(lng)uHc(l47’2)uHc(lT)uHc(l/ ')> (3.243)

lila I3l

_ 21|<_h>2/ dndn Y3

lila I3l4
XVECVIES (T (uHL(zln)uHL(zm)» (Tore (uGe (l2m)uGe (UmuGye (1r)uGe (7)) )
| the connected pairings for the u® terms are (771 (mo7") and (r73)(my7")
| the first pair gives (symbolically), VECVEC(T, (uPul)) = VECVEC RDOW)) = jpxnt
| the second pair gives, 2 x (il)2D©) (171,7) DOC) (1717

= ih / dridry Y - DO (7l 71) S (17115 79) DO (Iymol'7) (3.244)
CK lil2

Thus the pattern is clear and summing all orders we get the Dyson’s equation exactly. Now we
include an independent right lead. With 2 independent leads, the Dyson’s equation is,

DOrs) = DOO(rT)
/ dTl/ dTQ ZD(O) C) l7‘ll7’1) (E(L)(llTllgTQ) + E(R)(Z1T112T2)> D(C)(ZQTQZIT/)

CK Il

(3.245)

Now the aim is to insert the expression into the full interacting formula for current and we will
be able to obtain the often-seen expression for current. We will need some identities. (from Datta in
[Dattal997]) First is a rewriting of Keldysh equation (in frequency domain). Note that D(®) describes
the non-interacting system so we have,

D<) = DOEn<pOA (3.246)
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DR (2<L>< i E<R><) DA (3.247)

use the identities, (V< = —iNIEIDL) apd < = _jNea(R)(R)
= —iNE) DR TE) () DO () — iNIH) () DIOE ()P () DA (w]3.248)

We still require 2 more identities ([Dattal997] eqn (3.6.4)).

Identity (a)

DOA _ pOR _ ;p(OR (F<L> +F<R>) DA (3.249)

Identity (b)

DA _ pOR _ ;pC)A (F(m +F(R>) DR (3.250)

[Proof of Identities (a) and (b)]

From Dyson’s equation DO = DOE L pORpERE (3.251)
| then xD©E1 and x pOF-1
pO-1 — pOA-L L sk (3.252)
Similarly, D471 = p@A-1 54 (3.253)
Subtract them
DOR-1 _ p(C)A-1 A _ynR L pOER-1_ p(0)A-1 (3.254)

last 2 terms on RHS cancel out because they are actually the same
recall £F = (LR L »w(R)R

(DA _ y(RIA _ y(DR | y2(RR (3.255)

= ) 4 0@ (3.256)
| xDOE and xD4 we get identity (a)

DOA_ p@OR _ pOR (r(L> +F(R>> DOA (3.257)
| xDO4 and x DO we get identity (b)

DOA_ pOR _ p©)a (P<L> n F(R)> DOR (3.258)

Now we can substitute these 3 identities into the full interacting current equation (3.208).

Jthermal = ‘ZL/C: Z%thr (D(C)< (F(L) — F(R)) - (D(C)R — D(C)A) (NGCI(L)I‘(L) _ Neq(R)F(R)))

| use D9<(w) from Keldysh equation rewritten earlier

_ ¢ / Fdw, (Z ( Neall) pIORP(L) p(OA | nealR) p(C)Rp(R) D<O>A> (pm) _ F(L>>
4 J_ 2m

_ ( DR _ D(C)A) ( NeaL (L) _ NetI(R)F(R)>) (3.259)

| use identity (a) D©F — p(OA = _;plOIR (F(L) + F(R)) DA
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_ 1 / T dw, T (Neq(m DORPL) pOARE) _ nea(L) [(C)RP(L) (O AD(R)
4 /] 27

+ Nea(R) pOYRP(R) p(C)AD(L) _ nea(R) p(C)Rp(R) p(C)Ap(R) _ p(C)RP(L) p(C)A yrea(L) (L)
+DORPL) p(O)A yea(R)T(R) _ p(C)RP(R) p(C)A prea(L) (L) D(C)RF(R)D(C)ANGQ(R)F(R)>

| inside the brackets, 1st cancels 5th, 4th cancels 8th

_ 1 / *dw, (Neq<L> _ Neq<R>)Tr <D<C)RF(L> DOAT(R) | p(O)RP(R) D<c>AF(L>) (3.260)
4 ) o 2m

| from identities (a) and (b), we get, DO 1 P DOA — p(OAE) 4 pE)p(OE
| then x ') and trace over both sides to get,

| Te(DOEPE) pOATE)) 4 Tp(DEOEPE) DA

| = Te(DOAPE) DEORPER)) L p(DOADER) DR (R))

| 2 terms to cancel to give, Tr(DOETEDOADE)) — Ty( DAL pIORDER))

-5/ " By (ent) — Nea) 1y (D(ORTE) pOAT) (3.261)
2 J_ o 2m
1 oo
Jihermal =3 / ;l—:hw (NQQ(L) _ NBQ(R)) Tr (D(C)RF(L)D(C)AF(R)) (3.262)

which is the commonly seen Landauer formula for ballistic (non-interacting central) transport.

3.2.2 Noise associated with Energy Current (for a noninteracting central)*

We follow [Haug2007] section 13.8. We attempt to calculate by brute force 22 the DC (w = 0) noise of
thermal current in a noninteracting central device connected to 2 thermal leads. By going through the
calculation, we can see how interaction (eg anharmonicity) could enter the noise calculation and how
we could possibly generalize the calculation to AC noise. We use the same Hamiltonian as that in the
Landauer theory in the previous section. We will treat left (L) and central (C) first and add in the right
(R) towards the end. This can be done due to the assumption that that leads are independent. So we
have exactly the same expression as in the previous section,

H = HI+HC + HY0(t —ty) (3.263)
HY = H{ +HE (3.264)

int

where the step function is written to indicate the term being “switched on”. We partition the Hamil-
tonian in exactly the same way as in the previous section.

Hy = HF+ HC (not quadratic in central variables) (3.265)
Hiy = 0 (no ¢y contour) (3.266)
V)0t —ty) = HCO(t —to) (3.267)

Essentially, just as in the Landauer calculation, we give up Wick’s theorem in the central variables, in
favour of dropping the c¢p; contour. We simply define the thermal current operator based on the current

29i.e. We do not calculate via a generating functional.
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expression.

Il

interface L
duyy, (¢
(current expression) JE2C (1) = JFC(t) = E Vi <Hll()u%l2 (t)> (3.268)

l1l2

o interface dqul (t)
(current operator) J"V(t) = Z ‘/}112 ng(t) (3.269)

lilo

Define the current fluctuation operator
5JLC = Jgre — Lo (3.270)

Define the noise spectrum correlation function (which is the quantity to evaluate),

1 o o
Stt) = 2<[5JLC(t),6JLC(t’)L> (3.271)
| the symmetrization ensures that we get a Hermitian operator to represent an observable
_ Lo e L /sren sLon\ _ ( rLcy2
- 2<J (t)J (t)>+2<J (" J (t)> (JEC) (3.272)

| the first expression needs t on the left of '

| the second expression needs ' on the left of ¢

duk;, (t) duk, (')
= thbm4<§:u%ﬂ>§;ﬁmw (o) - () (3.273)
lll2l3l4

= = E Vlllg 1314 lim lim

11121314 ot =
d d
detlﬁ [(ufy, (t1)ufy, (t)ufy, () uly, () + (ufy, (E)uGy, (") uip, (t1)uly, (8))] — (JH9)?
1

| define 2-particle Green’s functions (with no names for them)

(=)?

L c L
| W (wgp, (b)) ug, (Oug, (8 )UH14 ")) = Diyjigrar, (attht's 0 > ¢ > 1) > ')

-\ 2
—1
O (G, () alsn, ()65, () = Diypags (Wt ty > £ > 11 > 1)

h
—h
= > Vit Vi Jim, A,
l1l2l3ls
d d LCY2
X ar [Diytgtgty (1818500 > ¢ > 1) > ) + Dyjpgrg, (M85 8 > ¢ >t > 1)) — (J5©)

(3.274)

Thus the evaluation of noise, is reduced to the evaluation of two 2-particle Green’s functions. To carry
out perturbation expansion, we need to work with the contour ordered 2-particle Green’s function. We
define it as

(—i)?
Dl1l2l3l4(7_17_7_{7_/) = h) <TCK (u%{ll (Tl)u%lg (T)u%lg (T{)U%M (7—/))> (3-275)
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We use the S-matrix expansion to seperate the hybrid Green’s function. 3°

D, 1y11, (717

7i2 —i dr HEC (-
- (h) <TCK (e e m“ﬁw (Tl)ugczz(T)UZOLI3(T{)uch4(T’))> (3.276)

| recall that HLC (7 Z V}nguf{Ll UHCZQ( 7)
lhlo

| expand the exponential term to second order

- &F <TcK ((1 - ;L/CK Ay () + <‘;) /CK dradrs 12 (r) T (73) + - )

L C L C
xufy, (M)uGen (Dl ()uGe, (7)) (3.277)
| the first order has an odd number of u® and u” which averages to zero (in “interaction” picture)
(i)

= T (g (0, O ()i, ()

(— < ) / dradrs 3 VECVEC

lslgl7lg

X <TCK (“éo% (72)1‘%016 (7'2)“2517(73)“2018 (73)1‘?{0%(Tl)“gclg(7)“2513(7'{)“?1014 (T/))>
N (3.278)

| use Wick’s theorem only on uf{L
0

- (—hi)2 <TCK (“1L{0Ll1(71)“1%1§z3(71)>> <TCK (“flclz(T)“%Cz4(7'/)>>
+(_;)2 (_;)2;/”( drodTs Z VlngVlﬂg

Islel7ls

x (Tere (whypy, ()b, (ro)ulyey, ()l (7)) ) (T (e, ()i, ()i, (Pubey, (7)) )
e (3.279)
| use Wick’s theorem on (T, (uufulul)) to get 3 terms

| one of the terms pairs up with the Ist line

- (_hi)Q <TcK <ULHOLl1(7—1)Uéé‘l3(T{)>> <<TCK <u%012 (T)Ugcl4(7',)>> +% (—;)2/% drodTs

x>0 VECVES (T (e, ()ulyey, (7)) ) (T (uSey, (2)uGey, () uGen, (T)uGie, (7)) )

I5lgl7ls

e )

()21 [ i\? c c C c /
+ n 2\ & dT2d75 Z lle l7ls< K (UHCIG(Tz)uHclg(7—3)UHCZQ(T)UHCI4(T ))>

Islgl7lg
(T (o <T2>“?Iéh(ﬁ))> (T (g, (g (7))

30The equation of motion seems to work here as well since Wick’s theorem applies to the left variables (due to the very
important assumption that the leads are noninteracting).
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+ <TCK <uéé‘l5 (TQ)UIE}({‘l;; (T{)>> <T0K (uéoLh (T3)U]L;Ié,l1 (7'1))> ) + e (3280)
| the first term reconstructs to the S-matrix, recall that odd powers of H™C are zero

| the second term also reconstructs to the S-matrix where above is the zeroth order term

1
| (the 3 vanishes since the 2 terms add up after renaming indices

= (—hi)Q <TCK (ulLiéll(Tl)ulLLIOng(T{)>> <TCK (eflﬁch alr”fch(r”)ugml2 (T)ug014(7_/)>>
(—;)2 (_ ;>2 / dradry Y VIV (T (ufypy, (r)ufe,, ()

Islgl7ls
_ i g FLC (11
e (g (e (7)) ) (T (787G (e ()i, (e, (7)) .28

Therefore the hybrid 2-particle Green’s function is made of 2 terms exactly.
However we cannot proceed further without approximations. For the first term, we take the same
level of approximation as in the calculation of ballistic current, i.e.

(T (T 0 ) (e (P ) oo

Now we will approximate the 2-particle (central) Green’s function in the second term by expanding and
truncating at the level without vertex corrections and without interactions. Eventually, we will get the
ballistic/mean field noise formula, and in the chapter on anharmonicity we will retain the first vertex
correction terms to calculate the correction to (ballistic) noise due to phonon-phonon interaction.

d //HLC "
<TCK (e i Jeg 4 (r )uHCIG(Tg)ugcls(Tg)ugcb( )ugcl4(7’))>

recall HY = HY + HE,

it and Hmt exists before the switch on

|

| go back to Heisenberg operators and rewrite into another set of interaction operators
| so we arrive at the full perturbation expansion eqn (3.22)
|

the whole idea is, this set of interaction operators allow Wick’s theorem

_i fc dT”f{LC(T”) —%fCKJrCMd ”’HC C(T”/) C C C C ;
= <TCK+CM <€ hlek e Ut () (T ey, (T)uge, (T7)

| expand the 2nd S-matrix to first order

i 1 ErLC (1 3
~ <TcK+cM (e hch dr'""H=“ (7" (1 _ Z/ dT///Hl(I,:t ( ///))
h cxtem

C c c c
X uHCl (T2)u Hcl (m3)u H()C'lQ(T)UH()CZ4(T/) >> (3.283)
| the first term thus represents no interactions (and no cyy)
d+" HLC (+
_ <TCK (6 F Lk (G )uHCl (T2)u gcl (Tg)ugocl2 (T)uggl4 (T/))>

i _ d //HLC "
- ﬁ / dT”/ <TcK+CM (6 h ch ! - )HStHOC (T/H)Ugo% (TQ)UZOC'lg (73)11’16;[0%2 (T)ugng (T/)) >
K+cm

|  the second term is the first correction term due to interactions

| and will be calculated in the chapter on anharmonicity, here we retain only the first term here

dT”HLC 7!
<TCK (e e ( )“ch (72)“%718(73)“2012( )Uggl4(7/))> (3.284)

Q
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| since the S-matrix is a 1-point interaction Wick’s theorem applies!
d //HLC 7" i d ”I:ILC "
— <TCK (e ﬁfCK T (T )uHCl (TQ)uggls(T3))> <TCK <e ﬁch T (T )ugcl (T)uggl4(7-/)>>

+<TcK (6 hch A" FTEC (711 %Cl ( 2)ug512(7)>> <TcK (e hch A FTEC (711 %Cl ( 3)“%()014(7'/))>

d //HLC " _ i d //HLC "
(T (T e i, () ) (T (7™ i (e, ()

(3.285)
Define the (contour-ordered) Green’s functions
0)(L i
DN (nrl) = — (T (ufm (r)ufie, (1)) ) (3.286)
1 dr" HLC (+
PO = (T (I on ) 0
In this approximation, the hybrid 2-particle Green’s function is
1
ﬁD111213l4(71TT{T/) = Dl(?l)S(L)(TlT{)Dl(SAZ(TT/)
+/ dradrs Z Vz zfngl(sz)l( )(7'271)Dz(3z)3(m (7371)
CK Isll7lg
C C C C C
X (Dl(gl; (Tng)Dlglz(TT') + Dl(gl; (TQT)Dl(Slz (137') + D( )(7'27' )DZ(SIQ)(TgT)>
(3.288)

The next step is to apply Langreth’s theorem to get those 2-particle (real time) Green’s functions in
the expression for noise. The first Green’s function we need is

1
7Dl1l2l314(t1tt, t/' tl >t > tll > t,)

h
0 C)>
= D" it Dig” )
0)(L L C C
+ / drodrs Z Wsle Vl7ls Dl(Sl)l( )( )Dl(7l)3( )(T Tl)Dl(ﬁlg(Tng)Dl(le(TT/)
CK I5lgl7ls t1>t>t/1>t/
C 0)(L 0)(L
+ / Z lngDl(ng 2)Dl(51)1( )(7'271) / T3Z‘/l7l8 Lty ( TTB)D1(71)3( )(7'37{)
K sl t<t K lnls <t
1
C 0)(L
- / Z lsngDl(zlls) )Dl( l)( )(7-27_1) 732‘/1718 l2ls 7—7—3)1)1(723( )(TST{) (3.289)
€K 516 t<ty CK l7ls >t
1

| recognise the last 2 lines is the hybrid Green’s function D(¢Y< and D>
0 >
= DIt D) (1)

+ / drodrs Z 1516VZLCDl(?l)(L)(Tng)Dl(gg(Tng)Dl(Sl)?)(L)(TgT{) D> (tt)

7ls laly
lslsl7ls t1>t)

3'Here, 1 have no space to prove that Wick’s theorem applies for this case. The proof is done in the chapter on
anharmonicity where the corrections to Landauer’s theory are calculated.
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+D{ P (1) DY (1) + DIGP < (1) DS () (3.290)

l2ly

The second term is a 3-term “series multiplication” for a “greater” quantity which the Langreth’s
theorem for it will be carried out later. The other Green’s function to solve for is

1
ﬁDl1l2l3l4(t1tt,1;t/1 >t >t >t)

0)(L C
= Dl(ll)S( )<(t1t/1)Dl(2l2<(tt/)

0)(L L C
+ / drodrs Z 1516 VZ7LZ§DI(5Z)1( )(T T )D( )( )(T Tl)D( )(Tgrg)Dlglz(TT')
CK I5lgl7ls t’l >t/ >t >t
C 0)(L 0)(L
+ / Zszz?Dz(in )Dl(5l)1( )(7271) T3Z‘/l718 1418 TT3)D1(71)3( )(7371)
€K 5l i<t €K l7ls vt
1 <ty
C 0)(L (c 0
t / ZvisngDl(uz )Dl(sl)l( )(7271) T3ZW718 Dmi (773) 1(71)3( )(737'{) (3.291)
€K 516 <t/ CK l7ls '
1<t t<t)

| recognise the last 2 lines is the hybrid Green’s function DCL)< and DEH)>

L C
= DO (t)D)< (#t')

+ / dtodTs Z V} e Vl7lg Dl(lol)(L)(T TQ)D( )(Tng)Dl(Sl)B(L)(Tgr{) Dl(262<(tt/)
CK Islgl7ls st
1 1
CL)< CL)< CL CL
+DGP S (t) DS (84 + DI (Uh) DG S (1)) (3.292)

The second term is a 3-term “series multiplication” for a “lesser” quantity which the Langreth’s theorem
for it will be carried out later. Putting all 8 terms back into the expression S(¢t’)

—h
/ _ LC
S@t') = > Vi Vi Jim, Jim,
l1lal3ly
d d

dt dt/ [Dl1l2l3l4(t1tt t'; it >t > t, >t ) + D111213l4(7§1tt1,t, >t > t1 > t)] — (JLC)2

\ note that the third term of each Dj,;,1,1, gives a cancellation

= — E lll2W3l4 lim lim

llalsly hott =t

d d
X G d [%ijf) (t0)DSP= (t't)) + 6 other terms} (JEC)2 (3.293)

d
= [Vl him %Dlgh <(ty) | | in Jim, ﬁDl&lS <)
l1l2 l3l4
d d

_,_7 Z Wﬁng3C lim lim — ——- [6 other terms] — (J£¢)? (3.294)

la ti—=t ) -t/ dty dt /
l1l2l3l4

| in the first line, each round bracket is the expression for .J Le (3.164)
| the first line cancels the term (J%¢)2
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—ﬁ . d d

_ Z l1l2 l3l4 thg1t tllir;/ dty dt, [6 other terms| (3.295)
l11213l4

S Ry

= l112 ldl4 tlgnt th Et’ dty dt/
l115l3ly

0)(L C 0)(L C
x [ DO (1#,) DI (1) + DO = (418)) D)< (8t

0 C 0)(L C
+ / drydrs S VECVEC DO (7y73) DL (ram3) DI (37 DY) (tt')
CK Islel7ls t >t
0 C 0)(L C
+ / drydrs > VECVEC DO (ry73) DL (ram3) DI (37 D=t
CK I5lgl7lg t/1>t1
CL)< CL CL CL
+D{ P (t) DG (1#h) + DISP” (10) DS (1)) (3.206)

Thus we see 3 types of terms to handle in S(¢t'). We assume steady state, i.e. S(tt') = S(t —t') and
seck to calculate the DC noise i.e. S(w =0) = [d(t —t)e@=0C)G(t — ') = [d(t —t")S(t —t').

Type 1 term for S(w = 0)

—h?
= Jae-07 S g

l1lal3ly
im &4 [pOw) (©)> L)< (4 1y PO 4/
< im, fim, 2o [Dhls (1) D> (¢t + D)= (115) DL (1t )] (3.297)
| introduce the Fourler transforms
= / (t—1t) Z VLCVl3l4 lim lim d d
t1—=t ¢t dty dt1
l1lal3ly
dw1 dws " i (t—t! 0)(L c 0)(L c
o 271- 1(t1 =) g —iwa (t—t") [Dl(ll)g( )>(W1)Dl(2l2>(w2)+Dl(11)3( )<(w1)Dl(glz<(w2)i| (3.298)
= /d t_t Z Vlll2 W3l4
lilalsly
dw1 dwa 5 (e 4uwn) (t—t') [ 1 O)(L c 0)(L)< o)<
ﬁﬁw%e (w1 w2)(t=t") [Dl(ll)g( )>(W1)Dl(2lz>(w2)+Dl(ll)3( )< (w )Dl(Qli (wg)i| (3.299)
| evaluate /d(t — )M tw2) ) — (0w + wy)
dw2 (5(_y) = DO2
| then evaluate o and use D\¥/>(—w) = D'\Y<(w)
™
dw
_ LC L (0)(L)> (€)> (0)(L)< (O)<
- Z l1l2 Vl3l4/ 27r |:Dl1l3 (Wl)Dl2z4 (w )+D1113 (w )Dl2l4 (w1) (3.300)
l1lal3ly
| use the definition of lead self energies and rename w; to w
—h? dw )< L c
- 53 [ e Bl enle - s ) (3.301)

(w) and 9 <(w) = —iNeE) ()T (w)

l2l4 lgl4 l2l4 l2l4

| recall relations n(b)> (w)=—1 (1 + Nead) (w)) (-
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| use the relation D(©)> = D©)< 4 pOE _ p(@)4

_ thZ/dw 9

laly

x| (1+ 28 B w)) Tl

laly

C e L
(@)Df5) " () + N )T

l2l4 214

@) (DI @) - DA @)] (3:302)

l2l4 l2l4

Type 2 term for S(w =0)

d d

= d(t —t) § VECVLC Yim lim — —

/( 2 lilal3l hia Tlala tllgtt'—rgfdhdt'
162364

CL CL)> CL
< | DI (@)D (1) + DIGY” (1) DD (1)) (3.303)
| assume steady state and Fourier transform to frequency domain

h2 im 24
— / (t—1t") Z Wlb Vlsl4 thgltt}%t’ dty dt}

l1l2l3l4

dwy duwsy —iwy (t'—t1) ,—iwa (t—t] (CL)< CL)> (CL)> (CL)<
o 271'6 =t ien (=) | DGR () DIOB> (wy) 4+ DIGH” () DI (w2)(3.304)

LC
= /d(t - t 2 Z V}llg ‘/}5l4

l1l2l3l4

duwy dwo —ilwa—wn)(t—t (CL)< cL)> (CL)> (CL)<
B 2 e )[DW1 (w1) DD () + DISP (1) DS (wQ)](3.305)

| use /d(t — ") Hw2mwn)(t=) — §(wy — wy) then evaluate / and rename w; — w
dw CcL CL
= 5 3w [ G ol @pe e s oG wp ]
11121314

We thus need the Fourier component D(€L)> and D(€L)< Recall from the earlier section on Landauer
current,

D) = / at Y VEC (D ) D= (1) + D= () DA )

lilo

take tg — —oo and assume steady state and the Fourier form is

dw _i—y C)R 0)(L)s o)< 0)(L)A
= S [ e (DD )+ D ) D)
lls

The required Fourier component is

cL)s C)R 0)(L)s CO)s 0)(L
D= w) = SOVES (DI @) DR @) + DZ @)D ) (3.307)
l1ls

Type 2 term for S(w = 0)

dw
D) E, s Vists o

l11213l4
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DOE [O)(L)< (O)< [ (0)(L)A LC ( 1 (C)R 1 (0)(L)> (C)> (0)(L)A
x> Vit ( s Digty + Pigs Digiy )ZV (Dl2l7 Digiy "~ + Diyty” Digiy )
I5lg l7ls

0)(L)> (0)(L) 0)(L)A
+ZVl516( i D+ DI D >ZV ( DS + DD ) (3.308)

Isle l7lg
| recall the definitions of the leads self energies and write the expression into a trace

| use trace cyclicity and find that the 2 terms add up

_ / & )T [D<C>RE<L>< DORS(D)> | pORS (L)< H(O)>x(L)A
2

+DO<(DAD@ORN(L)> 4 p(O)<y(L)AD(C)>wn(L)A

|  we simplify notation for the time being by writing D 5 Dand 2 - %
| note the identities D — DA = D> — D< and 2f — 34 = 5> - ¥<

62

(3.309)

1 1
| for 1st term, write DEX<DEY> = 5DRZ<DR2> + 5(DA + D> — D)L<(D* + D> — DY~

1 1
| for 2nd term, write DR <D>%4 = 5DRE<D>2A + §(DA + D> — DV)L<D>(2f - x> 4 u%)

1 1
| for 3rd term, write D<XADEY> = 5D<2ADRE> + =D (2F — (2> - 29)(DA 4+ D> — D)¥®”

2

1 1
| for 4th term, write DSAD>TA = ZD<RADTEA 4 ZD<(SF — (87 — £9))D> (2F - (37 -

| expand to get 24 terms but 4 pairs of terms cancel leaving 16 terms
d 1
= / 2—w(hw)2§Tr (Dfe<Dfs> + DAL<DAy> — DAX<D<¥> 4+ D>x<DF¥>
T
+DEY<D>y4 + DAV<D>YE + DAV<D>Y< + D>2<D>x4
+D<2ADEy> 4 D<2fpAy> — p<ufp<y> - p<x>piy>
+D<24D>s4 + D<2fp>yf 4+ D<2RD>E< - D<¥>D>54)

Type 3 term for S(w = 0)

= d(t—t’)_—h2 > VEEVES lim lim d _d
2 l1l2 Visly tr—t ] st/ dtl dt/
1112131y
0 C 0)(L C
x / dradrs > VESVEC DI (r1m0) DY) (o) DA (ms]) Dy (t)
CK I5lgl7lg t1>t/1
C 0)(L
+ / drodTs Z V}flg fr Dl(ll)5( )(’T TQ)Dl(Glg(TQTg)Dl(ﬂ)B( )(7'37'{) Dl(glj (tt")
CK I5lgl7ls t1<t/1

| the first round bracket is a 3-term “series multiplication” for a “greater” quantity

| the second round bracket is a 3-term “series multiplication” for a “lesser” quantity

. d d LCy/LC

l1l2l3ly Islel7ls

y [(D( J(L)R p(CR HOL)> | D}f};L)Rﬂ = D<o><L> + D> DA DOE) DO 1)

l1ls lelg l7l3 lels l7l3 lils lels l7l3 laly

=)

(3.310)

(3.311)
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+ (DOERDQR DB 4 BN pQ= pOWA L pOB<

lils lels l7ls lolg l7ls

C)A L)A ¢
DO D= ()] [3.312)

lels I7l3
| where the time arguments are in the sequence (t1t2)(tat3)(tst})
| use the definition of the lead self energies and we also write these into a trace

| assume steady state and introduce their Fourier forms

2
- /d(t_tl)_Qh lim lim a4 /dtzd dwl de dwg e~ iw1(t1—t2) g—iwa(t2—t3) p—iws(ts—1})

t1—t tf ! dty dt’ or 21 27 ¢
lalylgls

x [ DI (ol sl

lalg lels lgly

L (DR D(C)>5(1)A

lalg lels lgly

4+ B> D(C)AE(L)A) (wi) (w2) (ws)

lalg lels lgly

(C)> (L)R 1 (C) Ry (L)< (L)R 1 (C)<52(L)A (L)< 1 (C) A (L) A
+Dy,” )(21256 Digy Zigly + 2016 Digis ity + 2505 Digly gl )(wl)(‘*’?)(wi%)} (3.313)
| write e w1 (t1—ta) g —iwa(ta—ts) ,—iws(t3—t]) _ —iwits ,—i(wa—wi)tz ,—i(ws—wa)t3 Siwst)

| use /dtge_"(w?_““)t2 = §(wy —w1) and /dtge_i(w3_w1)t3 = §(ws —w1)

dwy

d
| then evaluate / 2 and
2 27

d d
then carry out — — and take the limits
| YOy at!

| finally carry out / d(t —t') and rename wy — w

2
_ % ;wazﬁ [D(C’)< (Z(L)RD(C)RE(L)> L NDRHO>()A | Z(L)>D(C)A2(L)A)
v

1+ p©)> (E(L)R DORR(< | (LR [C)<y(D)A 4 (L)< D(C)Ag(L)AH (3.314)

| where all the arguments are (w)
| recall DA () = DIOE(W) and BF <t (w) = —2B<(w)
| so the complex conjugate pairs of terms are: 1st & 3rd, 4th & 6th and 2nd & 5th

- / Zﬂ(hw)zmr (DO<EBRPOREW> | pO<RBIRDE> 514 | P> 5 DRDERSL<)
T
(3.315)

We work out each term seperately. First we note that in this problem, retarded and advanced “objects”
are complex numbers, in fact, they are complex conjugates of each other. Greater and lesser “objects”
are pure imaginary. We take Type 3 1st term as example, let

DO<=jq vBE=ptjc DOE=g1ie sB)>=f (3.316)
Then, (we omit the trace but we maintain the order of the terms)
R (D(C)<Z(L)RD(O)RE(L)>) = R (ia(b+ic)(d + ie)if) = R (ia(bd + ibe + icd — ce)if)

= da(bd — ce)if = (ia)bd(if) — (ia)ce(if)
D)< (§RZ(L)R> (§RD(C)R) n(L)> _ pO)< (%E(L)R) (%D(C)R> »(L)>

We apply the identity in calculating all 3 terms in Type 3.

Type 3 1st term
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__ [dw o (C)>2(L)R [5(C) Rya(L)>
o () RTx (DO 2R DOy
™

| use the above identity

- _/ dw(hw)2 [Tr (D(c)< (5}%2@)5:) (%D(C)R) z(L)>) Ty (D(G)< (SE(L)R> (gD(C)R> E(L)>)}

21
1 1 1
| note RATA = 5(AR + A4, SAR = ?(AR — A% and 344 = —?(AR — A%
i i
| drop the device-lead indices to simplify writing

d ! 1
- _ / %(mﬁ 1T (D<(=® + =4)(D® + DY)x>) + T (D<(2® - =4)(DF - DA)E>)}
| use the definition #(2(WF — 24y = ) o jnf w4y =T
1 r 1 r
= —/d“’(im)2 “Tr (D (= +224) (DF - DA+ 2DM%> ) + -Tx ( D<= (DF — D>
2m 14 { 4 {
1 r

d [ 1
= - / 2—w(hw)2 1T <D<,(DR —- DA+ 2DA)Z>> + 5 Tr (D<24(D - D4 +2D")27)
™ {2

—i—%Tr <D<F,(DR - DA)Z>>]
7

1 I 1 I 1
= - / g—w(hw)Q ST <D<,(DR - DA)Z>) + 5T (D<,DAE>) + 5 Tr (D<B4(D" + DA)Z>)}
™ 7 (4

| use B> = 4 (1 + Neq(L)> I'5) in the first term

dw [ 1 . 1 1
= - / %(hw)g _—i”ﬁ (D<D(D® — D) (1 + N°)I) + 5T (D<SRDAY>) + 5T (D<ZADRE>)]

and the last 2 terms cancel with 2 terms in Type 2.

Type 3 2nd term

d
= —/;"(hw)QafeTr (D<xRD>x4) (3.317)
T
| use the above identity
d
- _ / %(mﬁ [Tr (D<(RZF) D> (RE4)) — Tr (D<(STF) D> (354))] (3.318)
1 1 1
| note RATA = 5(AR + AM), AR = ?(AR — A%y and 344 = —g(AR — AN
1 (3
| we also need i (ER - EA) =T
(1 r r 1
= —/dw(hw)Q “Tr (D= (28R - =) D> (= +254) ) + ~Tr (D<TD>T) (3.319)
2m |4 { i 4
(1 r 1 r r 1
= —/d“’(fm)2 “Tr (D<2fD> (= 4254 ) ) - ~Tr (D<=D> (= +2%4 ) | + ~Tr (D<I'DT)
2w 12 ? 4 { { 4
dw 2 [1 <y Rp>(yvR A 1 T swa 1 <>
= - 2—(hw) 5 Tr (D<2"D7 (2" + % ))—iTr D<—-D”% +5Tr (D<I'D"T) (3.320)
T 1
use = - + in the third term
D> = DF — DA 4 D< in the third
d ! 1 1
— _/;’(hw)Q 5T (D<I(D" - D* + D)) + 5T (D<2ED>%R) + T (D<EAD>EA)](3.321)
T
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and the last 2 terms cancel with 2 terms in Type 2.

Type 3 3rd term

= — / ;i—w(hw)QéRTr (D> ERDRES) (3.322)
T
| use the above identity
- - / Zﬁ(hw)Q [Tr (D~ (REF)(RDF)ES) — Tr (D7 (S8F)(SDH)EH)] (3.323)
T
| note RARET A — %(AR +A%), AR — %(AR — A%) and A% = —%(AR — A
1 2
d (1 1 r
- _ / %(m})Q 1T (D> (2 + 24)(D® + DY) + T <D>i(DR — DA)E<)] (3.324)

|  we also need i (ER - EA) =T

= —/d‘”(fm)2 In(p> £+22A (DE — DA+ 2DM)x< +in D>£(DR—DA)E<
2m |4 i 4 l

o fdw, o1 ST R 4 A< 1 SvwA/ AR Ayso<

= o (w)? | 7T ( D7 —(D% = D% 4+ 2D*)3) —|—2Tr(D 24D + DA)E%)

s (3

7

+%Tr (D>P(DR - DA)E<>] (3.325)

d 1 r 1 r 1
= - / 72‘:(710))2 5T <D>Z,(DR - DA)E<) + 5T <D>Z_DA2<> + 5 Tr (D7SA(D" + DA)E<)}
use =—1 an = + - in the first term
»< N®T and D> = D< + D — DA in the fi

= - / Z—:(hw)z _—;Tr (D<1(D" — DAYNT) — %Tr (DR — DYHYT (DR — DA)N“T)

—i—%Tr (D>2EDAE<) + %Tr (D>2ADRZ<)} (3.326)

and the last 2 terms cancel with 2 terms in Type 2. Thus there are now 10 terms in Type 2 and 4 terms
in Type 3.
The expression for the DC noise S(w = 0) is, (restoring all device-lead indices)

S(w=0) = Typel+ Type 2+ Type 3 (3.327)
| use ¥ = —iN“T and > = —i(1+ N°)T on %DRE<DRE> + %DAE<DA2>
_ % / %(M)QTr [i (1 2840)) 1B DO 4 eatiIpt (DR _ ple)a)

+ (D(C)R _ D(C)A> Neal)pL) (D(C)R — D(C)A) &)

I ( DR _ D<C>A> (1 19 Neq(L)) (L) pO<p(@)

_ yea(D) (1 " Neq<L>> ( DOAPL) DOAPL) 4 p(CIRP(L) D<C>RP<L>)

_pO<p(@) ( DOR _ D(C)A) () _ pO<p@) p@)<p(L)

+8 other terms from Type 2] (3.328)

| these 8 other terms are shown to cancel in the footnote3?
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Now to incoporate the right lead, we will use 4 identities which some of them were used in the
derivation of the Landauer formula earlier.

1. Keldysh equation

pO< — pOR (E(L)< + E(R)<) DA _ ;i pOR (NGQ(L)F(L) + N(GQ(R)F(R)> DA (3.330)

2. Identity from Datta’s book [Dattal997] eqn (3.6.4)

DO _ p(©A — _;pO)R (F<L> + r<R>) D(OA (3.331)
3. No name for this identity and it can be checked by simply expanding the brackets and use trace
cyclicity.

DOADEL) pORP(L) 4 pORP(L) p(C)Rp(L)
— (D(C)A _ D(C)R) R (D(O)A _ D(C)R) 1) 4 2p@RPL) pOAPL) (3332

4. Definition of Transmission (operator)

T = 1) DOADR) pOR _ p(L) pORP(R) p(C)A (3.333)

32These 8 terms from Type 2 are

8 terms = Z ‘21‘” *Tr [D>E DEy> — DAY<D<%” + DAX<D>E< + DL<D” x4
YIS
—D<2fD~%” — D% D%~ 4+ D<EFD ¥~ — D<2>D>2A] (3.329)

which vanishes upon using 2 identities (i) Keldysh equation: DS = DEXSD# and (ii) ©< = —iN°I and £~ = —i(1 +
N°)I'. We write out the 8 terms in symbolic form.

use:(i)

Term1 = Tr (D>Z<DRE>) Tr (DRE>D BEDPE” ) WEY (<) (14 NNy (DRFDAFDRF)

Simply repeat the same steps 7 more times.

Term 2 = (DAE<D< ) = (—i)*(1+ NN Tr( ArDRrpAT )
Term 3 = (DAE<D> <) = (—i)*(1 + N°)N°" Ty (DAFDRFDA )
Term4 = Tr (D>E ) = (—i)*(1 + N°9)>N°ITy (DRFD DT DAY )
Term 5 = Tr (D »ED<S >) = (—i)*(1 + N)N°" Ty (D rDA2RDErpA F)
Term 6 = Tr (D< ) = (—i)*(1 + N°)>N°"Ty (DRFDAFDR )
Term 7 = Tr (D<ERD>Z<> 3(1+ NN Ty (D FDAZRDRFDAF)
Term 8 = Tr (D<E>D>Z ) = (=0)*(1 + N°9)2N*ITy (DRFDAFDRFDAEA)

And the pairwise cancellation is as follows: term 4 cancels term 8, term 5 cancels term 7, term 6 cancels term 1 and term
2 cancels term 3.
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Insert these identities into S(w = 0) to get,
S(w =0)
— 1 / dﬂ(my
2 2
< Tt [ NealL) (L) p(OR (p@) i F(R)> pO)A
i (1 ) Neq<L>) (L) pCR ( NeaD(@) 4 NGQ(R)F(R)> DA
_pOR (p@) i F<R>) DA nea(L) (L) H(OR (p(m i F<R>) D©OAP(L)
_DOR (F<L> 4 F<R>) pO)A (1 19 Neq(m) (L) pOR ( NeaD(L) | NBQ(R)F(R)) DOAT(L)
_ nea(L) (1 n Neq(L)) <_ DR (F(L) i I‘(R)) DOADE) p(OR <F(L) i F(R)> DOAR(T)
1 oDORp(L) D<C>AF(L>>
L DOR ( NeaD(@) NBQ(R)I‘(R)> DOADE) ()R (I‘(L) 1 F(R)) DOA(L)
L pDOR ( Neap(d) 4 NéQ(R)P(R)> D©OAPL) ()R ( Neapd) NéQ(R)P(R)> D(C)pr)}
(3.334)

Since the final result should be symmetric in the left and right leads, the coefficients of terms which
are not symmetrical in left and right should be zero. We pick out these coefficients and check them
explicitly.

coefficient of term T'(F)'(R)°
- _pNeall) _ <1 + 2N6Q(L)) Nead) 4 pea(L) (1 + NGQ(L)) + Nea(l) o pea(L) prea(L)

| expand all terms and they cancel
= 0

coefficient of term T ()
= —onNed) (1 +92 Neq(L)) Neall) _ (1 49 Neq(L)> NealR)
+2Nead) (1 T Neq@)) 4 NealD) 4 ea(R) 4 o nea(L) nea(R)

| expand all terms and they cancel
= 0

coefficient of term DL pR)°
— eq(L) eq(L) eq(L) _ eq(L) eq(L)
N + (1+2N N 2N 1+ N

| expand all terms and they cancel
=0

Now we gather the remaining terms and use the definition of the transmission operator to simplify the
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expression S(w = 0).

S(0) = % / ;L:(m)m [ NealD) (L) pORRR) [OA (1 49 Neq<L>> (L) DOR yeaRI(R) p(O)A
_DORP(R) p(C)A prea(L) (L) p(C)RP(R) p(C)A(L)

_DORP(R) p(C)A (1 19 Neq(L)) (L) ()R prea(R)P(R) [(C)A(L)

1 vea(D) (1 n Neq(L)) DCRP(R) p(OYAP(L) p(C)RP(R) [(C)A(L)

+DOR Nea(R) P (R) p(O)ApP(L) p(C)Rp(R) p(C)A(L)
+D(C)RNBQ(R)I‘(R)D(C)AF(L)D(C)RNGQ(R)F(R)D(C)AI‘(L)] (3.335)

| use the definition of transmission operator

_ % / ;L‘:(M)m [NADT 4 (14 2neal)) NURT — NealDIT2 — (14 gnea(D)) Neal T2
+NeUD) (14 Neal)) T2 4 NealRT2 4 NealR? 72| (3.336)

| write terms involving 7 into a symmetric form

_ 1 / i PCL [T (Nea® (14 Neat®) 4 Nea® (14 NeaB))) 4 72 (Neald) - NEQ(R))Q]

2] 2r
S(w=0)
_ % / %(mﬁ% [T (Vea® (14 Neal®)  Neal®) (14 NeaD))) 4 72 (Neald) N6q<R>)Q]

(3.337)

which is indeed the expression for the DC thermal noise in ballistic phonon transport. To make contact
with Satio & Dhar’s expression in [Saito2007] eqn (9), recall N¢(—w) = —(1 + N (w)).
We give an immediate physical interpretation to the noise expression:

e The term T (Neq(L) (1 + Neq(R)) + Nea®) (1 + Neq(L))) is called the equilibrium thermal noise.
At T — 0, Neall) Nea(R) 5 () go this noise term vanishes at zero temperature 3. Thermal
fluctuations of occupation numbers in the leads seem to be the source of this noise term 3%.

e The term 72 (N ea(l) _ N 6‘I(R)) is the nonequilibrium noise. Assuming the left and right leads
have the same harmonic spectrum, when the leads have the same temperature, we have N¢4(£) =
Ned(B) and this noise term vanishes. Obviously it also vanishes at zero temperature. Hence this

noise contribution is essentially due to the magnitude of the temperature difference between the
2 leads.

[Contribution:] Here I will briefly state what this contribution is about. Note that noise is an
important quantity to measure as it may provide more information on the current on top of information
obtained by conductance measurements. The result here is not new but this method of derivation shows
a way of calculating the AC (w # 0) noise and/or including interactions which is done in Chapter 5. AC

33These are phonons and so there is no Bose Einstein Condensation (BEC)!
34Tn statistical mechanics, we calculate the dispersion of occupation numbers via N2 — N’ = —kBTg—g with N = N in

this case. The result is simply N2 — N = N (14 N°?). Thus the noise term is made up of dispersions of left and right
leads occupation numbers.
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noise may not be that physically relevant but as mentioned in the Introduction (Chapter 2), interactions
cannot really be ignored at the working temperature of these devices. It is not clear how to include
interactions in the calculation of noise using Saito and Dhar’s method.

3.3 From NEGF to Quantum Kinetic Equations (QKE)

3.3.1 Pre-Kinetic (pre-QKE) Equations

This is the second development from NEGF. Essentially, NEGF allows a rigorous derivation of kinetic
equations and that means the quantum corrections to kinetic equations can be calculated rigorously.
The main advantages of kinetic equations (to my knowledge) are that physical quantities are easy to
construct and thus physical interpretations are not obscure.

We start by rewriting Kadanoff-Baym (KB) equations into the Pre-Quantum Kinetic Equations (or
pre-QKE equations).?

The credits for the fundamental and deep physical insight that NEGF actually allows this rigorous
derivation are undoubtedly due to Kadanoff, Baym and Keldysh in [Kadanoff1962] and in [Keldysh1965]
respectively. Here we follow chapter 5 of [Haug2007]. We use the Kadanoff-Baym equations in (particle
statistics independent) symbolic form to save writing and we are concerned with the evolution after
V(t) has been switched on. We will only use the Kadanoff-Baym equations for G< and G~ since the
quantities are related to the particle numbers.36

The left KB equations are

GO-1g< = /ERG<+/Z<GA+/ G (1) (3.338)
t t M

cO-1> _ /ERG>—|—/E>GA—|—/ v'a (2) (3.339)
t t M

The other KB equations determine G~ which brings in the effects from the initially correlated state.
The right KB equations are (here we write G©=1 on the right side of G< and G™ simply to serve as a
reminder that this is the right KB equation)

G<G(O)71 _ /GRE<+/G<2A+/ e (3) (3340)
t t M

aaO-1 /GRZ>+/G>ZA+/ e (4) (3.341)
t t M

Take (1) - (3) to get

- /ERG<—/G<2A+/2<GA—/GRE<+/ zjcr—/ G ' (3.342)
- t t t t ™ ™

label the last 2 terms as “initial”

= / »iEg< - / G4 + / »<GA - / GRY< + “initial” (3.343)
t t t

t

[G(O)—l7 G<}

35We take Kinetic equations to be equations that concern the evolution of a single time distribution function. Pre-QKE
equations still deal with a 2-time quantity.

36Recall that G< is of the form (afa) or (¢Te)) and G™ is of the form (aa’) and (i37) which are related to particle
number operators.
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Take (2) - (4) to get

(o1 = /ZRG>—/G>EA+/E>GA—/GRE>+/ EjGr—/ G'Y (3.344)
- t t t t ™ M

label the last 2 terms as “initial”

= / »EG> — / G>yA + / »>GA - / GRY> + “initial” (3.345)
t t t

t

We define these identities to symmetrize the retarded and advanced expressions (C is arbitrary)

ch = Z(CR+0M)+ % (cf—c?) (3.346)

1
2
1
2

N (LR EE g (chel) (3.347)

and symmetrize the RHS 4 terms of the G< equation.

[G((’)—l, G<} _ “initial”

= / (2fG< - G2t + 26" - GFxX) (3.348)
t

— /@ =R+ e+ % (=R -4 G- G<% (F +24) - G<% (x4 - xf)
t

+Z<% (G +GP) + E% (G4 -aG") - % (GF+ct) e~ % (G -6 Z<>
| uwse GR-GA =G> -G~
1 1 1 1
- /t(2 [zR+zA,G<]_+2[ER—EA,G<]++2[2<,GR+GA]_+2[2<,G<—G>L>
| use X -nA =%> _¥<

- /<1[ER+2A,G<]_+1[2<,GR+GA}_+1[E>—E<,G<] +1[2<,G<—G>]>
) 2 2 +79 +

2
= Ligr w4 6= Liz<gfgpan Liy> g= Liy< o 4
_ ti[ + 24 ]_+§[ LG+ ]_+§[ : ]+—5[ e (3.349)
| we rewrite a bit more following [Haug2007]
| since the self energies and Green’s functions are complex,
| we write £ 4+ £4 = oRmRor A and GF 4 G4 = 2RGR T A

1 R or A 1 R or A 1 1
_ /t<2 RERr A Q<]+ 2 [55,RGR A+ 2 [2,67], - £ [55,67], (3.350)

Similarly for G~, we get

[G(O)_l, G>} — “initial”

1 1 1 1
= /t(2 242467 + 5 (2>, GR+ G4 _+ 3 2767 -5 [2<,G>]+> (3.351)

Note that for the case of electrons subjected to a switched on external field V, we just need to modify
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the LHS as follows,
[G@)—l,Gﬂ — [G(O)_l _v, Gi] (3.352)

In anticipation of the gradient expansion approximation later, we define the spectral function and
the level width function.

i(GE - GY =i(G” — GY) (3.353)
i(2F—nh) =i(2> — %) (3.354)

Spectral function : A
r

Level width function

then the pre-QKE equations become (use the second last line for easier rewriting),

[G(OH, G<} — “initial”

1 A 1 A 1 1
— /t<2 (SR 4v4 6]+ 5 =<, ¢E+ G4+ 5 DG -5 [A,E<]+> (3.355)
[G(OH, G>} _ “initial”
1 1 1 1
— /t(2 =R+ 324,67]_+ 5 27 GR+at_+ % [0,G<], - 5 A, z<]+> (3.356)

Note that the subtraction has caused the loss of boundary conditions, so (according to Gerald
D. Mahan in [Mahan2000] pg 554) we should actually solve the retarded Green’s function from the
(retarded) Dyson’s equation and use that G to solve the pre-QKE (or QKE) equations. Note that
in general, as can be seen from the Kadanoff-Baym equations, the lesser or greater KB equations
are coupled to the retarded or advanced Green’s functions. Thus, typically, the lesser or greater KB
equations and the retarded or advanced Dyson’s equations are to be solved simultaneously.

3.3.2 QKE based on Kadanoff-Baym (KB) Ansatz

[Transformation to Wigner coordinates and gradient expansion] The main idea in employing
Wigner coordinates, i.e. going to center and relative coordinates is that the center coordinates describe
the “center of mass (CM)” of the phase space distribution and thus provide a way to handle the dynamics
of the distribution as a whole. When we assume that the system is near equilibrium, we can say that
the center coordinates are slowly varying. Then, we can further assume that the Green’s functions are
sharply peaked near where the relative coordinates ~ 0 (think of the equilibrium Green’s functions for
motivation). A gradient expansion, which is a Taylor expansion in the small relative coordinates, allows
the “sharply peaked” correlation to be retained in the theory while simplifying the equations.
The Green’s function that we choose to calculate is 37

o, o i . o
D5 o ia (tit2) = D (Git1Gote) = % (Quj» (2t2)Qujy (q1t1)) (3.357)

3"For electrons, in the kinetic description, the (distribution of) electrons are driven by an external field and there are
collisions/interactions within the distribution. See the appendix for the derivation. For phonons, in the kinetic description,
the (distribution of) phonons are “driven” by temperature gradients which is not a mechanical perturbation and so there is
not perturbation Hamiltonian for it. We follow Peierls in [Peierls2001] and take that into account by treating the phonon
distribution as a function of position. The Hamiltonian H is the sum of the harmonic and the anharmonic terms but we
will not state it as it might cause the misunderstanding that time-independent Hamiltonians has no kinetic description in
the first place!
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The contour time (left and right) Dyson’s equations are,

0* -
left: <87’2 + wjg»lqu) Dj1j2 (ql7'1QQT2) = 5j1j25<71(725(7177'2) +/ XD (3.358)
1 CK
0? 9
right: <37’2 + wjg(]g) Djy j, (im1Gom2) = 5j1j25§1§25(7-177'2) +/ DY (3.359)
2 CK

With Langreth’s theorem for the lesser component, we get the pre-QKE by subtracting the left and
right equations to get (we wrote ty) — —oo to indicate that the “initial” terms are dropped),

2 0?2 9 9
< —ap tw —szq’2>D'<

92 92 T Wiha S (@it Gota) = / D= 4+ 2<D4 — DRY< - D94 (3.360)
1 2

to—o0

We will work with the LHS of pre-QKE and RHS of pre-QKE seperately. We introduce Wigner
coordinates and apply it to LHS first.3®

Wigner Coordinates: ¢;" = (g1 + @) tf = 4(t1 +t2)
G =0 —q¢ ty =t + 12
Inverse: 1 =g, + %@1_ t =t + %tl_ (3.361)
G=q" -1 t=t -3t
So we rewrite the LHS as
0?9

LHS first term = o — P (3.362)
_ (do o 0N (oo o 0 (3.363)

oty tf Ot ot Oty tf  Ota Ot]

10 0N (10 0\
= (e —) (30 —— 3.364
(28t1+ 8t1—> (2at1+ 8t1_) ( )
0 0
_ 50 0 3.365
ot oty ( )
2 2
LHS second term = wj gz — w2 (3.366)
= Wi (@) ~ Wi, (@) (3.367)
. 1,_ . 1.,_

= %2‘1(‘11+ + 5(11 ) — %2'2 (q1+ - 5‘11 ) (3.368)

| Taylor expand (gradient expansion) to first order

1, . 1, R
~ <1 + 50 Vq~1+> w? (1) — (1 L vq?) wh (@) (3.369)
| take j; = j2 now
= (j’li . vfjﬁ—w‘?l(f{'— (3370)

38Note that the coordinate transformation has Jacobian = 1 where the Jacobian is the absolute value of the determinant
of the Jacobian matrix.
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The LHS of pre-QKE is now 3

9 9 < (gt
LHS = <Qat+at + < -V, 1+Wj1q )) Djljz(ql tl q1 tl) o (3371)
1 1 J1=J2
Now define the Fourier transform so that we can move over to QKE. We will Fourier transform the
variables ¢, — 7 and t; — w;.1
d .
Dt = [ Gl [aet mrt D) (3:372)
We apply it to LHS of QKE
o 0
LHS first term = 26t+ ot D5, (@t 4 ) (3.373)
0 5] dw1
- 9 - dr —qu 7 —iwit] D<. —*+t+ 3.374
0 dwi 2wy _ _
— 3T+ d 27r1 T1 iqy T —iwit] D]<1j2 (?”1w1q1 t+) (3.375)
1
d
LHS second term = g, - v§1+wJ21q1 /d’rl %e"ql 1wty D5, (Fran @t (3.376)
duw —igy 7 2 < (Rt
= drlz— <1V~ 1 ) . (Vq1+wj at ) D3, (Fwn @y t7) (3.377)

| integrate by parts for Vz and drop surface term
dwl _ . Lo
_ / ary Gt i ity (—zvd.l+wj?lq.l+> : (vapﬁh(rlwlqﬁtf» (3.378)
So,
LHS of pre-QKE
L AWt g it ; 9 : < (o gt
= drlﬁe 1 1 (—21w1)8t—+ + (—27,wjlq~1+) (Vq+wj1q1 ) Vi | D3, (Frwngy t7)
1

(3.379)

We only require the Fourier component (which is a single normal mode component here) which is
simply,

LHS of pre-QKE (Fourier component)

) 0 . L
= ((2ion) g+ (i) (g ) - T ) DelFiondi ) (3.3%0)

Now we go over to the RHS and transform to Wigner coordinates, gradient expand 4! to first order

39The LHS represents the driving term for the phonon distribution, so one can interprete the imposition of j; = jo as
that the temperature gradient drives each phonon branch seperately.

4ONote that we are restricting our description to one phonon branch and the normal mode transform of one branch is just
like a Fourier transform. The “mixing” of the branches will enter the RHS (collision term) due to anharmonic interactions.

The physical meaning of ¥ was already mentioned. It is to denote the fact that driving by a temperature gradient results
in a position dependent distribution.

41 Gradient expansion is simply Taylor expansion in Wigner coordinates about the center of mass variables.
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and extract the Fourier component.

RHS of pre-QKE

= s [ s S (S @t D5, @tsdits) + 55, Gdts) D (Gt
J3

0—>—00

—Df (@it G3t3) X5, 5, (Gatadatz) — D]<133<q1t1q3t3)2]332<q3t3q2t2>)

| write the retarded and advanced functions into the lesser and greater functions

t1 d—’
a3 S o
= /t dt3 / 2r) Z (%” - E<)j1j3 (@it13t3) Dy, 5, (G3tadata)
J3

0——00

to d—’
93 < (g < > o5 o
+/t dt3/wzzmg(qmqg¢3) (Ds-D )j3j2 (@3t3Gat2)
J3

0—>—00

t1 dq—’
—/ dt3/(27r§3 E (D~ = D7), . (@t Gsts) S5, 5, (@tadata)
t -
J3

0——0Q

to d—‘
a3 —— .
—/t dts/ 2 ZDﬁjg, (@tadsts) (2= = 27), . (Gtadetz)
J3

0——00
We go over to Wigner coordinates and gradient expand to first order term by term.

RHS of pre-QKE first line
t1 d(f?,
= /t dtS/ (@) ; (X7 = %%),,, (@t1@sts) D}, 5, (Gstsatz)
3

0——00

t1 dq—fg)
_ e
~/t04)OO (27T)3 ]ZB

x (87 — E<)j1j3 (@1 — @3,t1 — 3 q1+q37 t1+t3)D;p(q} — (o, t3 — 1, B fath2)
| change g3 — ¢4 by ¢3 = ¢2 + ¢4 and t3 — t4 by t3 =to + 14

| recall the definition of the Wigner coordinates ¢, t, ¢;" and ¢~

t1—t2 d—*
da e oo . .
— / dt4/ n e (27 =%%). . (@7 —quty —ta, @7 + 3@, tF + 3ta)
J3

J1J33
—0o0

1. 1 1
gt — =t + =ts)

1
N . .
XD3 (@t G = 50 + 5 St + 3

2
t —
= [ an @Z(Y —B°) . (qT = @ty —t, @+ @t + Sts)
e (2m)3 £ s AL TR AL R
J3

1 1 1 1
XD, (@13, 07 = 5@ + 5B, 10 — 5t + 5ta)
| gradient expand to first order

Q

1. 1. 1 1 0 - S
X (1 + <—2q1 + 2(13) Vgr T ( Sh + t3> o +> Dj, o (@ t3, 41" 1)

| seperate the zeroth order and first order terms

(3.381)

(3.382)

(3.383)

(3.384)

(3.385)

(3.386)

dgs 0 L .
/ / 32( +36 v*++2 6t+> (=~ —¥%), @ —dt — 3,4, 1))

(3.387)
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_ " ity [ 25 S (ET-5%) (@ — @ty — s, @)Dy, (G s, 41 1)
= N 3 (27)3 2 jijs V1 a3,t; 3,41 U1 )454,043513,41 50
J3

+/t1_dt/c@z BVttt — (@~ BV o — (1] — t)—
) mE e \ B T gy T T B g i

Xo’jlj3(c.717 - (73775; - t37§1+atT)Djf;j2((z’),t37§1+ ,tf ) N (3388)
‘71 :‘T 7t1 :tl

where O-jljs(ili — @3, t; —t3, (fﬁ,tf) = % (27— E<)j1j3 (q_»li — @3,y — s, §1+’ t1+)
RHS of pre-QKE fourth line

to
e
to——o0

| change to centre and relative coordinates

dg; L L
(273‘;’3 Y D5 (@tdsts) (£5 = 57) . (Gtsdatz) (3.389)
J3

| change ¢35 = g4 by ¢4 =q¢1 —¢3 and t3 — t4 by ta =t1 — t3

| going through the same steps as above, we get to first order

+o0 dé-
q3 L o o _,
/t dt3/(27r)3 E (E> —E<)j1j3 (@ — @ty _t37q1+ti’—)Dj<3j2(q37t37Q1+7t_1|—)
1 J3

Q

o dt dgs 1 73 -V t 0 7.~ 73)V t; —1 4
+ - 3 WZ(— )| & gt + 3% — (¢, — @) it —(t; — 3)@
73

X045 (@ — @3, 1] — t3, 671+at1+)Dj<3j2 (@, ts, @1 1) (3.390)

q1+ = +,t1" :ti"

If we define a more general term, we can formally sum the 2 terms. Define

~ e o i~ e t— 1 L
T @ T = pmonp (@ T = g (BT XN (@ dT) (3:391)

This definition is motivated by the fact that, in RHS first line, ¢t~ is the upper limit and the term
is positive, whereas in RHS fourth line, ¢~ is the lower limit and that term is negative. So now we can
combine the integrals to get,

RHS first line + RHS fourth line

+o0 dé-
q3 2: . o, - . .
- / dt3/ (27’(’)3 (E> - E<)j1j3 (Q1 - Q3,t1 - t37q1+t—1’—)Dj<3j2 <q37t37q1+7t—1i_)
—0 -
J3

oo dqs o 0 . _ 0
—1—/_00 dts / (2T)3 ]23 <Q3 . Vq~1+ + tsﬁ — (@ — Q3)vq~l+/ —(t] - tB)(%{F/>

><6-j1].3 ((717 - 6)37 t; — i3, (Tl+’ tf)Déjg (J:ia l3, (71+ 7t;r ) (3392)

= / = !
g =gt =t

We can immediately see that a very similar situation occurs for RHS second line and RHS third line
and so we can write down the terms in Wigner coordinates, gradient expanded to first order.

RHS second term + RHS third term
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— +Oodt L%Z(D>_D<) (—»—_—» ot _,+t+)2<(_' ; ot t+)
o 2] @np il ings (@ — @ty — U3, G )25, (03, 13, 41, 1
J3

oo dqs . 0 . _ 0
— /_OO dt?’/(27r)3 ]23 <QS : Vqﬁ + t3ﬁ - (Q1 - QB)V(J~1+’ - (t1 - t3)6tf/>

’ /

xgjlj?) (51_ - q_537 tl_ - t3a §1+> tiF)E]<3JQ ((73a t3> (71+ ati_ ) , (3393)
where
P mmm oy = U Lo oo o ot
bjjp(@ 47t = 3 (D> =D%), . (@t q"th) (3.394)
Now we proceed to extract the Fourier component. We denote the Fourier components of 6 and b

as,

&j1j2 (q_R §+t+) — &jle (Fw§+t+) (3.395)
q

bjjo (@7t +t+) — bjij (Fw§+t+) (3.396)

We calculate for RHS second line + RHS third line and then write down the Fourier components
for the other 2 lines by inspection.

RHS second line + RHS third line (zeroth order terms)

—+o00 d—»
q3 VL . . .
- _/ dt3/WZ(D>—D<)j1j3 (G = Gty — ta, @455, (G, 1, G, 1) (3.397)
— o0 .
J3

+oo dad: e
- J3

d o
% /d,l?Q;zel%'Tzzw2t32j<3j2(,72w%j‘1+t'1f') (3.398)

T
0o o
= —/ dt3/(M?’:;Z/dﬁdwldfgdwge@"@Fl)ei(“’?“’l)t%i‘fl‘??liwlh
—0o0 (27T) j3

Fowa @y t7) (3.399)

| integrate out t3 and @3 to get 0(72 — 1) and §(we — wy) respectively

x (D~ — D<)j1j3 (Mg )25, (

| evaluate the delta functions on variables 75 and wo

= — / di Y et (D2 - DS) L (Fend )5, (Rend ) (3.400)
J3

Fourier component of RHS line 3 + RHS line 2 (zeroth order gradient terms)
= - Z (D7 = D), . (o q )55, (Fwidy ) (3.401)
e

RHS line 3 + RHS line 2 (first order gradient terms)
oo dg: d d
43 o AWy S, QW2
- _ dt E dry——dry——
/Oo 3/ (27'(')3 ; / 1 o T2 o
3
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N 0 o _ 0
X (% ' V,;; +i3 7 — (@ — Q3)Vq~1+' —(ty — t3)>

oty oty

—i(q,” —q3)-T1—iw1 (t; —t —iq3-To—iwat < o !
w e~ U@ —q3) T —iwi (t —t3) ,—ig3-To—iw2 3bj B(mwlql tl )ngjg(r2w2q1 1) (3.402)
at =g+t =t

| integrate by parts and drop surface term, as example, we show for the first term,
‘ e—il13~q72q3 . V(Tl+b2< — ( vFl 7"2) . (V¢1+b2<)

1 1
| = —VFZ ( —ids T2Vﬂ+b2<) — —e BTy, Vﬂ+bZ< then drop first term

—1

+oo
B _/ dt3/ dqg3 Z/Cbﬁdwl d’l“QdW2 —ids (72— Tl)e_l(w2 wl)t?’e iqy T Wity

0 0 o 0
Vi, - Vg —-Vp Voo ————
( o Vet o, Owp Ot T 4T Owi oty )
Xl;j1j3 (Flwltjf—tii_)zjih (T_"QLUQQ_’I—F tii_ ) , , (3.403)
! ot
9 q 7Tl 1
| integrate out g3 and t3 to get 0(72 — 71) and 6(we — wy) respectively
| then integrate out wy and 7 using the delta functions
dwl e o 0 o 0
= —— [ dr e~ Tty g Var+— - V5 Vq -
/ Vor < PG duporf T T dwr oty
ng1j3 (71W1§1+tf)2;j2 (FQWQQIF tii_ ) , (3.404)
G =gt =t =1 wa=w1

We define a generalized Poisson bracket so that we have a more compact notation.

(X, Y]gpp (fwg Tt™)
OX (Fw@TtT) Y (FwgdTtT)  0X (Fwqd Tth) OY (Fwg Tt™)
Ow ott ot Ow
— (VX (Fwg Tt7)) - (Vg+ Y (Fwg ) + (Va+ X (Fwg T tT)) - (VFY (Fwg TtT))  (3.405)

So the compact expression is
RHS line 3 + RHS line 2 (first order gradient terms)

L[ dw —ig F—iwty |7, < oot
_ _i/ Tl% Ze iqy F1—iwit] |:bj1j3’2j3j2:|GPB (lelql tl) (3.406)
J3

Fourier component of RHS line 3 + RHS line 2 (first order gradient terms)

1 7 < S ot
= 2 [ T (P ) (3.407)
J3

Fourier component of RHS line 3 + RHS line 2 (zero + first order gradient terms)

Lo o 1 z Lo
= — Z (D~ — D<)j1j3 Gz )E;”(rlwqutf) - Z [bjm, E;jz} . (Frw1qyTt{3.408)
Js j3
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By inspection, we can now write down the Fourier components of the other 2 lines.

Fourier component of RHS line 1 + RHS line 4 (zero + first order gradient terms)

L. . 1 - L
= Z (27 = 5%), 5, (ond ) D5 5, (Fwndy ) + i Z [%jg, DﬁjQ}GPB (Fw1qy "t §3.409)
J3 J3

Summing then up gives the full RHS. (2 terms cancel due to j; = jo which we have to impose eventually)

Fourier component of RHS (zero + first order gradient terms)

Z Ej>1j3 (F1w1§1+t+)D]<3]2 (lelql Z DJlJ3 lelql 751 )Zjam (lelql tl )
J3 J3
1 = < + 1 5 < A
+g Z |:0-j1j37Dj3j2i| GPB (lelql t ) - ; Z [bjlj3’ Ej3j2:| GPB (T1W1Q1 t ) (3'410)
J3 J3

Finally, we need to work out the explicit expressions of the Fourier components of & and b.

= dq— ot 1
(7ot _ —rtiwt— Y+ > < Sy o+
bjij (Tw@ T) = /(%) yt—\z(D D<), . (@t q*th) (3.411)
1 St e (AT - o
= 2/ W e / ¢ (D7 D), (@ aT) (3.412)
dq~ it .
| recall that/(27r)3 tmeld Tt z(D>—D<)jlj2 (7t qTtT) = Ajj, (Fwg )
dq= ,7-7 1 o
| so / (2q7T)3€Zq ' (D> B D<)j1j2 (CjitiqﬂthJr) - i /dw,eZWt Ajijs (TW q +t+)
1 _tT di NPT
= Z |t | We—zwt ezwt Ajle(leq—»+t+) (3413)
= du — A et g i " dt—etw—wt” 3.414
- 2 21t ]1]2(qu t ) e t e ( . )
) 0 -

o0
| use identity / dze'™” = mé(a) + —
0

duw’ 21
= - Ajugp (W' TLT) ( ,) (3.415)

2 27 w—w

| write it as a prlnc1pal value integral to make sense of the singularity when w = w’
- P / Ajugp (W7 TLT) (3.416)

/

| if we assume an analogy with Kramers-Kronig relation, then we can write
= RGP A(FugTth) (3.417)

Everything is the same for 6, j,(Fwg T¢") with the replacement of Green’s functions, D> — D< with
self energies, ¥~ — X< and so the spectral function, A is replaced with the level width function, I'.

_ S duw’ W't
Gjjp(P0qTt7) = P / o mu() = ) (3.418)

if we assume an analogy with Kramers-Kronig relation, then we can write
= RuBOr AR Tth) (3.419)
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We collect the final expression of pre-QKE.

((—%wl)a

+ (—injld.fu) (V#wﬂql ) ~V,rl) D;jz(lelfh t)

Jr
ot J1=J2
ZEJ1J3 riwiqy tl )D]3JQ(T‘1W1(]1 tl ZD31J3 riwiqy tl )Ejsjz(rlwlql 751)
73 J3
dw' T, (Fw'q +t+) R
+5 Z [ 5 D5, (Fend 't
wy — W' GPB
duw'’ 7w’ +t+
—= Z [ / W A (Me'd ) V25, (Fwr gt (3.420)
wp —w' GPB
J1=J2

We can’t proceed further with the pre-QKE and we need to impose an ansatz to turn pre-QKE into
QKE which describes a distribution.

3.3.2.1 Kadanoff-Baym Ansatz

The Kadanoff-Baym ansatz is defined as

Dj<1j2(_’wq’+t+) = 531]214]1(77 (T t )le(m}q +t+) (3.421)
Dj>1j2(_’wq‘+t+) = 5]1]2A]1 (rw q ) (1 + Ny, (Fwq +t+)) (3.422)

so that A is like some kind of non-equilibrium spectral function satisfying the relation A = i(D~> — D<).

Nj is defined to be a (real) distribution function for phonons.
42

We pick the free (“QQ”) spectral function to use in KB ansatz.

Ajy (7“1W1Q1 t+) = Ag’?) (wlffl—i_) (3.425)
2
it

This expression is odd in w; and even in cj’1+. Notice that A©) is real and so the lesser and greater
functions are now pure imaginary. KB ansatz with free spectral function is,

—12m
DJ<1]2 (Fwgttt) = 67”2ﬁ (5(w1 - leqfr) — (w1 + wjqur)) Nj, (Fwg Tth) (3.427)
71d,
—i27
D]>1J2 (TCUq +t+) = 6j1]2ﬁ (5(&}1 — wj1q~1+) — (5(0)1 + wjl‘jl+)> (1 + le (qu +t+)) (3428)
J14y

42For the case of retaining RHS to zeroth order only, we can also write down the equation that A satisfies by subtracting
the D< and D~ equations. These 2 equations have the same zeroth order RHS, thus we get,

0 > <
(u}l% +wj1¢fl+ (qurwjqur) 'Vﬁ) i(D”—=D%) = 0 (3.423)

0 S
= (w1 % Wig,t (vaﬂuhtfr) ’ vﬁ) Ajy (lelchrtIL) 0 (3.424)

The importance is that, any choice of spectral function that satisfies the above equation “commutes” with the driving
term. The simplest solution is the free spectral function.
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Based on the sum rule for the spectral function, it is an odd function of w, together with KB ansatz,
we can prove an identity for the nonequilibrium distribution function. We start with the KB ansatz.

DJ<1J2 (qu +t+) = 5j1j2 A]l (qu +t+)N (qu +t+) (3.429)

| write w — —w
D.7<1.72 (F —w §+ t+) = 5j1j2 A]l( —w q t )le (F7 _w7 §+7 t+) (3430)
= D]>231 (Fwg Ttt) = 01 ( Aj, (Fwd +t+)) Nj, (7, —w, gh,th) (3.431)
(3.432)

Compare with D7 (fwg™t™) = 6;,5, Aj, (Twqd Tt7) (1 + Nj, (fg TtT)) and that j; = j2, we get,

—Nj, (7, —w, ¢, 1) = 1+ Ny, (Fog Tt ") (3.433)

We substitute this form of KB ansatz into the D< pre-QKE (we take j; = jo on the RHS and abbreviate
the first order terms and delay writing out the explicit form.)

—i2w N, (Fwg Tth)

2w,
it

Jiq

<(—2iw1)af+ + (- Qij +) (V 1 Wt ) ‘VF1>

1 (5(w1 —wjg+) — (w1 + w; ﬁ+)>

—127
Z EJI]S Mgy tl Visig, — 2 (6(w1 ~Yhgt +) = 0w + w]1§+)) Ny, (rwq +t+>
J3 1
7,27r o
= 2 X P g g (5(”1 —wjg+) = Owr + wjlq*ﬁ)) (14 N, (Fwg *7))
]3 J ql
+“First Order Gradient Terms” (3.434)

By construction, we carry out fooo dw1 and thus only pick up the first delta function.

0
<( 2%‘}]1(1 )8t+ (— 2’ijlq )(V 7Yt )-Vﬁ) Nﬂ(mwﬂqwl t"')

= 57 (Fw oGNS, (P o ) = S5, (R, o+ @) (1+le(mm+(jl+tl+))

1 > 2wj1tf +
+— dwy ——-“First Order Gradient Terms” (3.435)
21 Jo -t j2=71,Free spectral KB ansatz

0 -
= (8t+ t (vq“dhq ) 'VF1> Nj1(7"1°°’ +q1 1)

= 2 <Ej>1jl(7“1w]1q+q1 tl)NJI(rle q,+q+t+) Efljl(rlw +q1 )<1+Nj1(rlw ﬂ+q+t+)>)
J14q

A S
+— / dwy ——-“First Order Gradient Terms” (3.436)
0

27 2w -
Jiq

j2=j1,Free spectral KB ansatz

Now the LHS has indeed the same form as the LHS of phonon Boltzmann equation and we can call the
RHS the “collision integral”. We will reassign the notation Nj, (fw; +q1 ) — Njiqfr (71t]) since now
Nj, takes on the meaning of the non-equilibrium phonon dlstrlbutlon function and that the frequency

Wi g+ and wavevector ¢ are no longer independent. They are related by the dispersion relations. The
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final equation is,

9 > ot
<8t+ (V +wj1q ) . Vﬁ) Nji§1+ (Tltl )

= <Ej>1j1 (T’lelq +q1 tl )N at (Fltii—) — Zj<1j1 (Fle1§1+q_’1+ti’_) (1 + Njitfﬁ (’Fitf)))

(3.437)

j2=j1,Free spectral KB ansatz

1 o 2y g
+— / dw; ——“First Order Gradient Terms”
0

—1

[Energy Conservation Sum Rule] The energy conservation sum rule (for each order) is simply

-+ X “collision integral” = 0. For the zeroth order,

derived by writing th i

! S
0= 3 (55 (Frwy, g G N g () = S5, (Freoy g6 40) (14 N g (FD)) ) (3.438)
jlq_’1+
Now we write out the first order collision integral explicitly,

Collision Integral in first order gradient expansion

1 ° 2w
= 55 ! / dwr hql “First Order”
s w . 0

(3.439)

j2=j1,Free spectral KB ansatz

L1 du’ Jl]S(le (71+t+) < 24yt
= 27”/ dw12<[ / P E]w(rlwlql )

dw’ lw H+t+ .
_ [7)/ 5 Lj1js (7 - qty) Dzjl(nwlql—irtik)
T wi — ' GPB/ Free spectral KB ansatz

The first order energy conservation sum rule is thus,

GPB

(3.440)

+t+)

dw’ W' q .
Z hw;, / duwn Z <[ / j”ill_ o E;ﬂ(rlwlqlﬂf)}

dw’ P gt .
_ [73/ 5 L (Mw'q t7) D;h(ﬁwwfrtf)
m wp — ' GPB/ Free spectral KB ansatz

GPB

(3.441)

3.3.2.2 Relaxation Time Approximation

The usual relaxation time approximation is to assume that the nonequilibrium distribution relaxes to
the equilibrium one with characteristic time 7;, 4, .

/T -
Njq = Njjg ( e/ Jm) (3.442)
so the relaxation time collision integral is,
ON,; 0 N, 7 — N
ajthl _ &Nje;[(ﬁ (1 _ e—t/letﬁ) = _—m; J1d1 (3.443)
coll Jiq1
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The usual way to linearize the (bosonic) distribution is

~ eq eq -
le@l - NJ1Q1 + leth (1 + NJlth) Yia (3.444)

where y;, 4 is the (small) nonequilibrium part of the distribution. We substitute it into the relaxation
time collision integral.

eq eq L N4 €q -
ale(Tl ~_ Nj1q1 + leql (1 + Nj1q1)yjlq1 NJlQl _ NJlQl(l + leth)y]lql (3.445)
ot coll Tirqa Tiq

From QKE (in KB ansatz), we can now work out the relationship between the self energy and the
relaxation time. 4* We follow [DiVentra2008] pg 255.

Zeroth order collision integral
1 . .
= oo [P g G N g (Ut) = S5 ey e ) (14 N g (Rt )| (3.446)
J149y

| substitute the linearized distribution

A 20;@»{ [Eiﬁ (Fw; g+ @ ) (N2q€71+ +N;‘31+(1 + N;qciﬁ)yjlﬁ)

iy B (L N N (4 N ) 317
— ijqu |:E]>1]1(7”1W] i@ t+)NMl+ -5 (rlwhq+q1 th) (1 + NZ%)

(37 =25 )Jljl(r1w11q+q1 t+)Nj. (1 +N .~+) Yial } (3.448)

| we claim that the first 2 terms cancel within linearization
explicit examples are shown in the chapter on anharmonici
licit 1 h in the chapt h icity
| then use (X~ — %) =T = —23%%

SHNE
_ _>%han NeZ, (1 i N'eqﬂr) Y (3.449)
UJJ q+ Jiq 1 Jiqy Jidy

and we compare with the (linearized) relaxation time collision integral, we get

R
L _ 3% (3.450)
letﬁ j1f11

which is the quite well known relation that the relaxation time of the interaction is related to the
imaginary part of the (retarded or advanced) self energy.

43This illustrates how easy the kinetic formulation allows abstract quantities to be physically interpreted.
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3.3.2.3 H-Theorem*

[H-Theorem for (zeroth order) Phonon Boltzmann Equation] Here we follow [Gruevich1986]
section 1.14. 4* From the nonequilibrium distribution, we define the quantity, 4°

0jg@N) = (Njz+1)In(Njz+1) — Njzln Njz (3.451)

then define the entropy density

) = [ i) (3.452)
Entropy of the phonon system is thus given as
S = / drs(r) (3.453)
Consider the rate of change of entropy density,
683(? - / (2653)3 8:9;? (3.454)
/ (2651('1)3 gg/g &(];ﬁ (3.455)
| use the phonon Boltzmann equation 0]8\:?5 + (V(T qu-) -ViNjz = (827;‘7) )
- / (zcgs, SX/Z (‘(Vq* wjq) - ViNjg + (62\?(7) cou> (3.456)
= / (;gg <—(Vq*wjrz) (Viojq) + g;j; (agfflm) (3.457)

| write Vg wjg = Ujq

_ dq . dojq (ONjq
_ / Cr (—v st + gr (o) (3.458)

=

| we can define the entropy flux density as Js (¥) = / (2(5;])3%517](7
| we have the form of a continuity equation
0s(T) - dq 0Oojg <8qu~>
+Vi-js = / 3.459
ot (2m)3 ONz \ Ot ) .1 ( )
Integrate over the whole space
0s(7) / - dq Oojz (ON,z
a7 o [ arv..5, = / / it (g (3.460)
/ ot aNJf] ot coll
|  we assume that the flux is zero through the boundary
oS / / dq Oojg (8Nji)
=2 = |dF (3.461)
ot 30Nz \ 0t ).

“Note that he used an even more general dispersion, which is space dependent w;g(7).
“SFor the derivation of o;7(N), see section 55 of Statistical Physics Part 1 3rd Edition by L. D. Landau and E. M.
Lifshitz (1980). The expression for electrons are in that section as well.
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’ . t 60’ —In (N]q*—F 1)
mser —_—
8NJ§ Njq

eSO, e

The H-theorem for kinetic theory can now be stated as

Niz+1\ (0N
0:>/ / dq ( 7t )(8 ”) >0 (3.463)
JCI ot coll

which should be checked for explicit collision integrals. [Gruevich1986] section 1.14 checks the 3-phonon
collision integral, mass defect collision integral and the equilibrium Bose-Einstein distribution (which
gives 0). The meaning is simply that collisions increase entropy in the system until equilibrium is
reached. This also means that entropy is maximum at equilibrium.

[H-Theorem for QKE (Kita’s paper)] The question here is, with the additional first order gradient
terms in the kinetic equation, how will the definitions of the entropy related quantities change?

We follow Kita in [Kita2010]. The QKE in KB ansatz (which is Boltzmann equation + first order
gradient terms) is,

ON; g+ (P1t])
otf

8N 4—0—(7’175?) Oodw
- J1dy ; 1 R (=, 2ty D< (7, g+t
- ((%T ) 414 Z/ o { {?)?Ejm (P @ ty), D (Frwi1 @ t] )] -
Cco

[%Dﬂﬁ(rlwlql 1), 25 (Frendy 1) )}GPB}

+(v +w]1li'+) Vi Nqu (Flt;r)

(3.464)

Jj1=j2,free spectral KB ansatz

Here we need some physical intuition in order to proceed. The zeroth order terms (on RHS) represent
entropy increase due to collisions until equilibrium is reached. The first order gradient terms represent
correlations between the particles so they should not have anything to do with the entropy change due
to collisions. These first order terms should be either in the entropy density term or in the entropy flux
density term. This applies to higher order gradient terms as well. We make the judgement by looking
at the explicit form of GPB,

0X Y 090X oY

XY fwg Ttt) = —
X Yigep (fwq ™t7) w Ot Ot ow

— (V#X) - (Vq—ﬂ-Y) + (V,j—&-X) (V7Y)  (3.465)

And so we collect together the terms with time and frequency derivatives with gﬁ on the LHS and

collect the terms with space and momentum derivatives with (Vz+w) - VN on the LHS. Then we

O'

will need to multiply 5% and integrate f W to turn the kinetic equation into an entropy continuity

equation just like in the previous section. The calculation of the entropy continuity equation looks like,

R R
LHS = / d(h 80] a" % aNﬂl‘hﬂrlt+ Z/ dw1 8%21133 aDJ<3]2 _ 8%23133 8DJ<3]2
(277)3 8Nj1671+ 815;r Owq atf 8tf Owq

JiJ3 J3J2 Ji1Jj3 Jaj2
owr ot otf  ow

(%EDR XS, ORDE. 9v<. )

j1=j2,free spectral KB
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dfffr aahq“l+ o
+/ (2m)3 aN- at " (vaﬂdﬁqﬁr) . (vﬁlefflJr(Tltl ))

_’Z/ dwl v mzﬁh) (v DJ<3]2> (VA REE. ) - (v . ]3]2)

R R
B <V~+§):ED]1J3> (VHZ;p) (v %th) ' <Vﬁ+2]<3j2>) j1=j2,free spectral KB} (3466)
dg,* 80 Wat 8leq )
RHS = / 1 x (3.467)
(2m)° E)le%+ ( oty 1l

So the RHS is the same as before. We carry out the calculation term by term.

Terms with time and frequency derivatives (LHS)

R R
= / dCh ao] 4" % 8NJlfh (7t]) Z/ dw1 8?)‘%2]1]3 8DJ<3J2 _ émzjm 8DJ<3J2
(2m)3 ON; g+ otf owy  otf oty Owr

J1Jj3 Jaj2 Jijs 352
_|_

3.468
owr  otf ot Owr ( )

6§RDR X<, ORDE. 9v<. )

j1=7j2,free spectral KB
| use the product rule of differentiation
| to save writing, I will use | to denote |j,—j, free spectral KB

_ /dcj’f" aUJ1!T+ y {8leq (F1t])

(271')3 aNj1§+ at+

R R R R
_ZZ/ duwn D<. ORL s _ D<. 0°RY ]1]3 _i D<. ORND J1J3 + DS 0’8 Jl]3
Qﬂ- awl Jaje 8t+ Jaj2 8&1 8t+ 3t+ Jaje Ow Wi Jaj2 875'1’_8001

R 2 R R 2y R
_9 n< ORD;jij + < 9" RDjij + 9 < ORDjijs _u< it (3.469)
8w1 7372 ati&- J3j2 80018151"_ atil— J3j2 8&)1 J3j2 87511—8(.01

| assume cross derivatives “commute” and so 2 pairs of terms cancel

_ /d‘h 80j1§+ y {aleq (7t
(27T)3 8le . 825?_

; ORTE. 1 o0 0 ORTE
v < Jj1j3 v v < Jj1d3
lD |, #2230 [y (2575

o7 J3j2 ot
J3 1 Js
ORDE. 1™ o0 P ORDE .
T p o1V} R Z / dwy — | B, s (3.470)
2 - J3j2 at;r . 2 £ 0 at;r J3j2 3(.01
assume that there is at least one D< inside ¥ i.e. we write Z]<3 iz = DJ<3 iz ng iz

< . o . 46
where st j, 1s the remaining part
apply the KB ansatz, i.e. D< = free spectral function x N

thus the 2 terms are zero for the limits w; = 0, co as both delta functions are missed

_ /dql o, 4" y 8N31q1 ("1t]) Z/ de D< (%%Eﬁjs
(2m)3 N - of  2n 18t+ Dl 50,
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i > 9 <3< 8§RD§%]-
_271%:/0 dwl% (Dj3j2zj3j2 &ull > (3.471)

| apply the KB ansatz to the other 2 terms

[e.9]
| 27 cancels and / dwi only picks up the first delta function
0

B / g 99,4+ " {aNmﬁmtf)

(2m) 0N, ;- otf
o () B
2wj1§1+ otf na 8wj1§1+ L awjquL
_ / dg; {Oajﬁ; 8Nj1§1+(ﬁt;r) 1 Gajqur (9le§1+ (8%Zﬁjl s 8§RD§J1>
(27)3 (‘9lean+ otf 2w o 8Nj1§1+ otf 8“’]’1@1* nn (%le(ﬁ
+aaj1q~1+ L0 <a§REﬁﬁ _5< mﬁﬁ) } (3.473)
aleqTL nac otf awjl(ﬁ Jun 8wj1671+

| use the definition of o to get a—UN =o0—In(N+1)

ON
| note that ¢ «~» O(N) and In(N + 1) «~ O(In N) so approximate g;N N o
| also we write 90 ON = 90
ON ott  Ot*
N / gt {8‘7j1q"1+ 1 [aajﬁl+ (8%25?]-1 g ﬁﬁDﬁh)
(2m)3 8tf 2wj1§1+ Otf 8wj1q~1+ Jin OWj1§1+
1 J14qy J14Gy
) / dat {80j1§1+ L1 (G‘ B (a%zﬁﬁ e agwﬁﬁ»} (3.475)
(2m)3 otf 2wj1q*1+ ot \ 4 awm? Ji Bwjlq~1+
D (o (e, o)) .
oty J (2m)? 2wj gk \ Owjigr T Owy g
And so we can define the entropy density as
)= [ (1 - (amﬁﬁ -5 amfﬂ)) (3.477)
(2m)3 1% Qleqfr awj1§1+ Jin 8wj1q~1+

It is obvious that without the first order gradient terms, the expression for entropy density is exactly
the same as in Boltzmann equation.

Now we gather the remaining bunch of terms on LHS which are terms with spatial and momentum
derivatives. Of course the derivation is very similar, so we shall shorten the working.

Terms with spatial and momentum derivatives (LHS)

46For the simplest type of 3-phonon interaction, the lesser self energy is of the form ©< = D<D< and for the simplest
type of 4-phonon interaction, the lesser self energy is of the form < = D<D<D<. See the chapter on anharmonicity for
the explicit expressions. Thus the assumption made seems perfectly reasonable.
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Q

d 0o -+ )
/(22:)3 aj\fj.lqj+ X { (qurwjqur) . (Vﬁleql+(T1tf')>
d
_ZZ / S (Vi) - (VaDss) - (VaR5,) - (V40 D5s)

) (V25 + (FaBDf5) - (73 75,.))

write < = D<<

implement KB ansatz and only pick up one delta function from the spectral function & 27 cancels

d(TfL aUjlﬁf+ -t
/ P N, ;. (Varwnar) - (Vg (i)

L (TR ) - (VN ) = (VRS - (VN

- (V~+§RDR

J1J3

} (3.478)
j1=j2,free spectral KB

2w4 (j’+
— (Vgm0 (VN 55 ) + (VARDEL) - (Ve N 0555 ) (3.479)
Cdo do_

write 87NVFN = VFN and 87NVq‘N = qu

. . . . oo
just as in the previous term, approximate 8—NN ~o

[ (Fasia) (Fmi)

! (( a+§REﬁj1) (Vrlajlq»+)—( %Zﬁjl) (Vwrajlqﬁt)

_2w‘qﬂ+
— (Vgm0 ) - (Vo (05055 ) + (T RDE ) - (Vo (0,04 55,) )) (3.480)

use the product rule of differentiation, note that Vz -V Wit = 0
1

J149y
dg,*
/(27r)3 {vﬁ ' (Uﬂtf*V *wm?)

1 R R
o [vﬁ : (JMN +§R2]1J1) 0irit Vi Ve RN
J14q
R R
Voo (0550 VRS, ) + 054 Ve - Vo RER,
R R
_vﬁ ' (JJUTJ“ZJl]lV*Jr?RDJUl) + 9; *+EJ<1J1V V~+§}ED]1]1

Ve (05,555, VA RDE ) = 0y, 5085, Viw - ORDE (3.481)

Jidy i VIt VI
assume that cross derivatives “commute” and so 2 pairs of terms cancel

assume surface integrals of cj’fr vanish*7

dqy 1 R 5 R
Vi (27 )3 g (vcfﬁ%cfﬁ - (Vq*ﬁmm) T (v +RD M) (3482)
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And so we can define the entropy flux density as

<

s dql 1 R i] ; "
Js = / (2m)3 Tjat <Vql+wjlql+ ~ % o ( #éREml) - ﬁ ( ﬂJEDml) (3.483)
J14qy J1q;

It is obvious that without the first order gradient terms, the expression for entropy flux density is
exactly the same as in Boltzmann equation.
The (entropy) continuity equation has exactly the same form (as it should be)

Os(f1) + Vi - Js = / dg;" 9, ONingyt (3.484)
oty " (2m)3 8N i §1+ ot ol
The H-theorem is the same as before,
dfh jli 8th
>0= [ d >0 3.485
/ ”/ 2P ON, oo \ o7 ) 7 (3.485)

Finally we shall explain the meaning of the extra terms in s(71) and fs. The first order gradient
terms (and the higher order gradient terms) imply correlation between the particles. The function Tiat
is about the rearrangement of large numbers of uncorrelated (bosonic) particles. Thus we can view the
extra terms as corrections to the rearrangement of large numbers of correlated (bosonic) particles.

3.3.3 QKE based on Generalized Kadanoff-Baym (GKB) Ansatz

See the discussion on pg 95 in [Haug2007]. In the electron case, we have the exact (but first order)
Kubo formula to compare with QKE (KB ansatz) and it turns out that they give different results. Kubo
formula results are more trustworthy because it is derived exactly without any ansatz, so the suspicion is
on KB ansatz. An ansatz that is to be applied to pre-QKE is supposed to give us an evolution equation
of a one-time distribution function, KB ansatz employs the “center of mass” time as that one-time. We
now seek a different route and derive an expansion around the time-diagonal. This gives the Generalized
Kadanoff-Baym (GKB) Ansatz. We hope to reduce pre-QKE to QKE using GKB ansatz.

[Disclaimer:] In the phonon case, the Kubo formulation is hardly trustable as its derivation was
founded mostly on analogy. We do not really have an exact theory (even if it is low order) to compare
the results against. Probably the most reliable theory for phonons is the phonon Boltzmann equation,
thus it is not clear if we derive a GKB ansatz for phonons and use it to reduce pre-QKE to QKE is of
any use at all. Nonetheless we proceed with it.

3.3.3.1 Generalized Kadanoff-Baym Ansatz (Phonons)*

If we follow the derivation as in the electronic case (see the appendix on electrons), we realize that
the first order time derivative in the equation of motion of the electronic Green’s function is vital
for the derivation. Phonon Green’s function (QQ) or (uu) (which takes into account phonon number
nonconservation) obeys a second order time derivative equation of motion. Thus the derivation of GKB
ansatz does not go through. We propose to treat (QQ) as a sum of 4 bosonic Green’s functions. Since
each bosonic Green’s function obeys a first order time derivative equation, we can work out the GKB

47T am not sure how this can be proved or justified.
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ansatz for each of them. Then we sum them up and get the GKB ansatz for (QQ).

Digyq () = <QJ (3.486)

qu
B \E\/;Jq a' () +aq (’>) (a;7*§<t)+aj'f(t))> (3.487)
- \/;\/:]q ; _p()a] cr(t)>+<“§z—rf’(t')aﬁ(t)>

ajg(t')a) _ <>> <a3q<t>a]q<t>>} (3.488)

< / < / < (44!
3 (P () + Dy () + D5, 0) + D)} (3489

Now we have 4 "lesser” Green’s functions to handle. We write down 2 useful equations of motion.
d i t
= —iwig) al_i(t) = [Hmt, ajj_qﬂ(t)} ) (3.490)
d
dt +iwjg | aje(t) = [Hint7 aj(f(t)] _ (3.491)
To explore the causal structure, we need the respective reatrded Green’s function and advanced Green’s
function. Note that because we are dealing with a nonequilibrium situation, both the left and the right

equations of motion are needed.
We start with D . (tt') and define its retarded version.

DE i (tt') = —%G(t —t') < [aj.y_@(t), al, (T,(t’)} _> (3.492)

We seek its left equation of motion.

DB (1t —;6<t—t'><[a; o) a;,_q,<tf>}_>_;e@_t/)<[$a;,_qq(t>,a;,v_q,<t/)} >

| use the equal time commutation in the first term and we get zero

= —%G(t —t) < [Ccllta;_q.(t), a;,y_qq,(t')} > (3.493)
We need to pause here and realize that this Green’s function is missing the time diagonal term!
Thus in the time diagonal expansion, it does not contribute a time diagonal term which is what we are
seeking. Considering the equal time commutation relations, we can ignore D, (tt') in the subsequent
discussion as well.
Thus there are only 2 “lesser” Green’s functions to work with. We now work with D;T (tt') =

—% <a;r., _(T,(t’)ajq»(t)>. Define the retarded version,

DR (1) = —;0(t—t’)<[aﬁ(t) a;,j_qq,(t’)]> (3.494)
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Derive the left equation of motion.

d 1 i d
oty = 4 ([agtnd 0] )= 1o =) (| Gastnal )] )
| use equal time commutation relations in the first term

| use the equation of motion of a;z(t) in the second term

= —%5@ —1)0;5:0q g = %9(75 - t')(—iwg'c7< [%q—'(t), a}/,,qﬂ(t’)] >
_%Q(t — ) < [[Him, a;a(t)] ,a},7_§,(7§’)} _> (3.495)
(mjt - nwj@> DE (i) = §(t —t')5,05 g +0(t — 1) <[[Hint,aj¢(t)} _ah ()] _> (3.496)
We shall denote it with the form of a left Dyson equation
(mjt — hwj§> DR (#t) = 6(t—1)0;05 g0 + / d1x® (t1)DE (1t) (3.497)

where we assume that there is an associated self energy Efaf and index “1” represents all variables
including time. We write into the inverse form.

d
left:  DF(tt) = (ihdté(t —t) - hwﬁ&jj@@_q»,) - 3B (#) (3.498)

It is obvious that the same working will be repeated for the subsequent derivation, so we will only
give the results here.
The right equation of motion in the form of a right Dyson equation is

<—mCZ, - hwj,q,> DE.(t) = 6(t—t)8;;05-g/ + / d1D! (t1)sk (1t) (3.499)
The inverse form is
right:  DFl(#) = (—ihilé(t —t) - hwjlqléjjféq,_q»D -8 (1) (3.500)
Define the advanced version,

DA (1) = %9(# 1) < [aﬁ(w, a},ﬁqﬂ,} _> (3.501)

The inverse forms are
left:  DA-1(tt) = (ihi&(t’ —t) — quajjfaq,g,> — 24 (1) (3.502)
right:  DN(#) = (—mddt,é(t’ —t) — hwjgajjféq,_[;,) — x4 (1) (3.503)

Now we can carry out the expansion about the time diagonal, i.e. the GKB ansatz derivation. We
define the auxiliary functions,

D@ty = 0(t—¢)D:,(tt) (3.504)

aal



CHAPTER 3. NON-EQUILIBRIUM GREEN’S FUNCTIONS (NEGF)(MOSTLY PHONONS) 91

DAS(tt) = 0t —t)D= () (3.505)
where obviously,
D= (tt") = DES(#t') + D25 (') (3.506)

Convolve D=1 on the left of D®< in time using the left equation,
/ dty DI (tty) DES (44

d
= /dtl [(Zhdt&(t — tl) — hqu'(sjj/éq;_q'/> — EaRa’r (tt/):| D(]ja? (tlt/) (3.507)
| we retain only the first 2 terms for illustration

| see the appendix on electrons on how to handle the self energy term

d
- / Atyih & 5(t — )0 — ) D (1nt) + - (3.508)
d

= ih%Q(t —t"Ds (tt') + - - (3.509)

d
= ihé(t —t') D5 (tt") + ik (t — t’)%D;ﬁ (tt) + - (3.510)

| convolve D in time from the left
DEs(t') = inDE,(t)DS (tt) +--- (3.511)

We repeat the same derivation for D(’;‘;T (tt'). Convolve DA~ on the right of DA< in time using the
right equation,

/ dty DA% (tt1) DA (11t)

anT

d
— / dt, K—mdt,a(m —t) — mj/@/ajj,5¢@,> D25 (tt1) — D25 ()22 (tlt’)}3.512)

) d

= —zh/dtldtlé(tl —t)0(ty — t) D5 (tty) + - - (3.513)

. ) d
= —ihd(t' —t)D7 (1) — ihf(t' — t)ED:aT (tt') + - - (3.514)

| convolve D? in time from the right
DAS(tt) = —ihDZ, (t)D2A (tt) + - (3.515)

So,

D= (t') = ihDE (tt)D= (1) — kD3 (1) D2 (1) + - - (3.516)

The equal time lesser Green’s functions are the one-time distribution functions that we are seeking.

We now proceed to deal with the last Green’s function DS, = —+% <aj/q~/ ' )aT. _ﬂ(t)>. The derivation
ala l J:—4q
is exactly the same as above so we list down only the important expressions.

Define the retarded version,

DE (i) = —%9(7& — ) < [a;r.’_qq(t), aj/(yx(t')} _> (3.517)
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The left and the right inverse form of Dyson equations are

left: DRt = <—z’h§t5(t—t) hw;gbiind_gq ) sB ) (3.518)
right:  DE-L(t) = (zhddtlé(t—t) hwjiz10; ,5qq> B () (3.519)

Define the advanced version,
D31t = 300t 0 {[a]_(0ay3:)] ) (3.520)

The left and the right inverse form of Dyson equations are

left:  DA-Y(#t) = <—mia(t—t) Nw; 656z ) SA . (t) (3.521)
I'lght D(ﬁ;l(tt/) = (Zhdcilé(t—t) hw]/(f/ém/é_qqu) ZaTa( ) (3522)

Now we can carry out the expansion about the time diagonal, i.e. the GKB ansatz derivation. We
define the auxiliary functions

DIty = o(t—t)Dg, (i) (3.523)
Dis(tt') = 6t —t)Dg, (tt') (3.524)

where obviously, D5 _(t') = DE<(tt') + DAZ(tt'). Again we convolve DR~1 to the left of D< in time

and retain only the time diagonal term after which DF is convolved to the left. Then convolve DA~!

to the right of DA< and retain only the time diagonal term after which D is convolved to the right.
Sum them to get

D3 (tt) = DEst') + DA () (3.525)

= —ihDE (t)D5 (t') +ihD35 (tt) DA (t)) + -+ (3.526)

The final result for the (QQ) lesser Green’s function is

h
< N~ < (¢ _ 5 D<
Dz (tt') =~ Yoo 2%[] {ihDE . (tt')D= (') — ihDZ ()DL (tt)
—ihDE (t'\D3 (¢'t) + kD35 ()DL (t)} (3.527)

We want to quickly digress and discuss what happens if we directly guess the expression of GKB
ansatz from the electronic GKB ansatz without going through the causal expansion.
The guess is, 48

Wiz 2wz / Wiz 2wz
< ~ il Jq ] q N < Bir ] Jq ] 7' < /
DJQJ’tT’ (#) =~ JqJ 7(tt) DJqJ’tT’ (t't) quj’q’ (tt) Dijgjq ()

48The factors are due to dimensional reasons. This can be seen schematically as

L0y =~ L[ [ )
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i/ 28 207 (8 a0 (a0, @00 ) (~1) (@000
—h\/f\/ﬁ (=3) @00 (3 ) 0 0 (@000 Q)]

(3.528)

If we write Q;7(t) = /52— (a} A+ aﬁ(t)> and expand out the above expression, we get 32 terms!
J9 ’
49 We do see that 4 out of 32 terms correspond to our derived result (3.527) but there are 28 spurious

terms at the same order! So now we need to collect our thoughts:

e Derivation by casual expansion (3.527): The expression was obtained by proper casual expansion
so it should be correct. However, during the derivation, particle non-conserving (retarded) Green’s
functions ([a,a]_) and (a',a’]_) had no contribution. So it seems to have lost the particle number
non-conserving part of the theory. I also have no idea on how to implement this expression into
pre-QKE.

e Guessed from the electronic case (3.528): The expression is inspired by the electronic version and
implementing it into pre-QKE is well known from the electronic case. However the spurious terms
makes the physical correctness of this expression dubious.

Thus at this point, I have to admit that I can’t proceed further because it seems that both expressions
are not really making sense.

[Contribution:] Here I will briefly state what this contribution is about. Note that if Kadanoff-
Baym (KB) equations can be solved then we do not have any need for the kinetic theory! Thus we hope
that the kinetic theory has as many features of the original exact KB equations as possible. Kinetic
theory starts off having only the collisional treatment of interactions then gradient expansion restores
some of the correlational aspect of interactions. This GKBA allows some restoration of the casual
structure of the equations and thus we can have as much physics in the kinetic theory as that in the
exact KB equations (hopefully). For the electronic case, it was even found that the kinetic theory only
agreed with linear response theory when GKBA is used and the kinetic theory with GKBA allows going
beyond linear response theory.

3.4 From NEGF to Linear Response Theory

We follow [DiVentra2008] section 2.3. The classics, without a doubt, are Kubo’s original papers
[Kubo1957].

This is the third development from NEGF. Strictly speaking, this does not use any tricks from
NEGF, this is simply a theory developed by truncating at the first order from an expansion in the
unitary evolution operator. Thus it is at the same level as Fermi’s Golden Rule. The beauty is that, it
can be written into a response form which so many phenomenological laws resemble. °° It is completely
quantum though only to first order.

We recall the time-dependent Hamiltonian used in NEGF

H(t) = Hy + Hin + V(¢)0(t — to) (3.529)

“Note that terms ([a(t),a(t')]-) and ([af(t),af(t)]_) are not necessarily zero. Recall that these operators are in
Heisenberg picture and the Hamiltonian involves particle number non-conserving terms.

dOThls form is schematlcally, “Effect = response coefficient X drlver Examples of laws that have this form are; Ohm’s
law: J = O'E Fourier’s law: J = —xkVT and Magnetization: M = xH
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We start with the NEGF time-dependent expectation value and proceed in the Heisenberg picture
(most derivations in the literature use Schrodinger picture but obviously it does not matter). There is
no need to introduce contour-time quantities since we are only working up to first order.

Tr (e*B(HoJrHint)AH(t))
<A(t)> - Tr (e_B(HO+Hint)) (3.530)
| where A is an arbitrary operator
Tre—BHo+Hint)
Tr (efﬁ(HO‘i’Hint))

|  where the subscript ¢ is really redundant
i [t i [t
- Tr <pt0 (Teﬁ Jig dtlH(“)) Ay, (Te‘ﬁ Jig dt?H(”))) (3.531)

| use Dyson’s identity and expand to first order
| Tef% fjo dt1H(t1) _ 67%(H0+Him)(t7to)Te*% fjo dt1 Vi +m,,, (t1)

) : t
‘ ~ 67%(H0+Hint)(t7t0) <1 — ;/ dt1VHo+Hint (t1)>

to
| where we defined interaction operators,
(t) = 6%(HO+Hint)(t1_t0)At o~ 7 (Ho+Hine) (t1—to)
0

| define py, =

‘ AH0+Hint
t

i [t i
= 1 (o (145 [ Vs () Vigsan (0 (1= [ ataigm, (2)) 3532
0 0

|  keeping only to first order in V'

.

(3

= Tr (ptoAH0+Him (t)) - h/t dt:Tr (pto [AHoJrHint (t)’ VHo+ Hi (tl)]_) (3'533)
0

Assume that the time-dependent Hamiltonian takes the following form
V(t) = Vi /(1) (3.534)

where V}O is the operator part and f(¢) is the function part with parametric time dependence. We define
the change in expectation value (i.e. response) as §(A(t)) = (A(t)) — Tr (pr, AHy+H,,, () and get,

l

t
stawy = 4 [ et (oo [ (0, Vs, ()] ) 560 (3.535)
0
Now it has the form of a linear response formula and we can define the retarded response function y%

) N
Xﬁ(/(tv tl) = _ﬁe(t - tl)Tr (pto |:AHO+Hint (t)7 VHo—i-Hint (tl)} _) (3.536)

| use trace cyclicity and that Hy + Hiy commutes with py, in the second term

| to show that it is only a function of the time difference.

i .
= —0(t—t)Tr (pto Attt 0 (= 1), Vio| ) (3.537)
= X t—t) (3.538)

We can now write the linear response formula into a compact form and we can write ¢ — oo due to the
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step function

SAW) = [ iyt - ) fo)
to
Define the Fourier transform to frequency domain as

S(A(w)) = / At A

—00

(3.539)

(3.540)

we can now write the linear response formula (which is convolved in time domain) in the frequency

domain as

3{AW)) = Xy @) f(w)

(3.541)

The retarded response function is thus written as (with the adiabatic damping term for reasons of

convergence)

o) = Qi [ dle=n)etT I t)

Z‘ oo

= _% d(t - tl)e(t - tl)e(iw_e)(t_tl) < [AH0+Hint (t - tl)v ‘Zfo] _>

| use the step function

i > w—e O
- lim ; dte! )t<[AHO+Him(t),Vto}>

e—0t

o0

he=o0t+ Jo

(- w—e )
va(w) =— — lim dtel=ot <|:AH0+Hint (t), Vio} >

(3.542)

(3.543)

(3.544)

(3.545)

We call it the commutator form of the response function. Rewriting into a slightly different form,

ottt = =t [Anosma®). Vroomae)]_)

(3.546)

| assuming that V' and A are Hermitian (of course py, is Hermitian), we can write

= —%9(75 —t1) (<AH0+Hint (), Vit + i (t1)> - <AHO+Him (), Vi + Hy (t1)>*) (3.547)

| let the complex number (AV) = z + iy
= Lot — )20y

h
= Loty
= 7 1)2Y
2 N .
= ﬁe(t —t1)S <AH0+HM (t), VHo+ Hing (t1)>

| again using trace cyclicity and that Hy 4+ Hi,, commutes with py,

2 .
= ﬁe(t — 1) <AH0+HM (t —t1), Vt0>

Writing this second commutator form in the frequency domain, we get

o0

XEo(w) = lim [ d(t—ty)el@mON R (¢ t)

e—=0t J _o

(3.548)
(3.549)

(3.550)

(3.551)

(3.552)
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= Z 11m/ d(t —t1)0(t — t1)e@=)0= “)%‘<AHO+HM( —tl),ffto> (3.553)

h e—0+

| use the step function

2 > tw—e ~
— ﬁ elir(l)l+ ; dte( )t% <AHO+Hint (t), ‘/;50> (3‘554)
R 2 . > (iw—e)tcx ”
Xap (@) =7 61_1)1(])(1+ ; dte R <AHO+Hint (1), Vt0> (3.555)

This is the final form of the second commutator form. Now we will write it into the Kubo correlator
form. First we need the Kubo correlator identity (from Mahan of [Mahan2000] eqn(3.427))

Kubo Correlator Identity:

¥ p dv i —ihT
[VHO+HM (1), pto} = —ihpy, / drM HO”;;“ ) (3.556)
- 0
B A~
= pto / dTMeTAI(HO+HiIlt) HO + Hint, VH0+Hint (t) eTNI(HO"'Hint)
0 —
(3.557)
Proof starting from first line on RHS
booud
= —ih /0 drM 77 VHor i (1 = ihr ™M) (3.558)
| use the relation between real time and Matsubara time
d oM d 1 d
t=to—ihM = 2 -2 % -7
| 0TI T T o arM T ihde M
g d
= Pt /0 dr i 57 VHot Hip (t — ihr™) (3.559)
= Pty Vot (t — iR >]§ (3.560)
= pto (VHo+Hin, (0 = 10B) = Vgt iy, () (3.561)

e—B(Ho+Hin)

- TI"( (H0+Hmt))Tr (e%(HOJrHim)(imﬁ)VHo-i-Hint(t)e h(H0+Hmt)( ihﬁ)VHO"l‘Hint(t)) (3562)

e~ B(Ho+Hine)

_ B(Ho+Hint) ~B(Ho+Hin) _

T Tr (e Ao (6 O Vi, (E)e” PO VH0+Hint(t)) (3.563)
= VHo+Hin (0)Pto — ptoVEo+Hin (1) (3.564)
= [VHot+Hu (1), pro] (3.565)
= LHS (shown) (3.566)

Now use Heisenberg equation of motion to show the second term on RHS.

Proof starting from first line on RHS
A d
- _m/o drtter e (dt VHo+Hin (t>> 7T ot i) (3.567)

d
| use Heisenberg equation of motion ihd—‘t/ =[V,H]_
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g M M (Ho+Hint) —7M (Ho+Hint)
_— /0 drM e (ot Hins) [Fo 1 Hipe Vi g (£)] ¢ (ot Hin (3.568)
= second line on RHS (shown) (3.569)

We can write the response function x** into the Kubo correlator form. This is said to be a simplification
as the final expression is not in a commutator form.

Gt = Xiplt—t) (3.570)
- _%e(t —t)Tr (pto [AHoJert (t)s Vg Hine (tl)} _) (3.571)

= —ﬁe(t —t1)Tr (ptOAHO"rHim (1) VEHo+Hine (t1) = pto VEHo+ Hine (01) Ao+ Hiy, (t)> (3.572)

| use trace cyclicity

= —p0t—t)Tr (AH0+HM () Vo + i (01) o = Aot Hin (8) Pto Virg + i (t1)> (3.573)

- —%G(t —t)Tr <AH0+Hmt (t) [VHO+HM (t1), Pto} > (3.574)

| use the Kubo correlator identity

; B
7 . d -~ )
= ——0(t— tl)(zh)/o drM Ty (AHO+Him (15);)ltod—tlVHO+Hint (t1 — thM)> (3.575)

I
| use trace cyclicity
= —0(t—t1) /OB ar™ <dVH°+Hi“tC§;1 — Z‘hTM)x‘leLHmt (t)> (3.576)
| o,
= —0(t—ty) /0 Ry <eTM<Ho+Him>We—TM<HO+Hm>AHO+Hm (t)>(3.577)
= Xj‘;/(t —t1) (3.578)

This newly introduced notation xlj‘;/(t —t1) is to remind ourselves that we need to take the (dynam-

ical) time derivative of the perturbation Hamiltonian. It should be noted that it can only be written as
an operator with argument (¢ — t1) explicitly after the time derivative has been taken.
In frequency domain, the expression is,

o0

R _ . o (iw—e)(t—t1) , R o
XAV(w) 61_1>%1+ . d(t —ty)e XAV(t t1) (3.579)
| use the step function
o0 , B AV 4 k. (t—itir
— _ lIim d(t - tl)e(zw—e)(t—tl)/ dTM Ho+Hing (t—ihr?) AHO+H‘ t(t) (3580)
e—=01 Jo 0 dty "
We collect the final formula in Kubo correlator form.

00 ) B dv M

R T _ (iw—e)(t—t1) M Ho+Hing (t—ih7M)
@) == lim [ di e | ar < D Ay ) )| (3581)

For applications, one starts by picking his favorite law and insert the relevant expressions for A and
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V and x represents the coefficient in that law. In this thesis, we cover y = k which is the thermal
conductivity in the next section and x = ¢ which is the electrical conductivity in the appendix.

3.4.1 Application to Thermal Conductivity

[Disclaimer| Linear response theory is rigorous for mechanical pertubrations but for the case of
heat current which is driven by temperature gradients is not a mechanical perturbation. It is because
temperature is a statistical quantity. Thus the application to thermal conductivity is not rigorous and
one should be skeptical about the following “derivation”.

First, we “derive” the effective Hamiltonian that represents the perturbation and then we derive the
Kubo correlator form of thermal conductivity. Since linear response theory assumes a weak perturbation,
we follow suit and assume that there is almost thermal equilibrium in the solid and so the thermal
gradients are small.

We take the local equilibrium density matrix to be

) L (P ) ST(7)
o = le*dekBT(f) ~ le*deng(maT(f)) ~ leffd’”kaT (1*7T )

~ ~ - (3.582)

where €(7) is the local energy operator and we take the second term which is a deviation from equilibrium
to be the effective perturbation Hamiltonian that causes a current, i.e.

Vit) = —% / AT (7)e(7) (3.583)

with §7" taken to the function part and €(7) taken to be the operator part. Now we can derive the Kubo
correlator form of the linear response formula. Choose A to be J. Following the procedure, first we
need the time derivative.

avi 1 ey o O€(T, 1)
3 = T/dréT(r,t) 5t (3.584)

0 -
| use continuity equation 8—; + Ve J=0

| it should be valid in this near equilibrium situation

- % / aroT(7,t) (V- J) (3.585)

| integrate by parts and drop surface term

- / i (—;vfaT(F, t)) T (3.586)

which we can now identify f to be (—%V;{ST(F, t)) and V to be J. With that, the linear response
formula becomes

Gy = [ an [0 ot -n) (—;V;dT(f’,t)) (3.587)

Taking spatial and temporal Fourier transforms

- _ _log - -
<J(Qaw)> - _T X A:J_.";/:J_.(Q,CU)VT(ST((],W) (3588)
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Comparing with Fourier’s law J = —WV;T, we get

1

Rap(Gw) = FXJ7as(0w) (3.589)

1
using the trick of inserting v /dfr_": 1 and renaming (7,7 — 71) — (7,71)

1 © . A
= —— lim dteliw=ot / d™™ (T3 Hot iy (=@, —1hT™) Jo Ho+ 1, (75 1) ) (3.590)
0 0

VT eso+
» LI P L B,
Rap(@yw) = = g lim | - deel /0 AT (Tp gt (=0, =107 ) Jo o, (T1)) | (3.591)

This is the final form of thermal conductivity in Kubo correlator form.

3.4.1.1 Hardy’s Energy Flux Operators: General Expression

Here we follow Hardy’s derivation in [Hardy1963] where he provided a method of deriving explicit
operator expressions for energy current to be used in the thermal conductivity Kubo formula “derived”
earlier.

We start by defining the quantities

local energy flux (vector) operator:  j(7) (3.592)
local energy density (scalar) operator:  €(7) (3.593)

Assume that they obey the (operator) continuity equation.

Oe -
— +Vz-7=0 3.594
5 T Vi ( )

We also have the Heisenberg equation of motion

0 _ L 1(7), H]. = V-G = L e(m), H]

5= - (3.595)

where H is the Hamiltonian of the system and assume that it can be written into a one particle form,

)

H = Z(ﬁ}ﬁv(m) (3.596)

7

To proceed further in getting an expression for 3, we need to have a physically reasonable definition
of ¢(7). This is done by defining the local energy density to be a smeared Hamiltonian over a small
region.

("= > [A(F— 7) (5@ T V(m) 4 h.c} (3.507)

)

where h.c. means hermitian conjugate and ¢ = A+ A" ensures that € is hermitian as it is an observable.
We need to specify certain features of the smearing function A(7 — ;). These features are needed to
make the definition of € physically reasonable.
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We require the total energy (summed over all space) to be equal to the total energy H.

so we need

/

[ =

aw-5) (i + Vi) + (5 +vm>>TA*<f—a>] -

Ll
dri Z

note that (2](4 + V(ﬁ)) is hermitian

%

—

7) is hermitian

assume that A(7 —

5 (farse-) (£ v vee) -

%

/dFA(F— ) =1

A possible hermitian form for A(# — 7;) is

12

1 P i1

AF-7) = gape ©

H

H

(3.598)

(3.599)

(3.600)

(3.601)

(3.602)

where [ characterize the length scale where the energy density is localized. Now we can use this setup
to calculate the commutator.

Vi ()

i

[e(r), H]

B~

i1 12

we denote the commutator with the “h.c.” term as “h.c.”

332 A(F —7%,) Py + V(7%,) Py +V(7)
h2 4 ' ’2Mz‘ ‘2 2Mi1 "
2112 —

i1 N I N A
+h2;A(T_Ti1) [2M11 +V(Ti1)v 2Mi2 +V(rl2) + h.c.
122 —
use the fundamental relations [1i,a,, Disas]_ = 170 iy00; as

i1 I 2 B,

LU A -, b L V(T

P Z =) 5o, <2M,~1 V)
12 —

=2
b;,
’ 2M;,

V(7iy)

> + h.c.

for first term use “product rule”, for second term rename i1 <> i9

1122

il L N I
+ﬁ§Z(A(T_T“) — A(F—T3,)) 2Mi1,V(7’“) +h.c.
4119 _

1|1 LS ﬁﬁ o 175 >
7 [2 Z (A(r — 7)) <2Mi1 + V(ri1)> +h.c.> ,Z <2Mi2 + V(ri2)>]

i 1 ﬁLQ — — — — — — ]5;'2 ﬁLQ —
g§z <2MQ¢2 [A(7 = T3, ), Dip] 4 [A(F = 73y ), Pia| oM, 2Ml¢1 + V(7))

(3.603)

(3.604)

(3.605)

(3.606)

(3.607)
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| to get f, we need to write each term as a divergence V- ...

| for first line pj, [A(7 — 75,), Pip] . = Piyihiyi, Vi, A(F = 7)) = —Piyihds, i, VA (F — 75y
| and since Vj only acts on A(7 — 75,) we can write —Viz- (P, 170, A(F — T3, ))

| for second term, we use Taylor expansion

| AT —Tiy) = A(F = Tiy) = AT = 73y) = A(F = 7y + Ty — Tiy)

= A=) = (L = 1) Vs, + (= 7) - Voo, 4 ) A7)

L Lo . L
= (= ) Tt () P ) A= )

— 1 ﬁil =2 _;;1 ]5;? —
= 3Vr {Z<2MilA(r i) + A7 r21)2Mi1> oar V)

i1

2
# 30 (14 g i) Vot ) AT R g VG } the
- (3.608)
So now we can simply identify the expression for ;(F),
, 1 N N P )
o = . {Z (A=) + G- 7)) (W +v<ri1>)
#3000 = ) (14 g )Vt ) AG- ) [ P y(r,) } +he
iria 2! ih | 2M;, -

In Kubo formula for thermal conductivity, we need the average energy flux defined by

j=1 / 4 (7) (3.610)

so we integrate [ dif on both sides and use [ dFA(F—7;,) =1 and [ diVEA(F—7;,) ~ 0. This is because
the function falls off quickly so the function and its derivatives gives roughly zero when evaluated at
the limits.

=2
pll pll pll -
; h.c. 611
2V{ < >+ E ng LM ,V(7i,) _}+ c (3.611)

1192

which is the final equation for the energy current operator. This is Hardy’s eqn (2.14) in [Hardy1963].
We do not proceed further with the linear response method as it is not the main approach in the
thesis. A receipe for the subsequent calculations are stated for completeness.

1. Use the above equatlon to obtain explicit operator expressmns of J for the system of interest.
Make sure to use JJ in the unitary transformed form .J; Ho+Hyps (1)

2. Substitute J; Ho+H,, (t) back into the Kubo formula for thermal conductivity. Note that we have a
2-particle “Green’s function”.
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3. Write as Interaction operators .J; 1, (t) and we get a S-matrix.
4. Expand the S-matrix and work out some vertex diagrams.

5. Decide on the form of the Bethe-Salpeter equation to solve based on the diagrams. The solution
of the Bethe-Salpeter equation gives the thermal conductivity.

3.4.1.1.1 [Hardy’s Energy Current Operators: Harmonic Case] The harmonic Hamiltonian
is

p
HO = Z 25\(2 + - Z (I)lal1a1ulaul1a1 (3612)
la lozllal
and so we substitute
- ;1
V(i) — V™ =2 ) Pratioytiatinya, (3.613)
aliaq

and 7 is treated as the equilibrium position 7 — Rlelq and 77, is the actual position of the ions, so the
displacement vector which is 4, = 7, — Rlelq and so 7y, — 77, = U, — Uy, + Rlelq — Rlzq.
Substitute into Hardy’s formula,

- 1 P coo meq 1| PP
h _ h eq eq 1 h
T = ;M<2M+Vlar>+;uh—% Ry = Bif) o | o Vie™ | ¢ +he
162 —
| following Hardy, we expand and seperate terms as follows
1 1 - R S 11, 4 o
= 2V 2M (Req Rle2q) <pl1 N % |:p117 ‘/l2ari| _ + % |:pl17 ‘/lzar] _ . pll) + h.C.
1 2
1 bi D, h
- 1/ har
oy {;M (2M+ ! )
1 — — — 1 — har 1 — har —
—‘rm : (ty, —Uy,) | Piy - 7 [pll, Vlg ]_ + i [pzl, ‘/22 }_ Pl + h.c. (3.614)
1 2
| the first line and second line are denoted respectively as
= Jhar(§9) 4 jhar(§9 3.615
2 3

This definition follows Hardy (as much as possible so as to allow comparison) and we analyse each term
seperately. Following Hardy, J #7(S9) is called the quadratic part and J #7(S9) is called the cubic part.
Do not confuse that with cubic anharmonicity.

I 17, . 17, r S
J ha (Sg) = 2V 2M Z <p11 FL |:pl17‘/llgla }_ + ﬁ |:pl1’ V}};a :|_ : pl1> + h.c. (3616)
lila
| the hermitian conjugate term is the exactly the same, so we have a factor of 2
| use fundamental commutator [ o, Ploas]_ = 1h01115001 as
= har L1 5 — —
| so [pll’ Vi, ]_ = _Zhi lily Z iUty + Uty Py,

I3
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| but the first term = 0 due to d;,;, causing ﬁfq — R‘Ezq =0
1 2

1 11 . =
= _Vmi Z(qu - Rlqu) Z (plla2ulza1q)l2041l1042 + ulza1¢)l2all1a2plla2) (3'617)
l1lo Q102
| use again (U, a; Ploas] = A0 1500100 866 UlyasPliar = 1A01 1500100 + Pliar Uisas

| and d;,;, causes ﬁ;f — ﬁfj = 0 and one term vanishes
11 - -
= _Vm (Rilq - Rlzq) Z (I)lza2l1a1plla1ul2a2 (3'618)

lhls Qo2

| now write into variables P and () defined as

g- R
€as ]@qu “ f2

Ulyan = \/7 Z

g-Re1
| Pliay; = Mul1a1 \/ Z€a1 ]q_jQ]q why V Z€a1 J(D

1 11 . = = iq-R°1 g R°Y -
- VoM N Pj1§1Qj2¢sz€a1(JIQI) Z(Rlef—RZ])(I)lwmmezq 1 ety €ay (J202)

q1j2d2 aiog I1lo

| due to translational invariance of the current, it only depends on B/ — R so ¢y = —q1
I Iy

11 o 5 3 (Rfa-Ro L
- V oM le‘ﬁ Qj?’_‘?l Z €on (]1(]1) Z(Rlelq - Rlegq)q)lzazhalelql l2 €asg (J27 _Q1)
J1q1j2 araz 11l
| write €as (j27 _il) = 622 (.72@1)
| define a “multibranch” group velocity expression

| P 1 Z c ( _,) Z(R’eq _ R’GQ)(I) eilﬁ(élelq_ﬁle;) e ( _»)
j1jeqi — M S0 a1 \J141 11 Iy laalian az \J241
VI 9291 o I1lo
| the “branch diagonal” j; = js expression is
_ peq _ p3eq i (R =Ry | o« =
| UJIJlQl - 2Mw Z €y (Jj1d1) Z(Rll - R[2 )(I)l20¢2l1o¢1e T €as (J1q1)
J1q1

a1a2 l1ls

2Mw; 1 1 2M S0 = Wi
_ Ji1q1 V¥ g1
- V2M E : JIQIQ]L_‘II - 1”]1]1!?1 + VQM E : le(Tlez—qﬁ i

naq 71172 (j1#52)

| introduce the creation and annihilation operators into the first term only
2w

1 [hwjg,
_ J1q1 N T L 1
| PJlQl - ; (ajlql ]1 7(11) and Q327*q1 - . < 12111 + Ajy,— q1>
J241

w; [ hw /
_ J1q1 J1q1 B 1
R E : 2w ahql as,. 7(11) ( g T, —q1) Vi@
J1q1

J1q1

l Z Va1 291 whthijth P

i J1q1 sz,—qﬁ 17j1j2¢?1 (3-619)

+
j1tf1j2(j17éj2)

_ Jlfn N | R T, t A
= § : <a31Q1aj1§1 i g% T Ohqa G, —q — Y, _a % a ) Vi@
J1q1
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1 Z \/wjuhwjzrn p.

+V na QjQﬁd’lvjljztﬁ (3.620)
J1q132(j1#52)
7o — ol . T s mal s o (—T

for second term rename qi <+ —q1, 80 Wjy g, a5 2 Wy 3 Ujrjrgy = wjlqlajﬁlajlql( Tj i)
we will show 05 ;, _7 = —Uj,;,4 later
- J1q1 T T al T T 2

Z Z <a31q1a11q1 T @ g 4 T Ghad i~ Y@ %ha ) Vhad

]1Q1 nq

1 Wi1q1 W21 S
v Z K P Qs -aUjjeqn (3.621)
J1q132(j1#52)
. T — |
use [aﬁql,ajl@1 =1, so ajlqlajlql 1+ ajlqlajlq1
E Tuw; a; & U; E qul 1+aza; & —al L P
@ jlql n@ Vg + v 7131 %51,—q1 j,—a%hq ) Vhna
]1‘11 nqa
1 N
J149177J2q1 —
v > . Phai-alia (3.622)

J1q152(51#52)
the negative sign is due to the definition of P and @)
the second term has a constant 1 that we can offset
recall these operators are to be used as .J; Ho+Hipy = J; 1, in Kubo formula
Hy is the harmonic Hamiltonian

thus terms aa — a'a’ are zero in the Kubo formula that can drop now

1 w]lqlequ =
Vs E :hw]uh jlqlajl(IIU]l]l(Il + vV E : —— PhaQj—aVjjedn (3.623)

qu1 J1G172(317#52)

The first term is the usually assumed current expression. This derivation shows that even in the
harmonic case, the energy current operator (to be used in the Kubo formula) has 2 more correction
terms as compared to the usual assumed expression! We shall not proceed further as this is not the
main approach of the thesis.

Finally we want to clean up 2 loose ends in the earlier derivation. First, we need to show ¥}, —q =

“Vji5iqh-

Vjij1,—q1

i L 5 3 —iqi- (R~ R L
= — Z €ay (J1, —01) Z ((Rflq — RN @500, € iq1-(Ry )> €ay (J1, — (1)

2Mw]1 —q1 alas Lilo
| use Wi ,—q = Wji g and €ay (1, —q1) = 62101(71)
I S Gy ((R@q—ﬁeqyp R Req))g (1) (3.624)
T OYMws - ap \J141 (5 Iy ) Fl2anlion az\J1491 .
J191 o l1ls

|  rename a; <> a9, I < o

{ — = = iq1-(RE—R1 -
= Siio - D (@) ) ((Rff — R, 0,150, 2)) €ar (J101) (3.625)
J1q1 aras I1ls
| use Rlef - Rlelq = —(Rflq - RZ;) and @7, 011500 = Ploasiian

_ﬁjljlql (3'626)
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Second, we want to check that v;7 = Vg w;5. We start with the dynamical matrix equation.

7€)

2 5.
o‘)jtj' 5]]1

2wjq (Vg wig) 9

2wjq (Vg wiq)

Vg wjg

indeed as required.

Z Daa, (9)€a, (70) (3.627)
al
substitute Daq, (§) = Z‘plahme ¢ (h—1)
I
3eq  peq

3 Bty T ) (3.628)

lllal
multiply e (j19) on both sides and sum over «

ped _ peq .

ar Z ]1®(I)lal1a1 w (Rll i )6041 (](D (3629)

lalloq
take Vg on both sides, there will be 3 terms on RHS

7.(R¢9_Red .

M ) [ S01D) Pratyar e e, ()

lalyoq

y B Seqy iq-(R{I—R¢1 .
e (10 Rranay (B! — By e, ()

0 iq-(RCI—R ,
i (1) Pratian e T (Vgea, () | (3.630)
use the dynamical matrix equation for RHS 1st and 3rd terms

— ;= R’Eq_ﬁw .
M Z jl‘D(I)lahm(Rllq Rleq)ezq( ot )5a1<]®

lal1 aq

Z a(1D) whiea(GT) + Zw]q € (10 (Vi€ar (D) (3.631)
now set 7 = j; on both sides

Seqy (B Fe)
= Z 5D Praty o (R4 — Be)e' T e JQ’HZ% 7 (€a(j)ea(id))

lal1a1
but Vg Z (19)ea(jq) = V41 = 0 and use the expression for U}z
2wjq Ujjq (3.632)
jjq (3.633)



Chapter 4

Reduced Density Matrix Related
Methods

[Chapter Introduction and Roadmap:] We enumerate this introduction for easy reading.

1. This chapter is included to provide another dimension to NEGF. Reduced density matrix method
is the most common method to tackle open quantum systems. The 2 methods can serve as
cross-checks for each other.

2. The aim is to present a promising numerical method in this area: stochastic unravelling.

3. The standard partial tracing over the environmental degrees of freedom is done (by path integrals)
to derive the influence functional. This functional contains all the effects of the environment on
the system.

4. The influence functional is conceptually clean but mathematically intractable. Stochastic unrav-
elling is a method that allows a rewriting of the influence functional into a stochastic problem
which is numerically tractable.

4.1 Derivation: Projection Operator Derivation

We follow [Altland2010] pg 696. We shall use a one lead/bath problem. Since leads/baths are always
assumed to be independent, additional lead /baths are added by simple addition.
The Hamiltonian is

H=H!+ HC + aHLC (4.1)

where L is the left lead /bath, C' is the central system/device, LC refers to the coupling between the left
lead /bath and the central system/device and « is the coupling constant shown explicitly for convenience.
The initial condition is chosen as

Pt = 0) = p“(0) ® p*rt (4.2)

The dynamics of the total density matrix is governed by the Liouville equation

<gt - E) P =0 (4.3)

106
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where the Liouville operator is defined as

L = L£V4 L84 acLkc (4.4)
rLorLe _ [HL,C,LC7 ] (4.5)

where

We simply define the projector to project out the quantity of interest. In this case, we are interested
in the reduced density matrix of the central system, thus the projector is correspondingly defined as

P=pleaep () (4.6)

where Try, means a partial trace over the lead/bath degrees of freedom.
We assume that Try, (pL’eqH LC) = 0 and we establish these identities for further calculations

(a) PLE=rlP=0 (4.7)
() [£°P]_=0 (4.8)
() PLP=0 (4.9)
Proof of (a): PLLpt = pheaTry (Lp*") (4.10)
—  _ipheaTy, ([HL, prot] 7) (4.11)
| use trace cyclicity
=0 (4.12)
Proof of (b):!  [£9 P]_p = LPp—PL (4.13)
= LT p — pleaTrp (L) (4.14)
| use Tryp = p¢ and Tr £ = £9Tr),
= pL’eqﬁcpC — pL’eqﬁcTer (4.15)
=0 (4.16)
Proof of (¢):  PLXCPp = PLEC (Trpp) pl*d (4.17)
= pledTyy, (pheachcp®) (4.18)
= —iptaTry (pL’eq [HLC,pC]_) (4.19)
— —ipL’eqTrL (pL’eqHLCpC _ pL’equHLC) (4‘20)
| use trace cyclicity to rewrite the last term to HZC pledp®
— _Z-pL,eqTI,L (pL,eqHLC . HLCpL,eq) pC’ (421)
| each term is zero due to the assumption Try, (pL’eqH Lc) =0
= 0 (4.22)

Define the complementary projector, Q =1 — P and introduce the standard shorthand of “relevant
variables” and “irrelevant variables”.

relevant variables: Pp=p" (4.23)

irrelevant variables: Qp=p"" 4.24
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We are only interested in the evolution of the relevant variables thus we will derive the equation of
motion of only the relevant part. Start by writing the relevant part,

0
5" = (£C + LF +aLt) p (4.25)
| operate P on both sides
0
apr = PLY+PLYp+aPLE) (4.26)

| use (b) for RHS first term, use (a) for RHS second term
| for RHS third term, write £X€p = £L9(P 4 Q)p then use (c)

= LY +aPLFC ) + aPLEC oI (4.27)
| RHS second term = 0 due to (c)
= LY +aPLEC i (4.28)

Now we write the irrelevant part,

0

5P = (L€ + £+ aL) p (4.29)
| operate @ on both sides
o5 = QL (4.30)
| write £p = L(P + Q?%)p where Q* = Q
— QLQY" + QL (431)
= QLY +QL Y +QLEY + aQLC " (4.32)

| for RHS second term, use (b) to get QPL p =0
| for RHS third term, p" is a number in L space, thus term = 0
= QLQY" +aQL " (4.33)

We treat the irrelevant equation as a linear inhomogenous (operator) equation and solve p’" by
using the method of integrating factor. 2
The solution is

¢
Pt = (const)eQEQt—i—eQﬁQt/ dtie” QR aQLEC p7 (1)) (4.36)
0
| drop the first term by the “molecular chaos” assumption
¢
R~ a/ dt1eQFE) QLLC (1)) (4.37)
0

| rename the time ¢; — t — ¢ to write

2The general form of the linear inhomogenous first order differential equation is
—= + R(z)y = S(x) (4.34)

the integrating factor is then p(x) = e/ ¥ and the solution is

__ const L S ()l
ECRNG) / dwS(e)u() (4.35)

In this case, we identify “R(z)” = —QLQ and “S(z)” = aQLYCp" and the integrating factor “u(z)” = e~ 9t
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t
= « / dt,e9“h QLEC pr(t — ) (4.38)
0

We substitute this result into the relevant equation to get

o t
Op = £ +a? / it PLEC QLN QLLC ;7 (4 — 4,) (4.39)
0
| recall that p" = Pp = p9Tryp = pPedp®
o t
a,oc = £9%+ a2/ dty p™*Tr (ELCeQLQtlQﬁLC) pC(t —t1) (4.40)
0

This is the generalized (Non-Markovian) Quantum Master equation.
We now go over to the weak coupling approximation. Drop a£C in the exponent since we are only
going to expand up to a?. Writing only the integration kernel,

PLLCRERUQLLC yr(t — 1)) (4.41)
~ PLECRQUE LR QLLC i ) (4.42)
—  prLC I-P)(Lr+LY)(I-P)t QELCpr(t —t1) (4.43)
| recall (a): PLY = £YP =0 and (b) : LYP = PLE also use P> = P
_ PELCe(LL+LC—P£C—£CP+P£CP)QﬁLCpr(t —t) (4.44)
| use (b): [£Y,P]_ =0
_ P£L06(£L+CC—£CP)Q£LCpr(t — ) (4.45)
| expansion of third exponent gives terms of the form LEPQLMC p = 0 since PQ =0
= PLICML LD pLO jr (g 4y (4.46)
| define the evolution “picture” as eLEHL) 4 — A(—t1) and neglect the evolution on p"
~ PLEOLEC(—t)p"(t— 1) (4.47)
| write trivally £5¢ = £¢(0)
= PLECO)LEC (—t)p" (t —t1) (4.48)

Finally we will include the Markovian approximation by assuming that p®(t) is essentially constant
over the relaxation times #; so that we can take it out of the integral and take ¢t — oo. The final
(weak-coupling, Markovian) quantum master equation is

%pc(t) = (EC + o? /000 dt1pP9 Ty, (ELC(O)ELC(—tl))> pC (t) (4.49)

4.2 Numerical Implementation: Conversion to Stochastics

The object to calculate here is the reduced density matrix of the central system. Here, first, we will
derive the formal exact expression of the reduced density matrix via path integration. It is exact but
the non-Markovian memory integral is not tractable. Then stochastic unravelling is used to provide a
numerical method to calculate the reduced density matrix by going around the memory integrals.

4.2.1 Influence Functional

We follow [Weiss2008] section 5.1 to derive the Feynaman-Vernon Influence Functional in real time.
The influence functional is a functional expression of the effects of the environment on the system after



CHAPTER 4. REDUCED DENSITY MATRIX RELATED METHODS

tracing over the environment degrees of freedom.

110

The notation here follows the notation standard in the literature which differs somewhat from the

rest of the thesis.

We write down the system + bath Hamiltonian. 3
H = Hg+ Hp+ Hgp
p? N P2 1Y c
- - V ¢} - 2 o (&3
2M +Vig)+ ot 2m,, + 2 az::lmawo‘ <xa MW
al P 2,2
with, Hp = zjl (277(;04 + Qmawaxa>
a=
N N
Hsp =

The notation (standard in literature) used in this chapter are

e P: momentum of the system particle

e M: mass of the system particle

V': potential experienced by the system particle

e ¢: configuration variable of the system particle

e p,: momentum of the ath particle (or degree of freedom) in the bath

e m,: mass of the ath particle in the bath

wq: frequency of the ath particle in the bath
e x,: position of the ath particle in the bath

® c,: coupling constant between x, and ¢

We write down the definition of the reduced density matrix.

reduced (

p ) /dfo <qffo ‘pt"tal(t)

Q}5170>

/df() <in"0 ‘ef%Htptotal(O)e%‘LHt
| insert 2 complete sets

/fo/dqidql{dfldfll <fo0 ‘6_%Ht

/

foo>

Qifl> <qz‘931 ’Pmtal(o)

! =l
q; %

the vector notation Zy represents the complete set of bath variables

) (did

3As usual, the baths are taken to be independent and so it is straightforward to include more baths.

i
crH

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

use Schrodinger picture and note that the Hamiltonian is time independent

(4.55)

Q}fo>
(4.56)
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We write the evolution matrix elements as path integrals.

- a(t)=qy HO=To o
<Qf930‘6 g t’qz‘fl> = F[Qf%fofl]z/ DQ/ Densla-] (4.57)
9(0)=a: (0)=71
q'(t)=d} #(t)=Zo i gl
<q;:31 entlt '~0> = F*lgiqp@) %) = / Dq / D' e~ #9ld7] (4.58)
¢'(0)=g; #(0)=1

4 where S[q, ¥] is the total action derived from the total Hamiltonian.
We take the initial density matrix (at ¢ = 0) to be factorizable.

Pt = 0) = p5(0) @ p” (0) (4.59)

and this allows the rewriting,
(a1 o™ (0)| 47t ) = (1[5 (0)p%(0)] gih) (4.60)
= (ai|r°(0)] ¢}) <x1 1p7(0)] 7) (4.61)

And now we are ready to write the expression of the reduced density matrix in terms of the influence
functional.

preduced (g g t)
= /daco/dqquzdxld:cl/DqueﬁS[q’z]/Dq’Dxe #51d" 7] <q ‘p ‘ql> <m1 ‘p ‘ 1){4 62)
| write Slg, 7] = Sslq] + Spl] + Sspla, 7]
= /dqquz {qi |p°(0)] q}) /Dqu’ #(Ssladl=Ssla)) Fy g, (4.63)

where the influence functional Fyp|q,¢'] is

F[F [q’ q/] = /dfodl—:ldfll /Dfo/ <fl ’pB(O)’ f’1> e%(SSB[‘Iaf]_SSB[q’7f’]+SB[f}_SB [f’]) (464)
_ / dFodindi, (71 |0 (0)| 2.) ( / Daet(S5516:71+5(7) ) < / D= Sssld ~1+s3m>)
(4.65)

The remainder of this section is to evaluate Fyr[q, ¢'] explicitly. It is easiest to evaluate (Z [p?(0)| Z})
first.

(7 ‘PB(O)‘Q?Q

1
- = <:El ‘efﬂHB‘ f/1> (4.66)
|  where Z = Tre P58 and we use Hp in terms of number operators ng
A Bhwa(ne+1/2) S e Pl S 1
Z pu— - @ na pu— pu—
| s U Z ¢ H 1 — e~ Phwa/2 U 2sinh (38hw,)
a=1ny,=0 a=1 a=1 2

4The expression FF* is known as the forward-backward path integrals.
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<ﬁ 2sinh <1,8hw )) ﬁ <x15 ‘e‘ﬁh‘*’ﬁ(nﬁﬂ/?) ) ) > (4.67)
a=1 27" ’

p=1

it
the second factor is the single harmonic oscillator propagator in imaginary time = 153

N 1/2 ’
| | : 1 MaoWe 7%[(12 +z,2)) cosh(Bhwa ) —221 0] ]
2 h( =Bhw 2h sinh(Bhweg ) la la allq 4.68
ot S (25 a> (27rhsinh(ﬁhwa)> ¢ (4.68)

Next we evaluate the expression
/ Diet (Ssplaal+Sp()

t
| recall the definition of action S = / dt'L(t)
0

N
1
| the Lagrangians are Lp(t) = 3 Z M (F2(t) — wazl(t))
a=1

N

C2
| and Lsa() = Y <caxa<t>q<t> - ()
a=1 o

2
_x()a dt’ ma$2 g —lmaw 22 () +caza(t gt __Ca 2
_ H/ N f,fo [ (t)—3 3(t') +eaa (t)a(t))— 52y ¥ >] (469)

=Tla

The last exponential term does not contain & and it goes out of the path integral. We treat ¢(t') as
an “external force” term and we continue evaluating the path integral by expanding about the classical
path 22

Slea = /0 at [;maj:i(t’) Sl )+caxa(t’)q(t')] (4.70)

= S[zg + nal (4.71)
|  where 7, are fluctuations about the classical path xf)f

| expand about the classical path z¢

= S[de/dt (t)i 1/dtdt (t1) (t)éz—s (4.72)
- e M S (t0) g 28 T G #)d0a(t2) |y
| the expansion truncates at second order since the action is quadratic in @
| due to the classical equations of motion, we have —— =0
Lo | g, =gel
l
= Slag]
+1/dtdt (t1)na(t2) o /dt L (4.73)
= — — —mawla? + cox .

a 2 0 o! o’ 5J:a(t1) a Oé(sgja(tQ) zo=1¢l

t
—;/dtldtg/ dt'maw2d(t' — t2)0(t' — t1)1a (t1)na(t2) (4.74)
0

| for second term, integrate by parts once and use 7(0) = 0 = 1,(t) to eliminate surface terms
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1 1/t
cl / / / 224/
— — —mg [ dty | dtna(t)na(t t—t — — | dtfmawin?(t
St = g [[ats [ il 50 (i D) - [ dtmesini®
1 3z (t)
= Sad]—-mg [ dtr [ dt'na(t)na —/dt o 4.75
) 3o [t [ dtnatema(e) 22 . Mo (1) (4.75)
| for second term, integrate by parts twice and use 7,,(0) = 0 = 14/(t)
1 ¢ I
= S[xgﬂ - Qma/dtl/ dt/na(tl)ﬁa(t/>5(t/_tl> - 2/ dt/mawzngz(t/) (4'76)
0 0
| for second term, integrate by parts once and use 7,(0) = 0 = 14/(t)
t 1 1
= Sz —|—/ dt’ (2ma7'7§(t’) - 2maw3(t’)> (4.77)
0
So now the path integral is over all fluctuations 7.
/ et (Sspladl+551)
N ’ C . . t
= TR (g ) s / Dijgei Jo @ (3maii(¢)—fmaw? () (4.78)
a=1

the path integral of fluctuations is shown in the appendix to this chapter to be,
‘ 1/2
/ Dipei Jo @ (bmaii ()~ dmaw () _ <ma”a ))
t

2mihsin(wg,
N 1/2 i pt oy A o
_ H ‘mawty eh fo dt ( Zmegq (t ))eﬁ Slx cl] (479)
2mihsin(wat)
a=1
We show in the appendix that the classical action expressed in terms of the end points,
0) = 7 = mcl(o) = Z1q (4.80)
) = Zg= 2(t) = zoq (4.81)
Slad] = Sl (4.82)
Maw
- m [(x%a + :cga) cos(wat) — 2$1ax0a]
t t
T1aCa 1o . / LoaCa 1o e /
—_— dt'q(t t—t _— dt'q(t’) s t
et [ ata(e) sinfen(t = 1) + 0 [t sin(ent)

2

o / e /D " () sin(wo(t — ) sin(wat")g(t") (4.83)

 MaWe sin(wat) Jo

C

We can now explicitly work out the influence functional.

Fiele.d] = / dzodidz, (& |p”(0) ( / D\ ek (Ss510.71+S5(7) ) ( / DF et Sssw/lwsw)
N
= H/dazoadxladxlla
a=1

x ( 2sinh lﬂhw MaWa 1/2e#{;ﬁw[(r%aﬂii)cosh(ﬁrwa)mmxga}
27 2rhsinh(fhw, )
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1/2 2
#8[xehz9e Moo / il dtl(i E—” qQ(t/))
mih sin(wg,

S[ l]r(l)oz MaWq 1/2 6_% fg dt’ (_ melwa q/2(t/)) (4 84)
27 (—i)hsin(wat) |

= H (2 Smh( >> (%mﬁﬁgma))m (&)

el v Jo dt ( 2(t)—q (t')>

2m w

cosh(ﬁhwa)72zlam’m] 6%(5[3621]; —S[z a(‘l]an>

Mo Wq 2 2
—_ MaYWa +
X /dxoadxladx/me 2ﬁsmh(,ehwa)[($1a T14,) (4 85)

It remains to work out the 3 Gaussian integrals zoq, 1, and z,. The Gaussian integral identity to

use 18
o0
/ dpe™ b — \/;efz (4.86)
a
—00

All exponential terms

. t 2
_ v 1 S 120y 204
= o ) s (P - 2)
_& 2 2 . / 1 [OAE ‘el Toa
S sinh(Bhoy) [(azla + z%,) cosh(Bhwy) 23:10@1&} + 5 (S[:ca]zla Slx g ]1"1@) (4.87)

| the first term above does not contain zg, 1 and x|

| the last term of S[x gl}ﬁga and S[z Cl}‘roa do not contain xg, r1 and x} and they cancel

| drop « to simplify writing

mw / T Mmw /
= Sheh(Gho) [(m% + z2) cosh(Bhw) — 29311:’1} t g — [(x% — x7%) cos(wt) — 2xo(z1 — x’l)]
. . t
r c o TN . [ / N TN
L [ (rrate) — @) sintete — ) + 2 [ (a0) /) siner)
+1 term without xg, 1 and ) (4.88)

|  define notation to simplify writing

| a1 = %coth(ﬂﬁw)

| as = %z cot(wt)

mw mw
b = ——————— = —csch(fhw
B N T B i
| by et = T cosecwt
= hisin hsin(wt) h
| by = % ncwt) / dt'q(t') sin(w(t — t'))
/ 1 c Sy . /
| by = dtq (t") sin(w(t — "))
hsin(wt) J
— 7’ c / / 14! . /
| bi=— /tdt (q(t') — ¢'(¢)) sin(wt’)
hsin(wt) J,
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= —ai(a} + 22) + bz @ + ag(a? — 2P) — bawo(1 — @) + bsxy — by + by

+1 term without xg, 1 and )
First, we will gather the terms containing x; and then carry out the z; Gaussian integral.’

All exponential terms
= —(a1 — a2)$% + (bll'/l —boxo + 53)1‘1

—(ay + a)x? + boxox!y, — bz’ + bywo + 1 term without zg, 1 and
The Gaussian integral for x; yields,

T
Prefactor =

a; —asz

All exponential terms

b .’El — b o + b 2 ’
— ( 1 il(al 2_(;2) 3) — ((11 + ag):L‘12 + bzl'ol‘/l — b’gzv’l + by

+1 term without z, ¥1 and z

| gather the terms containing 2 and then carry out the xj Gaussian integral

B20'2 + (by — bowo)? + 2b1 (by — boo) :
_ bix 4 (bs Zfaﬁi _+a2)1( 3~ bazo)ay (a1 + az)x + bawox), — byah + bawo

+1 term without zg, ¥1 and z

b% ) / 2b1 (bg — ngo)
- — -1 S T P20 4 pogg — b
(al + ag (a1 — a2)> T+ < Har — ay) + 020 3
(bs — bawp)?

+-——"—— + bsxg + 1 term without zg, 1 and x'1
4(a; — az)

The Gaussian integral for z yields

F
Prefactor = =
a1+ a2 — =
1 4(a1—a2)

All exponential terms
b2 -1 2b1 (bg — ngo) 2 (bg — b2x0)2
= |4 — L boxo — b -+
( (al + a2) al — CL2> < 4(&1 — CLQ) + 270 3> + 4(a1 — ag) + 470
+1 term without g, x1 and z

| gather the terms containing xy and then carry out the zp Gaussian integral

_ <4(a1—|—a2)— b >_1

a1 — a2

b1bs ,)2 < b1b )2 ) ( bibs ) ( b1by
X [ [ ——————— —b +{bg———) 25+2( ————0b by — ——
[(2(@1 —a) 3 2 2(a1 — ag) 0 2(a1 — ag) 3 2 2(a1 — a2

bg b2 9 babs ,
+ xh — xo + bazo + 1 term without zg, 1 and x
4(a; —az)  4(a; —ag) 0 2(a1 — a2) !

_l’_

5T don’t understand how come if I try to perform the zo Gaussian integral first, I will run into problems.

115

(4.89)

(4.90)

(4.91)

(4.92)

(4.93)

(4.94)

(4.95)

(4.96)

>> ‘”’“”“]

(4.97)
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b B2\ biby  \?
- = (4 _ _ by — ———=
4(@1 — az) ( (al ag) a1 — ag 2 2(&1 — ag)

B2 N\ bibs bybs babs
4ar +az) — 1] ) 2<_bf)(b_ >_ b
( ( ! 2) a1 — ag 2(&1 — GQ) 3 2 2(&1 — ag) 2(@1 — a2) 4

+ (4(ay + a2) b\ (it b : P S ithout d
ay + ag) — — - -5 erm without zg, z; and =
! 2 a] — a9 2(a; — ag) 3 4(a; — az) 01 1

75

_l’_

o

The Gaussian integral for zy yields

Prefactor = T — (4.98)
b3 4 b} ! b bi1by 2
4(a1—az) ( (al B aQ) B a1—a2) < 2 2(a17a2)>

b2 p2 \7! bib 2
_ L2 2 (4(ay —an) — 1 by — — 172 4.99
T [ 4(@1 — ag) ( (al a2) ay — a2> < 2 2(@1 — (ZQ) ( )
All exponential terms
b B2\ 7! biby  \?|
2 gy — _ by — — 12
4(a1 — ag) < (al a2) a1 — ag 2 2(0,1 — a2>

2
p2 \ ! bibs b1bo babs
x | (4(ar + ag) — — ) 2<_b/)<b_ >_ !
[( (a1 + az) pP— 2ar —az) )\ 7 201 —ag)) 2(a1—ay)

p2 N\ 7! bibs 2 b2
+ <4(a1 +ag) — L ) (2() — bé) + 4(73 + 1 term without zg, z1 and :c’l

a1 — az ap —az ay — a?)

We need to simplify the expressions. We will simplify all the prefactors of the influence functional first.
We note a useful identity,

bt o o b
(a1 — CLQ) <(11 + ag — 4(a1_a2)> = a1 — a9 — Z (4100)

- (%)2 [coth?(Bhw) — (i cot(wt))? — esch? (Bhw)] (4.101)
| note that coth?z — csch?z = 1
- (%)2 [+ cot® (wi)] (4.102)

| note that 14 cot®z = cosec’z
2
= (%) cosec? (wt) (4.103)
b3

= — (4.104)

All Prefactors of the influence functional

1 mw 1/2 mw T T
— (2sinh ( =Bhw . me
< sin <2ﬂ >> <27rhsinh(6hw)> (27rsin(wt)) \/a1 — ag \/al +as— g b? ;
a1 —as
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1/2 b3
X —_———
4((11 — ag)

| cancel 7 and use the above identity , (a1 — a2) <a1 + as —

= (o (5m)) (i) (

b2

4
| mote /-5 =
b3

2h sin(wt)
mw

- <4(a1 —as) —

2 -1
bl
a1 — ag

= (2 (3)) (i)

X —L — | 4(a1 — a9)
4(&1 — az) ! 2

bib
| expand (bg - 17

| then multiply (4(@1 —ag) —

_ 12
2<a1—a2>> R

2 -1
bl
al — a2

| and use the identity (a; — a2) <4(a1 —ag) —

2 -1
bl
a1 — az

bib3

b—) <b2_2(a1—az)>2]

—1/2
b1bo /

b? > _ b
4(&1 —ag)

mw

4
27 sin(wt) ) _big

()]

and cancels third factor

—1/2
R
2 2((11—&2)

b1b2

= (2 (30)) Grris)

bt

b3

a; —az)®  a; —as

ap —az

X (a1 + a2 — -
|: 1 2 4(@1 —CLQ) (4(&1 _a2)_ b%

a1—a2

b3

N —-1/2
bl

+ ~b

) 4(@1 — CLQ) 1]

| use the identity to write —

mw

mw

(4(&1 —ag) — —1

b
a1 —az

1/2
= <2 sinh (;Bm)) (27’[‘hsnlh(/8ha))> [CL]_QQ +ay —az — bl]

2

= a1 — a2

—-1/2

= (2 sinh (;6%)) (mmhwm)) v [2a; — by] /2

1
| write a; and b; in original form and write sinh <£L’> =

mw

_ \/ % (cosh(Bhw) — 1) <Mmh(ﬁm)> " [% coth(Bhiw) — %csch(ﬂfm)} e

1

mw
[ sinh(S7w)
=1

(coth(ﬁhw) S —

v 7 ot
7 CO

1
— (coshz — 1)

2 2

h(Bhw) — %csch(ﬁhw)} s
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(4.105)

(4.106)

(4.107)

(4.108)

(4.109)

(4.110)

(4.111)

(4.112)

(4.113)
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Indeed as mentioned in [Weiss2008] on pg 110 in the text between equations (5.20) and (5.21) we get a
factor of unity.
Now we go over to the exponential factor of the influence functional.

All exponential terms

b3

b2 ! b1b2 48
— 4 4(a1 + az) — 1 > (b - )
ay — as < (a1 + 02) ap — az ? 2(a1 — ap)
b2 -1 bybs by by bab3 i
[( (a1 + az) a1 — ag 20a, —ay ° 2 2(a1 — as) 2(a1 — ap) !

+ (4(a1 + a) BT (it b, i + b +1t ithout d
a as) — — — —_— erm witnout rog, r1 and r
! 2 al — ag 2(&1 — a,g) 3 4(&1 — GQ) 0,1 1

b b2\ biby )2
| also note that | ———=2— — 4 <4(a1 +az) — 1 ) (bg - )
al — ag a1 — ag 2(a1 — ag)

| - % (coth(Bhw) — csch(Bhw)) = % tanh <ﬁ;w>

| identities (4.267) and (4.268) in the appendix seems to be needed as well

I am supposed to get

1
= Solo.d] (1114)
Somehow I am unable to manipulate to the answer. I apologize for that. The influence functional is
equation (5.22) in [Weiss2008]. It will also be shown explicitly shown in the next section.

4.2.2 Stochastic Unravelling

Here we follow [Koch2008] including notation. Related references are [Stockburger2002] and [Stockburger2004].
The following stochastic unravelling technique works around the problem by replacing the memory in-
tegrals with some form of noise average of the stochastic variables. The stochastic variables evolve
according to “nice” differential equations. This makes the whole formalism possibly tractable at least
numerically.

The influence functional is,

Frrlg.d] = en®ed] (4.115)
Blo) = [ [ d @) =) (L =)~ I =) ()
—I—i% 0 dt’ (q2(t')—q’2(t')) (4.116)
with
L(t) = Z/OOO dwJ(w) (coth (;5%) cos(wt) — isin(wt)) (4.117)
= L'(t)+iL"(t) (4.118)

) = Z /O "~ dwJ(w) coth Gﬁhcu) cos(wt) (4.119)
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L'(t) = Z / Oode(w)(—sin(wt)) (4.120)
0
po= —th/ dtL” (t) (4.121)
0
N 02
Jw) = Wz2maw 6w — wa) (4.122)
a=1 ara

We introduce the so-called symmetric and antisymmetric coordinates. These are called Wigner coor-
dinates elsewhere in the thesis. We follow the notation in the paper instead of the notation for the
Wigner coordinates. Define

1 / : 1
r=35(@+q) inverse: q=r+ 35y
_2<_/ ) ,_ (4.123)
y=4—4 g=7r—3Yy

®lg,q']

P[r, ]

1 t t/
= = / dt’ / dt”

h 0 0

X [;y(t’) +r)—r(t) + ;y(t')} [L(t’t — ") (;y(t”) +7a(t~)> L — 1) (T(t,,) B ;y(t//)ﬂ

(4.124)

+il / t at'2r(¢)y(t) (4.125)

2 Jo
1 t t/
= /dt’/ dt”
h 0 0

xy(t') {(L’(t’ —t")+iL"(t' —t")) <;y(t") + r(t”)>

— (L' ="y —iL"(t' — t")) (r(t”) — ;y(t”)>} +ip /0 dt'y(t")r(t) (4.126)
| expand and cancel 4 terms

1 ¢ / v " / e ! ! s gl " " - ¢ / / /
_ h/o dt /0 at"y(#') [L'(¢ — ")y(t") + 2L" (¢ — ¢")r(t")] +w/0 Aty () (1) (4.127)

which is equation (3) in [Koch2008]. Now we will perform stochastic unravelling to the path integral
expression of the reduced density matrix.

Pt qp, g, t) = / dgidq; (g |p°(0)| 4}) / DqDq e Ssld=5sldD py g, o) (4.128)

to unravel

Define the stochastic noise actions,

t t
/ dt'*(t") + | dt'q(t')z (4.129)
0 0
Q(tl

5 1 ()
noo_ n, H ! ! ! I 1yt /
S.ld] = Ssld)+§ [ ad*e)+ [ ard@)a() (1.130)
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Define the stochastic propagators using the stochastic noise actions.
at)=ay i /2 ’
Kalaptin) = [ DgekSSUlehE ar e = )
q .

Koy (g 150,0) = Y Dyl ehSSWIh a0 o J @)z )

»Q\\
Q\
o
Q H
-y
2

Consider the expression,

K., (g5, 6i,0) K7, (¢}, t; ¢}, 0)
/Dqu/e;(ss[q}—ss[q'})eié Jo v (@) =a2W)) £ J at (at) (#)—q' (#) 25 (¢))

Define Wigner coordinates for the stochastic variables.

3 (21(t) +23(1)  inverse: 21(f) = €(¢) +
u(t) = (21 (t) - 25(1)) 25

120

(4.131)

(4.132)

(4.133)

(4.134)

Take noise average of the expression. The definition of the noise average is such that (K, K7, )noise

equals the expression we want to unravel.6

noise

- / Dqueh(SS[Q] SsldDe fodt’( =) (o I3 (6 (E0) =5~ O()-50) Ya135)

| use symmetric and antisymmetric coordinates y = ¢ — ¢’ and r = =(q + ¢’)

5
_ /Dquen(SS[Q] Ssld) i Jo at' (¢2(t)—a>(t")) <€%f0t dt'(y(t')g(t/)+r(t')hu(t'))>

noise

| introduce vector notation,
| () = ((t) = y(t'), (') = r(t) and £() = (&1(t)) = £(), &a(t') = (1))
- / DqDgl et Ssld=SslaD) 7% Jo a' (¢2(t)—a>(t")) <e% fgdt/g<t/).g<tf)>

noise

noise

(4.136)

(4.137)

| without loss of generality, assume that £(#') and hv(t') are complex-valued Gaussian noises

| use the standard result of cumulant expansion of Gaussian noises,”

| <e%f§dt’y(t'>s<t’>> i fa ! [ @) ooy ()
= / DDy ek (Ssla-SslaD i J e (#(¢)-a7(2))

e w2 Jo dt’ fo at” [y(t") (€ )E(E" ) noisey (t) +y (# ) (E(E") A (") noiser ()]

o7z S At J§ e () (€ moisey (¢) () (¥ (8 moiner (¢)]

5The notation for noise average in the paper [Koch2008] is M{...}.

_ /Dqu/e;L(Ss[q]—Ss[q/])e;ig f dt’ <q2(t/)7ql2(tl)> e TQ fO dat’ f dt” Zi\lr ig=1 Yiq (t )<§11 (t )&2( )>noiseyi2 (t/l)

(4.138)
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Now we impose that

* ! i _ /
(K (a5, 14, 0) K2, (d, 1505, 0)) oo = /Dqu/eh(SS[q] 919D Fyplg, ] (4.139)
where we quickly recall that
Firlg,q] = ot Jo dt S a1 L (1 "y (8 )+ 2L (F — " Yr (1)) [ dty(t)r (1) (4.140)

Comparing the exponents in (K, K7, )noise and in [ Dqu’e%(SS [a=Ssla) py [q, ¢'], we make the following

identifications. &
(EMEM)) e = L' —1") (4.141)
EWE)) e = 2—;9(# — "L —t") (4.142)
(W) e = E@IE)) e = 2—;9(75” — L' (t" ) (4.143)
(vt e = 0 (4.144)

Now the meaning of stochastic unravelling is clear. By including 2 noise terms £ and v (or z; and z9)
we can avoid performing the memory integral in Frr. We will actually deal with the simpler problem
of stochastic variables and then impose the above noise relations to go back to the original problem of
evaluating the reduced density matrix. We shall call the (reduced) density matrix which is written in
terms of the stochastic variables, the stochastic density matrix pstohastic  In short, to go back to the
reduced density matrix problem, we perform,

<pstochastic> = preduced (4145)
noise

We further simplify pstochastic for numerical implementation.

pStochastic (g . gy t) = /dqidq;ps(qi, 4i,0) K, (45,5 4i,0) K7, (¢}, 5 ¢}, 0) (4.146)
| where we denote (g;|p°(0)|¢}) = p°(qi, ¢}, 0)
| assume that the initial system density matrix p°(0) is of the form,
| £°(0) = [11(0)) (¢h2(0))]
— [ dudaitan (0 w2(0)ld)

X / Dyet (Ssla+5 [g dt'a® ()45 dt'a(@)=1(1)

y / Dafe™ (SIS [ dtd @) [y v ()z50) (4.147)

| treat 1q* + qz terms as potential terms in the Lagrangian

| write the path integrals back to matrix elements of “evolution operators”

_ / didg (a1 (0)) (102(0)g))

"The result can be seen by expanding the exponential, all odd averages are zero and even averages factorise by “Wick’s
theorem” and resum the series of even noise averages.
8The step function 6(' — ¢’) ensures that only ¢ > ¢ contributes to the integral.
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z> <q} e

| remove 2 complete set of states

_ <Qf ’6_%(Hs—%q2—qz1)t‘ ¢1(0)> <1/12(0)

. ’
%(HS—%q 2—q’z§)t

<qf‘e F(Hs—4q%—qz1 )t

q§>* (4.148)

;(Hs—gq —q zg)

q}> (4.149)
The left hand side can be written as

PO g 1) = (aploa (1)) (U (0) ) (4150)

We compare both sides to get 2 (stochastic) Schrodinger equations. For |41 (t)),

(1)) = e rlHs—5=an)ty, (o) (4.151)

i1 (1) = (Hs = 5a* = az1) [ () (4.152)

write z1 = £ + Pl

— (-5~ o= a) o) (4.153)
For (1)),
Wa) = (0t (80050 (4.154)
ihfda(t) = (Hs—5a% = qz2) [ba(t) (4.155)
| write z9 = <f—u> —f*—gy*
(s a2 —ed 5
= (Hs- G- ed + 5 ) o) (4.156)

The full procedure is now to °

1. Propagate (numerically) the 2 stochastic Schrodinger equations.

2. Form pstochastic(t) — W)l (t)><1/12(t)|

3. Take noise average to get the reduced density matrix, i.e. (pstochastic(y)y . = predeued(p)  The
rules for the noise averages of the stochastic variables are given earlier.

Finally for completeness, we will derive the Liouville form of pstochastic,

(sl ) Wa()lay) = (ap e #5851 sy (0)) ((0) e P (4157)
| note that |¢) is a complete set and p>*OPaUE () = |41 () (12 (t)] we write

 (Hs—ta—ga+ hua)s

pstochastiC(t) — e % (Hs—gq —ﬁq—qu)tpstochastlc(O)e%(HS_%qQ_gq—&—gl/q)t (4158)
dpstochastic (t) i Lo h .
@w Y gt - e stochastic t
p7 o\ Hs =50 —&a—Sva)p (t)
i . h
_'_ﬁpstochastw(t) (HS _ %q2 . gq 4 21/q> (4159)

9The notation ¢ and ¢’ is not important here since we have already seperated the 2 processes.
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Z,hdpstoc(lzstic (t) _ [HS7 pstochastic (t)} + g [pstochastic (t), q2:| + 6 [pstochastic (t), q
h .
_§V |:q7 pstochastm(t)} . (4160)

We proceed to find Trpstochastic()  Note that the trace of a commutator is zero.

d . h .
ih*TrpStOChaStlc (t) - — Ty |:q’ pstochastlc (t)i| (4‘ 161)
dt 2 N
d : )
%Trpstochastlc (t) = Ty <qpstochast1c (t)) (4. 162)
Define the normalized ptochastic(t) ag
tochasti B pstochastic (t)
ps ochastic (t) = Trpstochastic (t) (4.163)

Obviously Trptochastic(t) = 1. We solve Trpstochastic(¢) explicitly. Divide by Trpstochastic(¢) on both sides.

1 d . , ) .
TI‘[)Thastic(t)ar‘[ﬂrpstochastm (t) = suTr (qpstochastlc(t)> (4164)

| define 7 = Tr (q pStOChastic( t))
d .
(1) = o
Trpstochastic (t) _ ei fg at'v(t' )iy (4‘166)

stochastic (t)

And finally we can also write the Liouville form for p . This is known as the “trace-conserving

form” stochastic equation of motion. We divide by Trpstochastic(z) in the above Liouville equation.
ik 1 . ipstochastic — H57 ﬁstochastic t + H ﬁstochastic t ,C]Q
Ty pstochastlc dt - 9 _
—stochastic e —stochastic
v [roetie(n) g By g o) (4.167)
- +
d stochastic
| note that Tr pstochastic %
d pstochastic cochasti d 1
_ stochastic
| - % (Trpstochastic> P % Trpstochastic
d ﬁstochastic ﬁstochastic . - stochastic
| = dt Trpstochasticly(t)rt (TI‘p )
ik (;;ﬁstochastic + ﬁStOChaSticiy(t)Ft> — [HS7 ﬁstochastic} ) + g [ﬁstocha,stic7 QQ} B
+§ [ﬁstochastic qi| _ EV |:q ﬁstochastic} (4 168)
) _ 9 ) n .
ih%ﬁstochastic _ {HS’ ﬁstochastic} ) + g [ﬁstochastic’ q2:| B
+f [ﬁstov:hastic7 q:| _ gy ([% ﬁstochastic:| N _ 2pStOChaStiC7‘t>

| write 7 into anticommutator though its a function
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. i Mol i
— |:HSa pstochastlc} ) + 5 [pstochastlc’ q2} B

+§ [ﬁs‘cochastic7 Q} o 7221/ |:q — 7, ﬁstochastic} (4169)
+

Recall that we have to take noise average of pstohastic to get the reduced density matrix,

preduced — < pstochastic>noise _ < I(—)stochastic <TI‘ pstochastic>> A ( 4‘170)
noise

Thus we need to absorb Trpstochastic into the Gaussian integration measure in the noise averaging. The
change in the volume element is calculated from the Jacobian determinant.

Denote the new Gaussian measure as W'[&;, &, vy, /] and the old Gaussian measure as W[E, £*, v, v*],
so the noise averaging notation can be written as

<pstochastic>noise — <pstochastic>w (4171)
—stochastic stochastic —stochastic stochastic __ / =stochastic
<P ( P )>noise <P ( P )>W <P >W ( )
Thus W and W’ are simply related by
WEs, & v, vf] = WIE, €, v, v*]et Jo #vt)Ty (4.173)
The variables are related by a shift
t
a(t) = &)~ i [ dnlemewn, (4.174)
0
t
() = &) - @/ dt (€ (t v (t1)) Wit (4.175)
0
Vt(t,) = y(t') (4.176)
t
uf(t') = y*(t’) - z/ dt1<u*(t’)y(t1)>wﬁl (4.177)
0

Finally we shall check that W’[¢;, &, vy, ;] is indeed a Gaussian measure under the above variable
relations '© by checking that the Jacobian of the above transformation is 1.

As mentioned in [Stockburger2002] (just below eqn 14) and in [Stockburger2004] (just above eqn
13), € can be chosen real and we only have 3 independent variables. The Jacobian is

06 & & & &
o0& ov ov* o6& ov
. B B (4.178)
ovf  ovf ovy ovf  ovf
o0& v ov* o6& ov
| carry out minor expansion
0&
= | (4.179)
o€
6 / ! ! / "

| in a matrix of time, the first term gives 1 on the diagonal

| recall the identifications, second term is casual i.e. with 0(t' —t")

10This is essentially “completing the square”.
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|  we get a triangular matrix with 1 on diagonal
| determinant of triangular matrix is the product of its diagonal
= 1 (4.181)

The whole scheme looks exact and feasible, however there are many subtle problems which are mostly
numerical. The paper [Koch2008] was in fact written to provide a method to overcome the numerical
problems. I shall provide some of the highlights from [Koch2008]:

e A direct Monte Carlo sampling of the 2 stochastic equations is impractical as the samples do not
stay normalized which slows down convergence.

e Modification to enforce trace-conservation (or norm-conservation) results in numerical instability
unless the system is linear or classical.

e Thus [Koch2008] proposed to propagate individual samples with the (Herman and Kluk) HK
semiclassical propagator which is known to be stable even when trace-conservation is imposed. Of
course, the HK propagator is derived to be consistent with stochastic unravelling.

This concludes the stochastic unravelling method in handling non-Markovian problems, in this
particular case, the non-Markovian problem of the reduced density matrix.
4.2.3 Appendix: Explanation of the Potential Renormalization term

Here we follow [Ingold2002]. The physical argument is as follows, first consider the minimum of the
Hamiltonian with respect to the environment.

1 OH
0= p = mawixa — Caq (4.182)
Ca
o mawgq ( )

Now consider the minimum of the Hamiltonian with respect to the system,

N N
OH v 2
Do = gg " 2 Catata) g (4.184)
dq g = = maw?
| use the above result z, = Ca 54
mow?
v
= 9g (4.185)
q

2
N _f  ensures that the minimum with respect to the
a=1 2mqw?

system is only determined by the bare potential V' (gq).

Thus the potential renormalization term ¢ >

4.2.4 Appendix: From Evolution Operator to Configuration Path Integral

In this appendix, we will show how to write the matrix element of the temporal unitary evolution
operator into a configuration path integral, i.e.

a(t)=ay Ft)=g0 ..
t qz-9E'1> = / Dq / Dier1e7] (4.186)
a(0)=a; #(0)=1

<fo0 ‘6_%1{
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where the explicit form of the Hamiltonian is

2 N

P
H=_-—
o T V(@ +

2
Ca
— 4.187
2ma + = Zmaw < Lo mawg q) ( )

a=
We slice the time interval (0,¢) into N equal intervals.

t—0
N
t

= € where € is an infinitesimal interval (4.188)
W = ne n=12..N-1 (4.189)

We label the quantum numbers with n.

=@y » @a=(o (4.190)
i = (Z)y , T1= (D)o (4.191)
We start from the LHS,
<foo et qif1>
= <(q)1v(f)]v ’6_%’“” (q)o(f)o> (4.192)
= (@@ gzt (2)o()o0) (4.193)

| at each interval, insert a complete set of states (total of N — 1 sets)

= <(Q)N(f)1§ft|/d(Q>N_1d<f)N_1 |(Q)N 1( )N 1tN_1><(Q)N 1( )N 1N — 1’

XX /d(Q)ld(f)l [(@)1(@)1t1) ((@)1(D)1t1]()0(F)00) (4.194)
— [ a5y [ dlana@y
(@) 5 (@) 5t (@) g1 (&) gy t_q) % - < {(@)1(D)1ta](g)o(£)o0) (4.195)

The advantage is that each matrix element is more easily evaluated. When ¢ is sufficiently small, the
time evolution operator can be approximated by its linear term. It is exact when € — 0.
Now we evaluate a general infinitesimal matrix elements (out of N elements).

n+1tn+1|( ) (f)ntn>
On1(X)nt1le” ’LHt"“ W | (g) ()n)

((@)nt1(2)

((@)n+1(2) (4.196)
= {(@n+1 (@) e B 170 (), (2),,) (4.197)

((@)n+1(2) (4.198)

{((@)n+1(2) (4.199)

q)n+1(T

8y

wrtle” 5 () (7))

Dor(@nia] (1= 16t ) 1@ald)) + O

| insert a complete set of momentum states

= @@ [ AP P (P r( eH)|< (@)} + O) (4.200)

£ = 1 2 ()t
| use ((@)n+1](P)n) = W A EIn@nir ((a:)nﬂl(ﬁ)n):weh(@n( In+

q)n+1\T
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_ [ AP AP 5 (PYa(@hnsr o P @
(2wh)1/2 (27Th)N/2

e ﬁ(P) (@)n e ﬁ(ﬁ)n (Z)n i
( €<(P)n(ﬁ)n|Hl(q)n(f?)n>> +0(e?) (4.201)

S

(27h)/2 (2rh)N2  h

from the explicit form of H, H simply “passes through” the ket and the bra to become a number

_ dB)n _£(P)u((@)ns1—(@)n) y @ (@ns1—@) (1 E )
N / 27Th 27Tﬁ " 1 hEH[(P>n7 (q>n7 (ﬁ)na ('T)n}

(4.202)

We put the expression back,

<<Jffo ’67%]{15’ qz‘fl>

= lim lim d(q)Nl"'d(Q)l/d(f)Nl

'-d(f)l/d(P)Nl .”d(P)O / aé(ﬁ)Nl N d(p)o

0 § o0 21h 2rh or)N  (2rh)N
1621\771(13) (Dnt1=(Dn 1521\771(@ (@np1=(@n N-1 7 .
Xen n=0 " € en n=0 " € H 1- ﬁEH[(P)'m (q>'ﬂ? (ﬁ)m (IE)n] (4203)
n=0

1 ~N-1
| use a general mathematical identity lim H (1 + N> = lim eN %n=0¥"

N—oo N—oo
n=0

| with y, = —%tH and recall t = Ne

d(P)g_y  d(P)o [ dP)g_4 d(p)o
p— 1" 1' l ~ ... y ~ .. ¥y “ .. )
50 Nl_mo @) g1 dlah /d(x>N_1 d(x)l/ 27h 27h / (2wh)N (2wh)NV
Xehézy[:] 01 ((P) (q)n+167(Q)n +(ﬁ')n (f)n+167(£)n 7H[(P)n,(q)n,(ﬁ')n7(f)n]> (4.204)

| this Hamiltonian is quadratic in momentum variables so the Gaussian integrals can be done

d(P)y_y  d(P)o [dD)y_4 d(p)o

= lim i A e . ---d D) e - d(T
20 Ninoo (@5 (q)l/ @5 (x)l/ 2mh 27h / (2mh)N (2wh) N

s (P Doty ), Ot =D R G2 (4.205)

d(P) g _y d(P)o [ d(P)§_y d(p)o

= lim i Ao . ---d D) e - d(T
50 Ninoo S (Q)l/ (@5 (x)l/ 2mh 2mh / (2mh)N (2wh)N
[ T%( _2M(P)n ((ll)n-o—l*(Q)n))_ N 1%%(( )2_2ma(Po¢)n((Io¢)n+17(la)n))_%‘V[(q) (@) ]}
xXe € a=1 2mgy h a)n € 5 n, n

|  “complete the squares” for (P),, and (pa)n

d(P)x_4 d(P)o d(P)§_4 d(p)o

— lim 1 L o e e
iy lim [ d(q) 5 / AT) g1 d@)n / omh omh / @y @)V

— i _ M{(9)n (a)n) M((q)n (@)n)
Xeezﬁ:&[ T?( e ) ( e ))}

N — i ma((za) —(za)n)\? ma((za) —(za)n) 2 i »
N [ S i i (e ek nCed ) (el () ), (21

’ (4.206)
| the Gaussian integral is / dpe~ " :1/2
1 1 2rME\F (2mmah
s m™m
= lim li dlg) e .---d A« ---d(T _ _ @
i, ) 4@xa <q)1/ @) (x)l(Qﬂ’ﬁ)N(2ﬂ‘h)N><N( i€ ) ( ie >
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V-1i M ((@Dn+1—(@n\? i mo ((#Fe)ng1-(@a)n\?_ -
ey N {ﬁ%(w> +3N ﬁT”(M) 7\/[((1)”,@)”}}

xe (4.207)
_ . N-1 t
| take the continuum limit, @nﬂ—(q)n — q, (Za)nt1 = (Za)n — T, and E €— / dt
€ € el 0
N & N
. . M 2 Mg 2
= D Jim d(Q)N1"'d(Q)1g/d(%‘)N1"'d(x°‘)1 (2wh¢e> (27rhie>
weh Jo d(ZMP+30 ) fmad—Vie.d) (4.208)

| the exponent is the temporal integral of the Lagrangian £(¢) and so is the action S|q, 7]

N N N
. . M 2 Ma \ 2 i Z
=t i () [y don TT (55) " [ deayoy el a2

=0 Nsoo
a=1

| define the shorthand symbols:
N
lim li M_y® d d Q(t):qu
i i () [ = [ g

5 T(t)=Zo N
| lim lim (2:;;6) ’ /d(xa)N_l---d(xa 1 E/D$a and l( Dy = H/D:Ua

~—

=0 Nsoo

a(t)=ay Z(t)=To et
— / Dq / DzenSa7] (4.210)
q(0)=g;

As required.

4.2.5 Appendix: Evaluating the Path Integral of Fluctuations

We follow [Das2006] section 3.3. The path integral is to be evaluated with the boundary conditions
Na(0) =0 = na(t).

/ D Ji  (mai () -massn ()

| discretize the time interval 0 to ¢ into N intervals and denote 7,(tn) = Nan
| the boundary conditions in this discretized notation are 7,0 = 0 = NoN

| this N-interval time slicing has nothing to do with the N-degrees of freedom of the bath

_ 2 an B 2
N e e e e )
= lim lim ( ) /dnal---dna(N_l)e 4.211)

e—0 N—oo \2mihe
p Ma\ 1/2
| rescale ), = (72716) Non

) . me \N/2 [ 2he =N
= lim lim < - > —_—
e—0 N—oo \27mihe Mgy

2
2 Teun+1,
. N an —1
T anl |:ma (n;n—’ﬂ;(n_l)) _ewgt (;’Y(n)> :|

X /dngl : ~d77'a(N_1)e (4.212)

| denote a vector notation, 7, = (77a1 e na(N,l))T then we can write a matrix form

| note that this vector form has nothing to do with the vector notation for degrees of freedom
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Mg

The (N —1) x

where z =

y =

The path integral is now

/Dnae;h Jo dt’ (maniZ () —maw2ni (1))

(N — 1) matrix B is

N—-1
N/2 (2he 2 4 AT R
lim 1 < > i At e Bila
50 Nooo \27ihe (ma> /%6

129
(4.213)
2 -1 0 O 2100
-1 2 -1 0 w1210
0 -1 2 -1 ——~ o121 (4.214)
z y 0 0
y z y 0
0y z y (4.215)
2,2
2 <1 _ € wa) (4.216)
4
2,2
_ (1 4+ 8 ‘*’a) (4.217)
4
We use the standard Gaussian integral (for N — 1 dimensional integrals) result.
/ dif, e Bila = (iz) "5 (det B) V2 (4.218)
N/2 (2he) 7
m, €\ 2
- L . ( o ) ane 1/2
el—I}(l)]\;E)noo 2mihe (ma> (Zﬂ—) 2 (detB)
m 1/2
= lim lim (—F——s 4.219
30 N oo (Zwihe(det B)> ( )

So, we need to work out det B and then take the limits for € and V.
Denote the determinant of the n x n submatrix of B as I,,. We see that a recursion relation holds

In+1 =uxl, — y2In71

We write it as

¥
g

T 2

-y
1 0
r —y?
0

1

|  where there

g
X

T
1

—y°
0
_—p
0

with I_; =0, Ip=1 (4.220)

> ( ) (4.221)

- (:#)(4)
are N — 1 factors of the square matrix

) ( zlo = yQI ! ) (4.223)

>N : ( ) (4.224)
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We diagonalise each of them

r—X —y?
det 1 2\ =0
1
A = i(x:t x2—4y2>

The diagonalising transformation matrices are

where ¢ and d are arbitrary constants.

IN—l . )\1_2 0 1 T
(IN2> B S< 0 AN S 1

| note that x = Ay + A_

B 1 <cA+ d>\><>\f2 o> 1 L2
A=A\ ¢ d 0 M7 - -1 A

|  multiply all the matrices together
B 1 AV =AY
D VD U G Ui S

Therefore the required solution det B = Iy_1 is

1

I = S5 (A =)
€2w2 N e2w2
) 2(1- S8) + /o — 12 2(1-S8) - /o =4y
N x? — 4y? 2 - 2
1| 2(1- S5 + 2t Y (1- =) - 21w, "
T 2iewa 2 - 2

| to first order in €

1 -
~ Yo _(1 + jewq + O(€2>)N — (1 —tewq + 0(62))]\[}
Finally,
lim lim edet B = lim lim ely_q
e—+0 N—oo e—0 N—oo

= lim lim —
e—0 N—o00 2iWq

[(1 tiewa)N — (1 - iewa)N}
t—0

| recall the size of one slice € = N
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(4.225)

(4.226)

(4.227)

(4.228)

(4.232)

(4.233)

(4.234)

(4.235)

(4.236)
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1 twut N twat N
= lim i 1 @ —(1-=2 4.237
30 Nooo it [( TN > ( N ) ] (4.237)

| the limit for e is trivial

| take the limit for N
1

TN (e'et — emtwal) (4.238)
_ sin(wat) (4 239)
Wey '

So, the fluctuating path integral amounts to,

’ 1/2
/Dnaegﬁ fg dt’(maﬁﬁ(t’)—mawgmi(t')) — (Wlau)at)> (4240)

2mihsin(wq,

Lastly we remark that, the calculation of the undriven harmonic oscillator involves the same fluctuating
path integral expression and the action term enSl] can be simply obtained by setting ¢(t) to zero.

4.2.6 Appendix: Evaluating the Classical Action

Here we evaluate S[z¢]2°= and we drop the index a to simplfy writing.

The classical equation of motion is
6S
0z (t)
e —cq = 0 (4.242)

-0 (4.241)

= mi® + mw?

We treat cq(t) as a “time dependent force” and this is simply the driven harmonic oscillator problem.
The (homogenous + inhomogenous) solution is ( the initial time is 0 and the final time is ¢),!!

zU(t") = Acos(wt”) + Bsin(wt”)
- / "t st — ))q(r) - SR / Catsin(w(t — )y | (4.243)
mw | Jo S e sin(wt) J S e '

We need to express the constants A and B in terms of the initial and final positions. At the initial time
0, the initial position z¢(0) = x; and at the final time ¢, the final position ¢ (t) = zg. Set t" =0,

z0) = 21 =A (4.244)
Set t = t,
zt) = xg= Acos(wt) + Bsin(wt) +0 (4.245)
| since A =1
xo = x1cos(wt)+ Bsin(wt) (4.246)
p — To—o cos(wt) (4.247)
sin(wt)

1 One can substitute the solution back into the classical equation of motion to verify it.
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Thus the solution in terms of end points is

(xg — 1 cos(wt)) sin(wt”)

cla1 "
t = t
(") x1 cos(wt”) + Sin(wl)
| / "t st — ))q(r) - SR / 't sin(elt — Vae)|  (4248)
mw | Jo 1 sin(wt) /o St e '
: " : o
_ 51‘11(wt ) b s1n(u.1(t t")
sin(wt) sin(wt)
[ et : " t i
C ! " / / Sln(u'}t )/ ! / /
© - e - 4.24
+mw /0 dt' sin(w(t”" —t"))q(t") @) o dt' sin(w(t —t'))q(t) (4.249)
We list some expressions for use in the evaluation of the action later.
z0) = x (4.250)
() = 0 (4.251)
*.Ci d Ci
i0) = g L - (4.252)
— t t
_ @@ —mcoswt) ¢ / d’ sin(w(t — ))g(t') (4.953)
sin(wt) msin(wt) J,
*,Cl d Ci
T l(t) = W(E l(t”) e (4254)
w(xgcos(wt) —x1) ¢ /t// , , ~ cos(wt) /t , . , ,
= — dt t—1 t) — —
sin(wt) + m |y cos(w( )aq(th) sn(wt) J, dt'sin(w(t —t'))q(t)
w(zo cos(wt) — x1) c /t /. Nl
= dt t)q(t 4.2
sin(wt) +msin(wt) 0 sinwt)a(t) (4.255)

Now we can evaluate the expression of the classical action of the driven oscillator.

| 1
S[l’d]i? _ / dt’ §mjjcl2 (t”) N 57,',Lw21,(:l2 (t”) + Cl'd(t”)q(t”):| (4.256)
0 L

| integrate by parts once for the first term

; i
1 d 1 1
= /0 dt” §mw(xdid) - §m:vd:'i:d - imw2xd2 + cmdq] (4.257)

1 L | 1
= [mxd:i:d] —/ dt” [mmdid + —mw?a® — cmdq] (4.258)
2 b2 2

| use the classical equation of motion mi 4 mw?

2 —cqg =0

t 1
= 5mmd(t)j:d(t) — meCl(O)j:d(O) — / dt” [2cx01(t/’)q(t”) - cazd(t”)q(t”)} (4.259)
0
2 2
| substitute in the 5 expressions z(0), <(0), z°(t) , &% (t) and =< (")

m wow (o cos(wt) — 1) cTo /t /s N4
— dt t t
2 sin(wt) 2sin(wt) J, sin(wt')q(t)

= —ma?(t)i?(t) — Zmaz?(0)(0) + /0 t dt”%cxd(t”)q(t”) (4.260)
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m xiw(zo — 1 cos(wt)) L
2 sin(wt) 2 sin(wt

P / it sin(wt"g(t") + — L / i sin(wlt — ")q(")
2 sin(wt) 2sin(wt) J
t//
/dt”/ dt'q(t") sin(w(t” —t))q(t)

(wt)/ dt" sin(wt”)q(t' )/0 dt' sin(w(t — t'))q(t") (4.261)

 2mwsin

)/0 dt' sin(w(t —t'))q(t)

2mw

| 2 pairs add up and the last pair requires some rewriting

— 2327?:)15) 2§ cos(wt) — woz1 — 120 + 27 cos(wt)]
t t
cry /o / / cxo . o '
sm(wt) Jo E=t)alt) + Sisy o4 t')q(t') + last 4.262
Sin(Wt)/o sin(w( Nat) + sin(wt)/o sin(wt')g(t') + last pair ( )

The last pair of terms requires some work. We establish an identity first and use it to simplify the last
pair of terms. Consider the expression,

Region I

ﬁ egion I £ =t £ =t

(a) (®)

Figure 4.1: Diagram showing integration regions for the derivation of an identity.

t t
/dt”sin(wt”)q(t”)/ dt’ cos(wt’)q(t")
0 0
t t
= /dt'/ dt" sin(wt”)q(t") cos(wt’)q(t') (4.263)
tl
= /dt/ dt" sin(wt”)q(t") cos(wt’) /dt/dt”sm (wt")q(t") cos(wt')q(t') (4.264)
t/

| the first term operates in region I and the second term operates in region II (see Fig 4.1(a))
| for second term, (see Fig 4.1(b)) interchange order of integration,

| i.e. integrate with respect to ¢ first then ¢’

t/ t//
= / dt’ / dt" sin(wt”)q(t") cos(wt’) / dt”/ dt' sin(wt”)q(t") cos(wt')q(t') (4.265)

| for second term, relabel ¢’ < ¢’
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t/
/ dt’/ dt” sin(wt”)q(t") cos(wt')q / dt'/ dt" sin(wt")q(t") cos(wt”)q(t") (4.266)
We call Identity (a) as
t t
/ dt” sin(wt”)q(t”)/ dt’ cos(wt)q(t')
% t
/dt/ dt” sin(wt”)q(t") cos(wt') /dt/ dt" sin(wt')q(t') cos(wt”)q(t") (4.267)

For the special case where the functions are the same, we have a simplified version which we call Identity

(b):

0

t t t t/
/ dt” sin(wt")q(t") / dt' sin(wt')q(t') = 2/ dt'/ dt" sin(wt”)q(t") sin(wt')q(t') (4.268)
0 0 0
Now we are ready to rewrite the last pair of terms,

last pair of terms

— /dt”/t”dtq ") sin(w(t" —t'))q(t)

2mw
dt"” t" / dt’ t—1t))qt 4.269
g [ st [ atsnote — )4t (1.269)
| expand the trignometric addition expressions
t// t//
— t/// dt/ t// t// t/ / t/// dt/ t// t/ t t
2mw/ (t") sin(wt”) cos(wt") ) cos(wt”) sin(wt')q(t")
2 t t
5 /0 dt” sin(wt”)q(t") /0 dt’ cos(wt')q(t')
¢ cos(wt)

t t

/ dt” sin(wt”)q(t”)/ dt’ sin(wt)q(t') (4.270)
0 0

| use identity (a) on the 3rd term

| use identity (b) on the 4th term

| relabel ¢’ <+ t” in the first 2 terms

2 gt t
S / dt’ / dt"q(t") sin(wt') cos(wt”)q(t")
0 0

2mw

2mw sin(wt)

t %
/ dt’ / dt"q(t") cos(wt’) sin(wt”)q(t")
0 0

2mw

t % t %
/ dt'/ dt"q(t") sin(wt”) cos(wt')q(t') — / dt'/ dt"q(t") cos(wt”) sin(wt')q(t")
0 0

2mw 2mw
t) v
rflw ;)j :jt / dt’ / dt"q(t") sin(wt”) sin(wt')q(t") (4.271)

| 1st and 4th terms cancel, 2nd and 3rd terms add

2t t!
_ _C/ dt’/ dt"q(t") sin(wt”) cos(wt’)q(t")
mw

/ dt'/ dt" q(t") cos(wt) sin(wt”) sin(wt’)q(t') (4.272)
(wt)
1n(wt)

mw sm

=1 to the first term

| multiply
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2 t t/
= i sin(wh) /0 dt'/o dt"q(t') (sin(wt) cos(wt') — cos(wt) sin(wt’)) sin(wt”)q(t") (4.273)

2 t %
= _mwsin(wt)/o dt//o dt"q(t') sin(w(t — ")) sin(wt”)q(t") (4.274)

and finally we have the expression of the action (in terms of the end points) for the driven oscillator.

mw

Sz = 2sin(wt) [(z§ + 27) cos(wt) — 2zo21]
CT1 i . , , czo t . / /
sin(wt)/o dt’ sin(w(t —t'))q(t") + sin(wt) /0 dt’ sin(wt')q(t")
2 t t/
_mwsin(wt)/o alt'/0 dt"q(t") sin(w(t — t')) sin(wt”)q(t") (4.275)

4.2.7 Appendix: Relationship between Dissipation Term ~ and Spectral Density J

We follow [Ingold2002]. We derive Heisenberg equations of motion and thereby identify the dissipation
term ~. Then we relate v and J through their definitions. At the end, we mention some models for J
inspired from the relationship between J and ~ For the environment variables, we calculate,

dpa i
— = =-|H 4.2
dt h [ 7pOé]— ( 76)
| using [za,pa]_ =ik
= _maw?xxa + caq (4.277)
dxq i Pa
e 0 ZTH === 4.278
dt el =0 (4.278)
For the system variables, we calculate,
dP i
-~ - ZI/H. P 4.279
o= P (4279)
| recall that a commutator with P is just like an operator differentiation of ¢
N N
1%
= —— 4+ ) CoTa—4q Z Ca 5 (4.280)
8(] a=1 a=1 Malq
dq i P
“ _ ZIH = 4.281
U= g = (4281)
From the environment equations, we write,
d?z,, 1 dpa
- - “Fa 4.282
dt? me dt ( )
Miq = —MaW-Ta+ Caq (4.283)

The (homogenous + inhomogenous) solution is,

0) . c
Za(t) = 24(0) cos(wat) + ﬁzaa(wi sin(wqat) + m:;}a

/ t dt' sin(wa (t —t'))q(t) (4.284)
0
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From the system equations, we get,

d%q 1 dp
N N
ov
Mi = —-= T — 4.286
i TR q;mawa (4.286)
| substitute in the above solution for z(t)
N
a(0) .
= —%‘; + 2 Ca [wa(O) cos(wqat) + S”La(wi sm(wat)]
2 t / / N o2
(e ! s «
+ az::l —— /0 dt’ sin(w(t — t'))q(t') — q; o (4.287)
1 d
integrate by parts for the third term by treating sin(wq(t —t')) = — — cos(wq (t — '
Cwg dt
N
a(0) .
= —%‘; + 2 lca [:L“a(()) cos(wat) + ﬁza(wi sm(wat)]

+Z

coswa(t—t Zmaw2/dtcoswat—t —quwQ
(0%

| deﬁne an operator fluctuating force!?
- c Pa(0)
t) = 0 t)— —— t)q(0 2 sin(wat
60 = X [ral0) contnt) = 2 costeati®) + 2 i)
N
ov c? t
= ——+&(1) - < dt’ t—1t"))q( 4.288
g 60 =3 [t cosantt = )it (1.253)
Comparing with the classical equation of the damped oscillator, we define the dissipation term - to be
1L 2
— /
it —t) = i azl mawz cos(wa(t —t')) (4.293)
2Tt is very interesting to note that (See [Ingold2002] page 30) if we define,
N 02
() = &) + 37— 4(0) cos(wat) = £(t) + M~(1)q(0) (4.280)
a=1 oo

where ¢(0) represents the initial position of the system particle (transient). Then consider the thermal average,

Tr (e P12 ¢(1)6(0)) S earcas <<:ca1 (0) cos(way £) + Pal—@w ) %2(0)> (4.290)

Tre—AHB Ma, Wa, Sin(
1,02
= i\’: het coth lﬂﬁwa cos(wat) — isin(wat) (4.291)
— 2Mawa 2
= L(t) (4.292)

which is the exponent term in the influence functional!
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So that the quantum damped equation and the classical damped equation have the same form.

ov ¢
M= 3 +&(t) =M | dt'y(t—t)q(t) (4.294)
0

Recall the definition of the spectral density J,

N 2
Jwy =1y 2mcaw (W — wa) (4.295)

The relationship between the 2 quantities is (it can be checked by substituiting the expression of J )

= / os(wt) (4.296)

According to [Ingold2002], it is unnecessary to specify the parameters my, w, and ¢, in practical
calculations. It is instead sufficient to introduce models for J(w).

We mention the most common model for J(w), the Ohmic bath.

Ohmic Bath/Damping:

J(w) = M~yw x “cutoff function” (4.297)
where the cutoff function could be: identity or a step function #(w. — w) or a Drude/Lorentzian cutoff
2
function w;j:wg with w, the cutoff frequency.

For the spectral density with identity cutoff function,

Jw) = Myw (4.298)
=(t) = 2v0(t) (4.299)

For the spectral density with Drude/Lorentzian cutoff,

2

w
J = M £ 4.300
(w) %Jw2—|—w§ ( )
=) = qwee <l (4.301)

There are other models for J(w) but we stop here as it will bring us too far from the main theme of
the thesis.
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Chapter 5

Anharmonicity

[Chapter Introduction and Roadmap:] We enumerate this introduction for easy reading.

1.

This chapter continues the development from the chapter on NEGF (mostly phonons) specializing
to phonon-phonon interaction or anharmonicity. Recall the 3 developments of transport from

NEGF.

. Linear Response theory of anharmonicity is briefly mentioned.

Applying Landauer-like equations to anharmonicity easily give corrections to the energy current
to a central system with 3 or 4-phonon interactions. Noise in the 3-phonon interacting central
system is also derived.

Then using NEGF as “a trick”, phonon-phonon equations of motion is rewritten into a set of
functional derivative Hedin-like equations. A library of these self energies are collected. An
appendix is devoted to check if these self energies are conserving or not. Such equations generate
conserving self energy approximations, thus it is useful to write any many-body interaction into
such a set of Hedin-like equations.

. The other development is kinetic theory. The standard phonon Boltzmann equation with 3 or

4-phonon collision integrals is presented. Then these phonon Boltzmann equations are used to
discuss second sound. Second sound excitation is of particular interest because the onset of U-
processes is right at the heart of phonon transport.

. Kinetic theory is revisited by QKE. QKE gives us correlation corrections which are quantum

corrections to Boltzmann equation. Finally second sound is revisited by QKE to see how these
corrections enter the usual Boltzmann description, i.e. to see how quantum corrections really
affect the semi-classical description.

139
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5.1 The Hamiltonian

140

The perturbation Hamiltonian involves the expansion of the interatomic potential up to the cubic and

quartic order.! The cubic order gives
3ph (3)
Z Z Z 11k1a1l2k2a213k3a3ul1k10‘1ul2k2a2ul3k3a3
llklal lokooo 13k5a5
The force constants (where n is an integer and n > 1) are defined as

(n) e

likion-lnknon —

u “ e u
Mutikrar = Otk Ly, o =0, gy i =0

The Normal mode transformation is given as
_ €ka JfD il ( _ N pid
Uka = 2Nmk Z e'r (ajﬁqﬁ—i- ajti) = Z Rigq <aj,,q~+ aﬁ)
ia

— \/7 Z €a j(f)equng = ZRzQO

where R and R are shorthand symbols defined to simplify writing.
We substitute the transformation into the Hamiltonian.

(3ph) _ lzzz Z Z Z (3) SId pied:  Hisds
H Y q)l1k104112k20¢2l3/€3a3thlalRl2k2a2Rl3k’3Oé3

J1q1 jo@2 j3@3 likiaa lekaaa lskzag

T T T
X <aj1 —q1 + a]lQl) ( J2, —q2 + a]2q2> ( 73, —q3 + CLJBQS)

]1Q1 ]2Q2 qud

where
(3ph) _ E: E: E: (3) PG pI2d2  PIsd
‘Gltﬁjztfzjs% - CDZIklalleQQQZSkBQBRllklalR12k2012R13k3013

l1ki1aq lakoao I3ksas

v 3ph) f f t L
3! ZZ Z J14172G273G3 (ajh—fh T a31q1> (%2 —@2 + aJQQ2> (ajsy—lf?) T a]3Q3)

(5.3)

(5.4)

(5.7)

_ Z Z Z h h h €k1a1(jl(fl)ekzaz(j2§2>6k3a3(j3§3>
2Nmy, \| 2Nmy, \| 2Nmy, (wj1§1wj2§2wj3§3)1/2

l1k1a lakoao I3ksas

gyl ida-la igs-l3 g (3)
xe e e (I)llklallgkgaglgkgag (58)
i1l piG2-l2 iqs 13 (3)
| use lattice translation symmetry to write, E e D) ke anlakaanlsksas

111513

_ (q1+G2+33)-11 E ig2-(la—11) ,id3-(I3—11) g (3)

’ - Z € ¢ € ®0k1a1712—l17k2a2,l3_l17k3a3
l1 l2l3

!Note that the “seperation” of the quantum problem of electrons and ions in the solid is an incomplete seperation. The
effects of the electrons are in the interatomic potential ®. See the section on Born-Oppenheimer adiabatic decoupling. FE,,

there is ® here.

I am not giving references in this section because this is standard material in any respectable solid state physics or

condensed matter physics textbook.
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| rename ly — I} — Iy and I3 — I3 — I3 and so Z Ot Rtd)h — NA - -

919293
I
3/2

h?/ Afﬁtfﬂfs

23/2N1/2 o 1/2
(whqlezqzwy3q3)
« Z Z €kron (101 €k2a2(]2Q2)€k3a3(]3(I3)61q2 2 id3-13 g (3) (5.9)
)1/2 Okiailokaaslsksas .
k‘1a1k20¢2k‘3a3 l2l3 mkl mk’2mk3

Obviously, the 4-phonon interaction Hamiltonian takes on a very similar form.

1
4ph)  _ (4)
H( ) = 41 Z Z Z Z q)llk1a1121€20<2l3k3a3l4k4044ullklalul2k2°‘2u13k3a3ul4k40‘4 <5‘1O)

" likioa lakoos lsksos lakaoy

S0 ) D) D) DAL ¢
BT 1172273337444

J1G1 j22 J3G3 jada

T T T L T .
8 (ah —a T 0@ ) \ Yoo T Voo ) g, T Vs ) \Uju—qn T Yiac (5.11)
(4ph)
J1q1523253G3 548
/2 - - - -
_ / AgiG2sds Z €kran (J101) €hsaz (J202) €yas (7303) Eksas (J4T)
24/2N L 1/2 1/2
(w11q1wj2q2wj3q3wj4q4) kiailakeaslsksaslsksay (170, My 10 M, )

iqa-lo ll]3 -3 ll]4 dag4)
xe Doky o ksaalsksaslakscy

(5.12)

with Az g and Ag 5,4, Meaning q1 + @ + ¢z = ng and 1 + ¢ + ¢3 + g4 = ng respectively with
n=0,1,--- and g is a reciprocal lattice vector.

[Approximations and Directions:] The main approach in this chapter is kinetic theory (semiclas-
sical Boltzmann version and NEGF-derived Quantum Kinetic version) and we would like to collect the
various approximations that the kinetic theory can take

1. In terms of distributions, the usual approximation is to assume that the non-equilibrium distri-
bution is near to equilibrium and its difference from equilibrium is a linear term. This is called
the linearized non-equilibrium distribution. From the linearized distribution, it is possible to
iterate via a Chapman-Enskog-like expansion to solve for higher orders of the non-equilibrium
distribution.

2. In terms of interaction collision integrals, the derivation within Boltzmann theory is done via
the Golden Rule. There is no easy way of calculating collision integrals in higher powers of the
coupling constant. Here, in the Green’s function functional derivative development, we show that
the Hedin-like equations which can generate self consistent self energies allow a direct calculation
of collision integrals of any order in interaction. The usual collision integrals in Boltzmann theory
will be derived from the leading terms of the (iterated) Hedin-like equations.

3. In terms of particle correlations (memory), the usual Boltzmann theory has none of it. The
gradient expansion in QKE (using Wigner coordinates) is an expansion in terms of correlations.
Thus particle correlations can either be accounted for. A caveat is that, KB ansatz based QKE
messes up the causality of the theory while GKB ansatz based QKE respects causality.
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5.2 Linear Response Treatment

5.2.1 Hardy’s Anharmonic Current Operators

For the sake of completeness, we shall present the linear response theory of anharmonicity very briefly
in this section. Here we follow Hardy in [Hardy1963| pg 173 and we will only consider the 3-phonon
interaction. The reader may refer to the section on linear response theory for the derivation of Hardy’s
energy current formula. The Hamiltonian with 3-phonon anharmonic interaction is

H = 2]\02 +5 Z lahalulaullm + 31 Z ‘I)l(azlallwzwauhalulzm (5.13)

lalloq “laliarlsas
The following is thus the potential term to substitute into Hardy’s formula.

S sph) _ 1 2 1 3
V(T’il) — ‘/ihar + ‘/i( P ) = 5 Z (El(agloqulaullal + ? Z @((ll)lalbaQulaul]_a]_ulQaQ (514)

alion “laliailaas

and as in the harmonic Hamiltonian treatment, ¥ — Rflq and 77, is the actual position of the ion and
. . . - o peq — S o — peq peq

with the displacement vector being u;, =}, — R, ' so 1}, — 7, = 4, — U, + B — R, . Hardy’s energy

current formula now looks like,

J o= % zl: % <219_]}\24 n Vlhar n Vl(3ph)> n ;:(ﬁll . R’lelq B R'Zq)% ph Vhar i Vlg?mh)
T _
+h.c. (5.15)
The anharmonic contribution to the total current is
Flph) % %Vf?ﬂ’h) +5 (@, — @, + B - B ;L [ 25 Jl; v S he (5.16)
Il -

which is eqn (4.16) in [Hardy1963]. The other contribution to the total current is J 2.
Following Hardy, we seperate J(**") into terms that are cubic in phonon operators and quartic in

phonon operators. In the spirit of Hardy’s notation, we denote

JBph) = JBpR) Gy 4 JU3PR)(Gh) (5.17)
Explicitly, they are
o) (g L LSO R [ v 5.18
(S3) WWH( L 12)% |:pl1) Iy L+ .C. (5.18)
162
. 1 D] 1 1
F3ph) Gy Pry,GBph) | L T (3ph)
JEM (S = o le, + 57 D ub)m{h,v }_ Yhe  (5.19)

1l

We do not proceed further here as this is not the main approach of the thesis. For a receipe on
how to calculate thermal conductivity using these energy current operators, we refer the reader to the
section on linear response theory.
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5.3 Anharmonic Corrections to Landauer Ballistic Theory

5.3.1 Corrections to Landauer Ballistic Current

In the section on Landauer-like equations a full interacting current formula is derived but it not of much
use as it is essentially unsolvable. Here, in the context of anharmonic interaction, we shall systematically
expand the S-matrix and calculate lowest order corrections to the Landauer (ballistic) current.

Recall the expression for the (left to central) time dependent current. 2

hermal st

JEZC (1) = ihlim d’/t aty (D)< () + DS @) s 0e)) - (5.20)
0

and the zeroth order expansion (in Hiy) of Dl(l(,j ) (r7")

7 LC
D ()~ =+ <TCK (e g dHC () O uGe (Ir)u (z’T'))> (5.21)
where the retarded and the lesser components will be taken. Together with imposing the condition
of steady state and symmetrizing with the ‘]thermal( ) expression, we obtain the steady state (ballistic)
Landauer current expression.

The plan to include interactions in the central is now straightforward (but tedious). We will retain
the first non-zero terms due to Hjy in Dl(l? ) (r7") and get the retarded and the lesser components.
Substituting them into JL < (t), we get

JE2C (1) = JEZC (#)(Landauer) + JEC (1) (Anharmonic correction) (5.22)

hermal hermal

Symmetrizing JX ¢ (¢)(Anharmonic correction) with JE ¢ ()(Anharmonic correction) will give the

full correction to the Landauer current. Here, I will only provide explicit expressions but will not
calculate to the end.
For the sake of clarity, we introduce the notation

C ) _ dro HLC (+
DéL()ln)ll/(TTl) = _ﬁ <TCK <€ h ch 2 ( 2)Ugoc (lT)ugOC (l/T/)>> (523)

We expand Dl(l(/])(TT’) up to the first 2 non-zero terms in Hiy,
DJ(Z/C) (7'7'/)
1 1 _i o FTEC (7
~ Dgc)m)ll’(TT,) AW / d73< cr+em (e g A 2)H nerg (T3)Ugy < (lT)ugc(l'T/)>>
h h K+Cm 0 0

if_iy 1 iy dr2 RO (1) c c c
h <_h> 2/ o (T (10 R o () G o (e (muie (7))

(5.24)

Before we proceed with explicit examples of interactions, we need to emphasize that this approach of
including interactions is not the best approach one can use. The better way is to pick self consistent self
energy diagrams and calculate Dl(l? ) (77"). These diagrams are derived in the next section and collected

as a library and are shown to obey conservation laws (in the appendix) and they consist of infinite sums

2T wrote down the time dependent current expression instead of the steady state expression because we want to probe
the transient behavior as well. The time dependent expression can capture the transients when the leads are attached to
the interacting device at to.
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of particular sets of diagrams. However it demands a large scale numerical computational effort.
For the treatment of lowest orders of phonon-phonon interaction, we follow the important and
pioneering work of [Maradudin1962].

5.3.1.1 Lowest Corrections from 3-Phonon Interaction (V(3P)%)%*

[V(3h)?* Correction:] For the 3-phonon interaction, the interaction Hamiltonian is

C 3 h)
HE, = HOGP 3 Z @lllQISullulzuls (5.25)

l1l2l3

where again be reminded that index [ is the abbreviation for indices l[k«. In the expansion of Dl(l,c) (r7'),
the term linear in Hgt = HBPM is zero due to an odd number of uCs in the statistical average. So the

first non-zero term in Dl(l(,j ) (77') due to HBPM) is the term associated with H(3Ph)*,

The plan is to expand it out and Wick factorise it completely then take the retarded and the lesser
component.
C
Dl(l’ )(TTI)

c
DELZn)ll’ (1)

. -\ 2 . -
1 1 1 _% fc dr HLC(T ) c
h <_h> 2! /CK+cM dTSdT4< crtem (e P i HthC(T3)HintH§ (ma)u HC(ZT) (ZIT/)>>

| be reminded that 73 and 74 runs over cx + c¢p; and 75 only over ck

. . 2
N (o) n_ G i1 /1 (3) 40
o D(La”)”/ (TT ) B ﬁ <_h> 5 <3'> Z (I)lllzls (I)l4l5l6 /CK-l-cM 73 /CK+CM i

l1l2l3l4lsls

%

1 (Teperens (€ Mo G o (ams e (g uGe ()
ugg(z5f4)ugg(z6f4)ugoc(zf)ugoc(z%'))> (5.26)
We now need to make a very important digression to answer a question: can we directly Wick

factorize the above expression <TCK+CM (e hf dry HEC () goc(lng) . )>7 3 e

(Tescrens (& Herc P0G (lim)uGyo (tams e (s e (L)

uGe (ls7)uGie (lsTa)u Hc(zf)ugg(z%’)»
E (Toren (TP e i tam) ) (Teren (7F o ™ o tamufie ) )
(7

droHEC (1 dra HEC (7
< cx+ep f 2 (72) Ig()c (157—4)11/?_}00(17'))> <TCK+CIM (6 A ch 2 (r2),,C HC(Z6T4) HC(ZI ,))>

+APP (5.27)

where “APP” means all possible pairs. We will take a diagrammatic approach to prove it. First expand

31 have already used the factorization when I calculated the (DC) ballisitic noise, so I apologize for locating the proof
here. The restriction to connected diagrams simply means that cannot pair ugc (I7) and ugc (I't") together.
0 0
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6—% fCK dra HEC (13)

the S-matrix to the first non-zero order (i.e. the second order).

i dmAC(n
<TCK+CM (6 e Ar2 Q)Uf]c(hm)ugoc(1273)u§§(1373)uf15(l474)

uSjo (sm)uge (sma)uSle (1m)ugie (1)) )

I

2! (_h> Z / d7'27'2/V27ls ‘/291(1:;) <TCK+cM< HL(Z77'2) HC(ZSTZ) HL(Z9TQ) HC(Z1072)
l7lglglio * K

xuGe (7s)uGie (la7s)u Hc(lng)quOc(l47'4)uzoc(l57'4)ugoc(l67'4)ufloc(lT)ugOc(l'T/))> (5.28)

| factorlze u¥s and use the definition of (left) lead self energy
1
- 21 <_) Z / dT?T?’El( 1)0(7—272) <TCK+CM ( HC (l87'2) HC (1107'2)
lglio
xue (hms)ule (loms)uSe (lams)uGe (rauSye () uGe (lsm)uGe (TuGe (7)) ) (5.29)
The expression <T Cr4car (ugc(lgm) e )> is the one where Wick’s theorem is known to apply.
0

We define diagram rules to represent the expressions obtained when we Wick factorize the 10 dis-
placement operators.

(L) N
zzgzw (7’27'2 )_ T, T,
(0)(C) =
D”' (TT') - T T‘
() 1) =
D(Lan)ll'( ) - 7
Figure 5.1: Diagram rules. Recall the definitions: D( )(©) (TT) = %<TCK+CM (ugc (lT)ugc (l’T’)>>
. _z LC 0 0
and DE ) w77 = =5 <TCK+CM (e i ey A2l ( l’ ") >> Only time is labelled for sim-

plicity.

Note the diagrammatic form of the familiar Dyson equation of the central-lead coupling.

It is a reminder that the Wick’s theorem for displacement operators ugc works because of the underlying Wick’s
0

theorem for the bosonic phonon operators a,a’.
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(©) 1) = _
D(Lan)ll'(rr)_ 7 T T'+ ,,,,,,,,,,,

. C C C L C
Figure 5.2: DELgn)ll,(TT,) = Dl(ﬁ)( )(7'7") + leb fCK dri ch dTng(lOl)( )(TTl)El(lll (TlTQ)DELin)hl/ (1o7")

DO
DO W D(OXC%_\ DX
T T, 72' T U T4 T T
DOXO
T T, T, 1,71 T T T, T

Figure 5.3: The “1-bubble” diagrams.

Wick factorizing the 10 ugcs gives the “l1-bubble” diagrams and the cubic anharmonic “instanta-
0

neous phonon” (or lollipop) diagrams.

[Proof that “lollipop” diagrams vanish:] According to Maradudin in [Maradudin1962] pg 2598
text just above their Fig 4, the 4 “instantaneous phonon” diagrams vanish for lattices which are
monoatomic or where each atom in the cell is a center of inversion symmetry. I am not sure how
his proof goes and so I shall provide my version for a monoatomic cell. We examine the 74 vertex and
it typically looks like,
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DO
7,
T DOXO) § 7'2'
p© T poxo| poxo
,,,,,,,,,, . |
T T, 7-2' Ty T 7,
'
T 7'3 T
DO .
7'2&)7'2
DO 74 7'4
DO | pOxe) @ poxo
77777777777 '
T T, I, 1,7 T T T, T

Figure 5.4: The cubic anharmonic “instantaneous phonon” (or lollipop) diagrams.

0)(C 0)(C
Typical Term: »_ @) - / ) dri D) (r3m) D) (rama)
cr+enr

l4l516
7
| use Dl(Ql)4( N(r374) = -7 Z R“‘“ij < ek e (a;r.hqul (13) + aj,q (73)) (a;rz (™) +ajg (74))>
J1q15232
1
| = -7 Z RJ1q1R]2q2 << ecens (a;rd,—tﬁ (7‘3)%2(72 (7‘4)>> + <TCK+CM (aj1q1 (13)a Tz & (7’4)) >>
J1q152@2
| Z Rhgl R]2q2 (53'1]'25*@1@2 + 6j1j25*§2@1)
J1q152G2
0
| Dl(5l)6( (Ta4) Z Rqug RM(M (5j3j45*¢?37174 + 6]‘3]‘45711*4,(?3)
J3q3jads
x Z letfl éj2§2R]3q3RJ4q4(I)( ) 5§ 5§ (5 30)
lalslg 31929 —q1,3295374 9 — 44,35 .

J191752G2J3435444

recall the definition of V(37"
_ (3ph)
- Z leql V]’2(T2j3§'3j4q4631325—‘11#125J3J45—Q4,q3 (5.31)

J101524253G3J4q4
_ J1q1 (3ph)
a Z R 117 q173G373,—q3 (5.32)

J1q1J3G3

| use the explicit expression for v BPh) Hyt drop index k for monoatomic lattices
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= Z P11 i A_gg - Z €0, (J1G1) €0, (J333)€as (J3, —3)
la 23/2N1/2( )1/2

. . 1/ 3/2
. Wiy @ Win e Wia . m
1q1J3 03 7141773437343 alasas
idgs-la ,—iq3 13 gy (3)
X E e e DOy locvalsaus (5.33)
lals

| note that eq;(j3, —q3 ) = €,,(J3¢3) and A_g g, g, means ¢1 =0

| thus it is a hint that it is about translating the whole lattice, we further rewrite to see it

_ Z HJ1q1 /2 A—tﬁ,é’&—tfs Z 60é1(jlql)eaz(j3q3)6a3(j37_JS)
- l2 23/2]\71/2( 2

Y| 3/2
1 Tiiads W g WisdsWisds) / om0 m3/
i3 (I2—13) g (3)
X Z !t 3)<I>Oall2012l3043 (5'34)
lal3
| lattice translation to write & = o
use lattice translation to write ®g (o000 = P 00s
. 3
| then rename lo — I3 — I to get Z '@l Z @Sl)sallzaw%
Iz I3
|  where Z <I>(j’l)3 o lpasas = 0 18 the force constant sum rule, see [Maradudin1974] eqn (2.8c)
l3

= 0

Thus the vanishing of the coefficient (and thus the vanishing of the cubic anharmonic “instantaneous
phonon” or lollipop diagrams) is simply due to the fact that translations of the whole crystal changes
no physics.

For the surviving ;‘;—bubble” diagrams, we can infer the diagrams that appear when we expand the
fCK dro H"“ (12)

S-matrix e &
orders.

This completes the proof. _ i

We can thus directly Wick factorize such expressions (Tt +c,, (6_% Joye A €m0 u®)). Lastly
we need to sort out the combinatorial factor. There are 3 ways of choosing one 73 to pair with 7 and
another 3 ways to choose one 74 to pair with 7/. The 2 remaining 73 and 74 have 2 ways to pair up.
Swapping 73 and 74 gives a factor of 2. 3 x 3 x 2 x 2 = 36. Finally,

to all orders and (as expected), the diagrams can be summed exactly to all

2
©) ) L (1 ) e
D\ (r7!) = D(Lan)”, (r7') + ziﬁbi <3|> x 36 Z D115 Pt

111213141516

C C C C
X/ d7'3/ dT4D£L(1n)”1(TT3) [Dngn)lm(7374)DEL(Z”)1315(737'4) Dngn)zd/(TU')
ck+enr cx+cnr

| where terms in square brackets is the self energy (in parallel multiplication)
N (e) N 3) ~(3)
- D(Lan)ll’ (TT ) + 5 Z q)l1l213(1)l4l5l6

l1l2l3lalsle

c c c c
X / drs / dT4DgL3n)zz1(TT3) Dch)m)lgl4(T3T4)DEL3n)lgl5(7—3T4) Dngn)zgy(Tﬂl)
ck+enr cCK+cnpm
(5.35)

The next step is to apply Langreth’s theorem to get the retarded and the lesser components. Note
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DOO

D(O)(C) Z(L) D(O)(C)

D(O)(C)
DOXO)

0)cC
+ DO 5@ DO A DO D DOO
DLO©)

DO©

DOXO) Z(L) DOXO)

s@ poxe AR DO

_i (7LC
Figure 5.5: Diagrams that appear when we expand S-matrix e * Joe draHEC (72) to all orders. The last

diagram is the result of the infinite sum. (Labelling is further simplified in the last 2 rows of diagrams.)
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that [ [ Dgfc)m)[ x ]Dgfc)m) is a 3 term series multiplication. The retarded component is,

(@R, _  OR ih (3) 43

(Lan)ll/ l1l2l3 ~ l4lsle
llalslalsls
=  HOR (C) (©) R ©or
X/to dts /to ATaD( [ gy, (13) |:D(Lan)ZQZ4(T3T4)D(Lan)l3l5(7-37-4) D(Lan)lﬁl’(t4t/)
(5.36)
The lesser component is,
Dy (tty)

_ plo< ih (3) G
= D(Lan)le(tt1)+§ Z Py, @ 55617

lal3lalslely

{ /t ) dt3 / dt4DEL3n)ll (tts) [ ELgn)ldzs (T374)D ELC)Ln)l4l()(TST4):|RDggc)L’:)hh(tzltl)

/to dt3/ dt4D(gif” (tts) [Dgfin)z3z5(7374)19@”)1416(7374)}<Dgfifwl(wl)

/ dt?’/ dtw@i s (tt3) {Dggc)m)lgls(7—37—4)Dég<1n)l4l6(7-37—4)}ADéfi:)lﬂl(utl)
[ [ 00,030 [P D ] DN )
+/to ats / " dri DT, (¢3) [nggnﬂszs(7374)1)52@1416(7374)}jDggi;ﬂm(ﬂfw )

to— Zﬁﬂc to— ’Lhﬁc M
M M ()T M ©) (@) or M
+ / d7—3 / d7-4 D(Lan)llz (t7—3 ) |:D(Lan)l3l5 (T3T4)D(Lan)l4l6 (7-37—4):| D(Lan)l7l1 ( tl) }

to to

(5.37)

The expression for current with the correction terms are,

Jtl};;glal( )
_ iﬁtlligltz t T (Dot (S (1) + D ()= (1))
0
hl S m ¥ o
+1 lmZdt/ T Z l2l3l4 Islelr
lgl3l4l5l6l7

R c c R ()R
/t dt3/ dt4D(L3n lly (tt3) |:D§L3n)lgl5(T3T4)DEL()1n)l4l6(TST4)} DéLin)zﬁzl(tﬁltl)} Zl(ll) (t1t)
0

. . (3) 3
+th1’l£n>t dt// dt1|: Z <D121314 151617

lal3l4lsl6ly

(OR D DO (O)<
{/ dt3/ dtaD (1 gy, (tt3)[ (Lan)lgl5(7—37—4) (Lan)l4lg(7—37—4)} D(Lan)l7l1(t4t1)

C c < (O)A
/t dts / ats DR (113) [DID) D) ()] " D, (tat)
0
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c C c A oA
/ dtg/ dt4D(L3;zz2(tt3) [DELin)zSZS(Tgm)DELin)ldG(mm)} DgLin)l7ll(t4t1)

to— ’Lhﬁc )
¢ c C)A
+/ dr3" / dt4D(Lan 7 (tr1) [DELc)m)lsls(7—37—4)DEL3n)l4l6(7—3T4)] DELin)lﬂl(t‘ltl)

S
-

to—ihs
(C)R c c c
/ dt3/ d iwD(Lin)ll (tt3) |:D((L3n)l3l5 (T3T4)DEL0)m)l4l6(T3T4)} DELc)m)ml(Tiwtl)

to—ihB° to—ihB° M
c c o)
+/ dTéw/ dTingLo)m)ll (tr3") |:D((L3,n)l3l5 (T3T4)DEL0)m)l4le(T3T4)} DELG)m)l7l1 (Tiwtl)}]

to to

<24 (1)) (5.38)

The first line is the Landauer term and the rest are the lowest order corrgction terms due to VGPh?,
Note that we assumed that the 2-time quantities DE )<)IR;,A(tt’), Dggin)”, (tr™") and DEL) )ll,( M)
have been solved properly using the Kadanoff-Baym equations.
We end this subsection by providing more explicit expressions of the self energies which are in parallel

multiplication.

(©) (©)

C
= 0(ts — ta) (D7, (tst) D (tsta) = DI, (tst) DS (tst)) (541

A
|: (Lan )als 73T ) Lan)l4lﬁ(7—37—4)]

(
c 0)<
= —O(ta —t3) (D (Lan)lzls (t3t4)DELZZ)l4l6 (t3ts) — DELZ,T<L)13I5 (t3t4)DgL;n)z416 (t3t4)) (5.42)

c c T )< c
DELZn)lgls (7-37-4)DEL371)Z416 (7'374) DELc)m)zgz5 (t3t4)DEL(17<L)l4l6 (t3ta) (5.43)
[~ (C c T c oy
_DéLc)m)lgls (7374)DEL()m)1416(T3T4) = DéLa),n)lgl5 (T?f\/[t4)DéL3n)z4zﬁ (m3"ta) (5.44)
[ H(©) (&) 1 _ p)r My ()T M
_D(Lan)lgl5(T3T4)D(Lan)l4le(7—37—4) D(Lan)lgls(t37—4 )D(Lan)l416(t3T4 ) (5.45)
_D(C) ( )D( ) ( )—M

(Lan)lals \T3T4) (Lan)141\ 7374

)M C)M 0)(C)M 0)(C)M

= DON (M IODEM () = DO (o) DO (3t (5.46)

We summarize 2 important points that can be utilized in later calculations.
1. The “modified” Wick’s theorem works and will be employed directly in other parts of the thesis.

2. “Instantaneous phonons” of cubic anharmonicity are zero. The reason being that the translation
of the whole crystal has no physical effects. Thus such 3-phonon “lollipop” diagrams will be

®The more general 2-time quantities are needed and NOT the steady state versions which are D(gii)ﬁ,A(t —t),

Dgf;n)w(” ) =0 and D(Lan)”,(r t')y=0. D(f;i\:f)”,(TMTM ) is obtained immediately by applying Langreth’s theorem
to the Dyson equation,

Déf‘)m)”,(rr') = Dl(ﬁ)(c) (' +Z/ dTl/ deD(O)(C)(TT )E( )(Tng)D(Lan)IQl,(TQT) (5.39)
11l
= D (M) = DM (MM (5.40)

since the contour variables 71 and 7 do not “pass through” cas.
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D(C) D(C)

(Lan) (Lan)

T T, 7'

Figure 5.6: “Instantaneous phonon” of quartic anharmonicity.

dropped directly. “Instantaneous phonons” of quartic anharmonicity are not zero. One can go
through the same calculation and not get zero for the coefficient.

5.3.1.2 Lowest Corrections from 4-Phonon Interaction (V(4Ph))*

The interaction Hamiltonian is

1 4
HE, = HWW =~ 3 @5132l314ugugugug (5.47)

int |
T llglsly

The first non-zero term in this case is linear in H“Ph),
C C
Dl(l’ )(TT,) ~ DELzzn)ll’ (r7')

i 1 —i [ draHEC(13) 1, (4ph) c C
i <_h> /CHCM 473 (Teprey, (¢ H o HGP (ra)uGe (r)uGe (17)) ) (5.48)
(©) NN AR (4)
= D an /(7-7-)_7 <_) m o / drs
(Lan)ll i B/ o4 ll%hl lilal3ls extenr
i o FTEC (7
% (Tugevens (€1 P0G (i uGie (bms)uGe (s uGye (LimsuGe (1r)uge (1) ) )

(5.49)

Using the “modified” Wick’s theorem and keeping only connected diagrams, i.e. we cannot pair 7
and 7' together, we get only 1 diagram.

And now we need to figure out the combinatorical factor. There are 4 ways to choose a 73 to pair
with 7. 3 ways remain to choose a 73 to pair with 7/ and the 2 remaining 73s can pair only in 1 way.
4 x 3 x1=12. So the term is now,

(©) _ p© ih (4) (©) (©) (©)
Dll’ (TT/) - D(Lan)ll’ (TT,) + 5 Z (I)lll2l314/ " dTgD(Lan)lh (TT3)D(Lan)lzls (T3T3)D(Lan)l4l’ (7-37—/)
l1l2l3ly CKTEM
| we need to offset the time to carry out Langreth’s theorem

C
= D((Lgn)ll’(TT/)
ih @ ©) ©) (©)
—i—; Z D) lotsly 7212123 . dT3/cK+cM dTéD(La?’L)lll(TT3)D(LM’L)1213(T3Té)D(Lan)l4l’(Té7J)

l1l2l3ly

(5.50)
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We take the retarded component (and relabel the indices),

CYR CYR
DR (1) = DELC)m)”l(ttl)

zh C)R c c
> D iyt / dts / Ay D, (t3) DT, () DS ()3 (ty — ts)
l2l3l4l

_ pOR ih (4) (O)R (O)R (O)R
- D(Lan)lll(ttl) + 9 Z (I)121314l5 /to dt3D(Lan)ll (ttg)D(Lan)lgl4(t3t3)D(Lan)l5l1(tgtl)
Ialslyls

(5.51)

It might be useful to note that DO (¢ )>(tt) — DO<(tt) = 0 due to the equal time commutation
relations of u®. Similarly, DO4(tt) =

The lesser component is,

t) o<
0.

Dl(ff)<(tt1)

_ plo< ih (4)
D(Lan)lh (tt1) + 9 Z (I)lzlsl4l5

l2l3l4ls5

= oo O)R C)R C
8 {/t dts / dt3D ELin)llz () D1, (tst3) DT (#t1)8(E; — 1)
0

C YA
/t dts /t dty DT () DTN (tsty) DT (tt)o(th — ts)
0 0
/t dt /t Aty DI () DT (tsth) D0 | (5t)0(t — ts)
0 0
to— ’Lﬁ,BC
C C
+/ /t dtsD (Lan 112(”3 )DELL)m)lgh( yté)DELc)un)lz—)h(t?)tl)d(tg -73)
0
0TS (OR () M (O
+/to dt3/ dry D(Lan)llg(tt3)D(Lan)l3l4(t3T3 )D(Lan)l5l1( 1)8(r3" — t3)

to—ihBC o to—ihB< per My (C)M MM\ (C)" M’ M
+ / drs / 473" Dl gty 173Dty 878 VD (amyr, (73" 137" = 73")

to to

| the condition DE Lc)m)l 14(7'3 t5)6(ty — M) is only fulfilled at to.

_ plox< ih (4) (C)R (C)R (€)<
- D(Lan)lh (ttl) + 5 Z q)l2l3l4ls {/to dth(Lan)ll (tt3)D(Lan)13l4(t3t3)D(Lan)l5l1 (tgtl)

I2l3l4ls

= pOR ()< (C)A
+ /to dtsD(Lan)llg (tt3)D(Lan)lgl4 (t3t3)D(Lan)l511(t3t1)

* 5 plO)< (©)A pO4
+/t dtSD(L n)lls (tt3)D(Lan)1314(t3t3) (Lan)l5l1(t3t1)
0

"

(@r (@)A (O)R (@) (or
+D(Lan) (ttO)D(Lan)l la (tOtO)D(Lan)l 1 (totl) + D(Lan)ll (ttO)D(Lan)l3l4 (tOtO)D(Lan)lsh (totl)

WoihE ) My (OM MMy () M
+/ dry D( i (t3 )D(Lan)l3l4(T3 T3 )D(Lan)l5l1(7—3 t1) (5.52)

Lan
to
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It might be of further use to note these expressions from the Appendix,

C 7 h
DO D= (tst5) = - (2 Neae )+1) 51 in0a RﬂquW?w (5.53)
Nq1jeqe na
h
_ s €q J1q1 pJ1,—q1
- Z(QNM )R Rl (5.54)
J1q1

. . _5
D(O)(C)M(Té\/fTéW) — D(O)(C)M( 3{\4 é\/[) _E Z (QNqS,C)—{—l) 5j1j26§'1, RJlQlRJ2Q2

l3ly l3ly A J1q1 la 9.,
J1q1j2G2 J1d
h
— RJICIIRJL q1 5.55
£ o ) e 539

na

Thus as expected, these expressions tell us that in the usual equilibrium theory (i.e. without leads),
the “instantaneous phonons” of quartic anharmonicity only contribute a Hartree shift (a real function

C#,C
of w), in this case oNea(€) 11 = coth <%>
The expression for current with the correction terms are,

JtLh;}“glal()
- d [~ (C)R (L)< (C)< (L)A
= nm 3 / aty (DR, )P (0t + DS, () SHA 1))

—Hhhmzd// dt1
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0
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Hh}}iﬁZ dat’ / @12131415 {/t dt3D Ly, (13) D Lanyigr, (E383) D Lanyig, (t3t1)
2 laints 0

+ dt3D(L()m 1l (tt3)D(g()l7<L I3l (t?’tg)D(fc)ml l (t3t1)
to (Lan) (Lan) (Lan)

(&)< (A (A
+ /to dt?’D(Lan)llz (tt3)D(Lan)l3l4 (t3t3)D(Lan)l l1 (t3t1)

" (eor (A (C)R ()" or
+D(Lan)ll2 (ttO)D(Lan)l3l4 (totO)D(Lan)l5l1(t0t1) + D(Lan)ll (ttO)D(Lan)lgh (totO)D(Lan)l5l1 (tot1)

to—ihBC
CYM )" L

+ /t dTgwnggn)” (trd )Dngn)lgl4(T%M)Dngn)l5h(73 tl)} =4t (5.56)
0

The first line is the Landauer term and the rest are the lowest order correction terms due to V (4Ph).
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Figure 5.7: Diagram for the V3 correction.

5.3.1.3 Second Lowest Correction from 4-Phonon Interaction (V(4P")”)%

The V#M? correction term is the second term in the expansion of Hi,, = H®PM in Dl(l? ) (r7"). We

denote it as Dl(l?)(z) (r7").

. -\ 2
1
DOy = L (_) o amf
! h h 2! cKt+cm cK+cm
—i dro HLC (1 4ph 4ph
X (Tegerens (€ H o PHTHE () HUED (re)uGo (1Yo (V7)) ) (5.57)

. N 2 2
7 7 1 /1 (4) (4)
= _ﬁ (_h> 5 (4|> Z (I)l2lsl4l5q)l6l71819 drs dry
) " lalslalslslrlsle crtem Crtem
X <TCK+C]W (6_% fCK

d HLC
" (TZ)U%J (l273)ugg(l373)ugoc(l473)ugoc (I573)
x uGe (lora)uGe (trma)ue (l87'4)ugoc(l97'4)ugoc(lr)ugoc(llrl))> (5.58)
Using the “modified” Wick’s theorem and keeping only connected diagrams, i.e. we cannot pair 7
and 7’ together, we get one diagram.
And now we need to figure out the combinatorical factor. There are 4 ways to choose a T3 to pair
with 7. There are 4 ways to choose a 74 to pair with 7/. There are 6 ways to pair the 3 remaining 73
terms with each of the 3 remaining 74 terms. Swapping 73 and 74 gives a factor of 2. 4 x4 x 6 x 2 = 192.

So,

(©)2) _ (ih)? @ L@
Dll/ (7-7-/) - 6 Z ¢l2l3l4l5©lﬁl7l8l9 d7—3 d7-4
cx+enr cCK+Cpm

lal3l4l5l6l71819

()] () (€) ) (€)
X D(Lan)llg (TT3) |:D(Lan)l3l6 (T3T4)D(Lan)l4l7 (T3T4)D(Lan)l5lg (T3T4)} D(Lan)lgl’ (7-47-/)

(5.59)

where the square brackets enclose the self energy terms in parallel multiplication. We take the retarded
component (and relabel the indices),

O)2)R (ih)? 4 4 > >
Dl(ll ( (ttl) - 6 Z q)l(21)3l4l5 (Dl(6l)71819 ¢ dts t s
0 0

Iolslalslglzlslo
(O)R (©) ©) (©) R o©r
XD Lan)is (tt3) [D(Lan)lglg (T3T4)D(Lan)l4l7 (T37—4)D(L¢m)l5l8 (7374) D Lan)ion (tat1)

(5.60)

The lesser component is,

Dy (1)
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(ih)? @ @
- 6 Z Q)l2l3l4l5 ¢l617lgl9

lal3lalsl6l7lglg

c c c R_(o)<
{/t dt3/ dt4D(Lan ll2 (tt?’) [DELin)lgle (T3T4)DELin)l4l7(T3T4)D((L(1n)lsl8 (T3T4):| DELin)lgll (t4t1)
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0 0
where the notation [- - -] is simply introduced so that the equation can fit on the page. The correction

term to the current expression is

L—C(2)
Jthermal (t)
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0
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C)R 1)
/ dt3/ dry D(Lin)lb(tti’m) -] DELin)lgll(Tiwtl)

to—ihBC to—ihBC
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=4 ) (5.62)

JL—>C(2)

thermal (£) i the correction term to the Landauer current due to VUEh? We end by providing more
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explicit expressions of the self energies which are in parallel multiplication.

(@ ©) (@
[‘D(Lan)lgla (T3T4)D(Lan)l4l7(T?’T4)D(Lan)l lg (T3T4)}
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D tptsts ST oytoty (BTO D b1 (7374)
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Lan)lzls\T3 Lan)lal Lan)lsls\73 T4

[Contribution:] Here I will briefly state what this contribution of lowest anharmonic corrections to
ballistic current is about. As mentioned many times, anharmonic interactions cannot really be ignored at
the device operating temperature but there is overwhelming literature that treats only ballistic current.
In the literature, interactions seem to be incorporated unsystematically and transient terms are often
not calculated by simply assuming that steady state current wipes out transient current. Thus I did
a systematic calculation here showing the current including transient terms for various anharmonic
interactions. The transient terms can be checked for survivability by numerically integrating the given
current expression. The anharmonic corrections to the current and the ballistic current are seperate
terms so the physical effects of anharmonicity can be clearly interpreted once the integrals are solved.

5.3.2 Corrections to Ballistic Noise

We need to warn the reader that the calculations here are much more complicated because noise is a
“2-particle” quantity. The current which is a “l-particle” quantity only has self energy corrections and
noise has both self energy corrections and vertex corrections.
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We recall the (time dependent) noise expression, 6

—h
N LCy/LC 1; :
S(tt') = 5 E Viis Visia tlfgltt/hﬂ/
l1lalsly !

d d

xd—tldt, [Diytgigty ittt sts >t > t) > ') + Dyypp, (it t 1) > 'ty > )] — (J5C)?
1

(5.70)

and also recall the expression where the hybrid 2-particle Green’s function (in contour time) has been
seperated,
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(5.71)

We also recall the expansions (in HS,
C

Heisenberg operator uy; and to another interaction operator u

) where we went from the interaction operator ugc back to the
C
HE™

<TCK (67% Joye dTNI:ILC(T”)’U/gC (lgT)ugc (l4T'))>
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_ i 1 ELC (1
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_i 1 FFLC (111
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i _ % dT//IfILC 7
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" <h) 2! /CK+CM A7sclTs <TCK+CM (6 e Aot (75) Hine g (76)
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5Again we use the full time dependent expression S(tt') instead of the DC expression because we want to probe the
transient behavior as well. The full S(#') can capture the transients when the leads are attached to the interacting central
device at tg.



CHAPTER 5. ANHARMONICITY 159

We have already seen that in the ballistic noise calculation, only the first term in each expansion is
required. Then the component ¢; > ¢ >t} > t' and the component t; >t > t; > t are taken and the
DC limit is taken to give the ballistic noise formula. We denote the terms that gives the ballistic noise

(Lan)

11121314 (7-17-7—{7—,) :

formula as D

l)(Lan)

112131y

S (e (g amuyg ) ) (o (& H o PG ar i )
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Isll7lg

_ i ! rrLC !
1 (T (uhyp (rms)uby (7)) ) (T (€7 e 700G () (7 ue ()G (147)) )
(5.74)

(rirm7")

Thus it is noted that there are 2 types of correction terms for noise as mentioned earlier. The first
expansion involves the so-called self energy corrections which have already been calculated for the
corrections to current. The second expansion involves the so-called vertex corrections. The vertex
corrections are very complicated and so we will only calculate the corrections due to VB? Tt will be
seen that the calculations are straightforward but very tedious.

The 2-particle Green’s function, ready for perturbative calculations in Hmt is,
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5.3.2.1 Lowest Corrections from 3-Phonon Interaction (V(3P)”)%

Since there are 3u®s in Hl(;;t = HBGPh), only the quadratic term in Hlnt survives as the first non-zero

correction. We use the definition, as usual,

0)(L 7
Dl(ll)g( ) = _ﬁ<TCK <ué§(l1ﬁ)ué§(137{)>> (5.76)
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Figure 5.8: Diagrams for the V3P yertex correction.
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The 2nd term is the self energy correction and the 3rd term is the vertex correction. The self energy
correction has been calculated in the section on current correction and we will just carry over the result.

Self Energy Correction
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| we carry over the result from V3P current correction
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For the vertex correction, we only consider diagrams with no “lollipops” since they are shown to
vanish in the earlier section on current corrections. Two distinct types of diagrams are obtained.

Now the combinatorical factor. There are 3 ways to choose a 75 to pair with 7 and 2 ways to choose

one of 2 remaining 75s to pair with 73. The same 6 combinations occur for 7. Swapping 75 and 74 gives
a factor of 2. 6 x 6 x 2 = 72. The second diagram has the same combinatorical factor of 72.

Vertex Correction
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The perturbation is done and we need to go back to real time where 2 components are required.
They are the t; >t >t} > t' component and the ¢t} > t' > ¢; > t component. We carry out Langreth’s
theorem on the self energy correction term and the vertex correction term seperately. We will soon see
that the vertex corrections will get so complicated that we decided not to proceed further as it deserves

to be a Master’s project of its own.

Self energy correction (t; >t >t} > t') component
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0

()< (©) (©) A ©)A
+/t0 dts . dt4D(Lan)l ls(tt3) [D(Lan)lsls(T374)D(Lan)l7l9(7-37-4):| D(Lan)llol4(t4t,)

to ’Lﬁ,@c -
@n M (@) (@) (©)A
+ / / dt4D (Lan)lals (tT ) |:D(Lan)l6l3 (T3T4)D(Lan)l7lg (7-37—4)] D(Lan)l10l4 (t4t,)

to— Zhﬁ q
O)R c c o)l
/ dt3/ d iVIDELgn)lgl (tt3) |:DELc)m)lglg(7—37-4)D((L(3n)l7l9(737-4)} DELc)m)l10l4(Tiut,)

to—ihBc to—ihBC M

C C [

+ /t dT?fV[ /t dri”DéLin)% (tT?fV‘[) [DELgn)MS (T3T4)DEL(1n)l7l9 (737'4)} DELin)hOM (Ti\/‘lt,) }
0 0

(5.85)

The taking of components of the vertex correction terms is very complicated, i.e. the real time

expressions of the vertex correction terms are very complicated. Hence we will only show part of the
calculation for the first term and we will use a simplified notation. The contour shown in the figure is
needed the purpose. Be reminded that 75 and 73 runs over cx only and 75 and 7 runs over cx + cjy.

b tntd s Pt b,
—— — T ek @)
Cu | i }CK(tl')
- ey (1)
cy ()
Cu

Figure 5.9: Contour used to calculate the t; >t >t} > t' vertex correction component.

Vertex Correction (t; >t >t} > t') component 1st term
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. 3 3 0)(L
= ih? Z Wsle ‘/2718 (I)l(gl)loln(pl(u)lla’lm / dTQdTg/ + dTSdTGDZ(SZ)l( )(T Tl)Dl(ﬂ)g( )(T3T{>
CK KTCM

Islgl7lslolioli1l12l13014

©) ©) (©) (©) ©)
X D(Lan)lelg (Tsz)D(Lan)lglm (7—37—5)D(Lan)l11l12 (7—57—6)D(Lan)l13l2 (T6T)D(Lan)l14l4 (TGT/) (586)

|  we introduce a simplified notation

_ / drodrs / drsdrs DY (ot ) DY (75t,) DC (mas) DC (mas) DC (ms76) DC (rt) DC (mst')  (5.87)
CK K+CM

= / dro + / dro + / dro + / dro
ck (1) cx (1) ek (t) ek (t1)

X / drs + / drs + / drs + / dTs
ck (1) cx (t) ek (t) ck (t1)

X / dT5—|—/ dT5—|—/ dT5+/ 5 /
ck () cx (t) ek (t)

X / dT6+/ d7'6—|—/ dTﬁ—{—/ d7—6+/ dTéVI
ck () cx (t) ek (t)

x D (Tgtl)DL (7'375/1)DC(7'27'5)DC(7'37'5)DC(7’57’6)DC(7’6t)DC(T6t') (5.88)

It is obvious that there is a large number of terms here. Note that 7 and 73 do not convolve and
actually many of the terms are zero due to the lack of a term like D(7o73) that directly convolves them.
We give an example of such a vanishing term.

A Vanishing Term

= / dTo / drs / dTs / dTéw
CK(t’) K(t ) CK(t/ cM

1 )
XDL<(TQt1)DL(T3t/)DC<(TQT5) (7’37’5 (7'57'6 )DC ( Mt)DC ( ) (5.89)
= T T T M
[t (Lo fog ) (Lot fog o) [
x DE<(myt1) DY (T3t1)DC<(T27'5) C(1375) D" (rsd! )D¢ (7‘6 t)DCr(TGMt’) (5.90)

= / dTy drs / dTs d7'6
ci (1) cxc(th) cx (t]) cm

XDL<(TQt1)DL<(Tgtll)DC<(TQT5)DCt(T37'5)DC (57§ )DC ( é\/‘[t)DCr(TGMt’)

+ / dry / dr3 / drs / dr!
ek (t) K (t) (th) cM

x DE<(1ot1) DY (13t}) DY< (7275) DY (375) D (15701 ) D" (73" t) D" (7014

+ / dmo / drs / drs / d7'6
ek (t) ci (th) ek (th) cM

1

><DL<(7'2t1)DL<(Tgtll)DC<(727'5)DC>(7'375)DC (1574 )DC ( éwt)DCr(TéV[t/)

+ / dmo / drs / drs / dTéM
ek () cx (th) cx (th) cm

XDL<(7'2t1)DL<(Tgtll)DC<(727'5)DCE(7'375)DC (157§ )DC (76 t)DC ( t') (5.91)

which means all the functions are completely determined in each term even before the integral f () dTo
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is broken up. Thus the same expression will go under the integral f dTQ fm dmy + f<— dmo

= fto dto + ft, dts which gives zero.
We illustrate another term which is non-vanishing.

A Non-vanishing Term

= / d7'2/ dTg/ dT5/ dTG
ek (t') ek (') e () e ()

x DE<(19t1) DF< (1384 ) DC (1975) D€ (375) DC (1576 ) D < (16t) D (761" (5.92)
—> <—
| break up cx (') = cx(t') + cx (t)

- (/_Wﬁ/ ></?<75d73+/;(<t> ></__§d7'5+/K(t dﬁ,)

(/A__3 dTﬁ / d 6) DL<(thl)DL<(Tgtll)DC(7’27’5)DC(7’37’5)DC(7'5T6)DC<(T6t)DC(7'6t/)
(5.93)

Thus there are 16 terms actually and we work out 2 terms just for interest.

A Non-vanishing Term (1st and 2nd)

= / dTQ/ d’]’g/ dTs / d7'6+/ drg
CK(t/) CK(t/) CK(t/) CK(t,) CK(tl)

x DE< (TQtl)DL< (Tgtll)DCt(TQTg,)DCt(T37'5)DCt(T5T6)DC< (T6t)DC(T6t,) (5.94)

| write integration limits explicitly and write in real time

t t/ t t
- /dtQ/ dtg/ dt5/ dts
to to to to

x D= (tat1) DE<(t3t}) DO (tat5) D (t3t5) D (t5t6) DC< (tot) (D= (tat") — D> (tst')) (5.95)

By now it is clear that further evaluation is straightforward but tedious, so we shall not proceed fur-
ther. Hopefully an interested Master student can pick up from here. We will just describe the remaining
steps. The remaining 14 terms need to be evaluated and the second term of the (t; > ¢ > t| > t’) compo-
nent is to be calculated, then we require the (t; > t' > ¢; > t) component of the vertex correction. The
self energy corrections and the vertex corrections are substituted into Dy, i, (t1tt1t'561 >t > t) > t')
and Dy, 1,151, (t1tt1t'; 8 > t' > t1 > t) which are then substituted into S(¢t’). Beyond the terms involving
Dl(lLlZZ)u are the correction terms to ballistic noise.

[Contribution:] Here I will briefly state what this contribution of lowest anharmonic corrections
to ballistic noise is about. As mentioned earlier in section 3.2.2, information on noise may give extra
information on the current. In this aspect, information on anharmonic corrected noise may give extra
information on the anharmonic corrected current. Again, no systematic inclusion of interaction into
(DC) noise is found in the literature and I provided one here but it is extremely complicated so its
physical complications are unclear.
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5.4 NEGF Treatment: Functional Derivative formulation of Anhar-
monicity

5.4.1 (Functional Derivative) Hedin-like equations for Anharmonicity

We follow [Kwok1968] in this section. (See [Leeuwen2005]) For Coulomb interaction, a set of Hedin
equations was derived and self consistent self energies were derived naturally. These self energies are
shown to obey the conservation laws. Thus the natural question to ask is “Can we derive Hedin-like
equations for most known interactions?” The answer is affirmative. Hedin-like equations for electron-
phonon interaction is described in the chapter on electron-phonon interaction. It has the added bonus
that it can circumvent the Born-Oppenheimer approximation! Hedin-like equations for phonon-phonon
interaction is derived in this section and it will be applied to kinetic theory. Boltzmann kinetic equation
for phonon-phonon interaction is derived and it is very clear on how to go beyond that.

[Objective:] Use the techniques of NEGF to turn the many-body Hy + Hiy problem into a set
of exact functional derivative equations. In the case where Hj, is the Coulomb interaction, these
functional derivative equations are called Hedin’s equations. More precisely, we have the Hamiltonian
terms Ho + Hint + V(t)0(t — to) in NEGF and we are going to use V() like a variational parameter to
generate the function derivative equations, then set V (¢) = 0 at the end. This method is also called the
Schwinger source field method.

Explicitly the Hamiltonian is,

H(t) = Hy+ HOPM 4 gk 4 Z Jia()Q7 0(t —to) (5.96)
Jq

where Hj is the usual harmonic part and the other definitions are

H[J] = H(@t) (5.97)
Hype = HOGPW 4 grh) (5.98)
V(t) = > Jidt)Qjq (5.99)
H[J=0] = Hy+ Hy = Hy+ H® 4+ gt (5.100)
The explanations for the various terms are’
Jig = time—dependent source term (5.103)
HE = 3! Z Z Z jiggl'ﬁﬂsqs@ﬂql Qo> Qs (5.104)
G G232 3333
HW - = 41 Z Z Z Z j1zf1€?2§2j3§%j4q4Q31q1 Q22 Qiss Qindi (5.105)

J1q1 J2@2 J3q3 jada

"Througout the thesis, V(?’f”” and V@M are defined when the Hamiltonian is written in terms of a,a’ variables. So
now we are using VP and V" with the relationship,

. 23
Vf;z;g) —  yGeh) % (5.101)
24
vl =y % (5.102)
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The statistical average is defined as (the usual)

Ty (¢~ #(HotHin) ...

() = T (e~ (5.106)

We will establish some functional derivative identities for later calculations.
Consider the expectation value (note that we write the times in contour times 7 to indicate that
these times are unspecified for the time being),

(Qjam(mn)) = (Quun(1)) (5.107)

| where we denote j1q1m =1

|  we choose to split the Hamiltonian as Hy + Hiy and Z Jig(t)Qjq
37
| use the contour identity,

dr: T
| QHM(l) =T.. (e ( f 2 2oy (Jind (T2)QH[I=0] (2))QH[J:O](1))

—L [ d2J(
’ — TCK (8 hch (2)Qr1s=0)(2 QH[J 0]( )) = TCK (SCKQH[J:[)](l))
| insert unity term 7., S., = I into denominator
Tr (e—ﬁ(Ho-i-Hint)T v ( CKQH[J 0](1)))

N Tr (e~ AH+Hiw) T, S, ) (5.108)

_ T (e PHU=OT,  (Sere Qo) (1)) 5.10)
Tr (e-PHII=0T,, S, )

| denote Z[J] = Tr (eiﬂH[JZO}TcKScK)

| so, Z[J =0] =Tr (e—ﬁH[J:0]>

- Z?J] T (V=0T (S Quay= (1)) (5.110)

Note that this way of splitting the Hamiltonian does not allow Wick’s theorem to be used as Hy+ Hint
is not quadratic in general. It does not matter as we will not use Wick’s theorem here.
When J =0,

}11110 <Q a1 (1 )> |  we simply go back to the equilibrium expectation value
—>
1 _BH[J=
e (e BHU OlQH[JZO]u)) (5.111)
= (Qup=q (1)) (5.112)
R (5.113)

The value of <Q H] J:01(1)> in equilibrium theory represents thermal expansion (as it is related to the
expectation value of displacement) and is typically non-zero but we set it to be zero for the sake of only
concentrating on phonon-phonon scattering effects. 8

SFollowing [Kwok1968] footnote 39, when we set (Q [ s—0] (1)>H[J:O]
Thus we also lost the physics of describing displacive phase transitions. Ferroelectric solids are such solids that undergo
displacive phase transition. Of course one can retain it and work in a more general framework where one has to deal with
a self consistent problem of: phonon-phonon scattering <+ thermal expansion.

to be zero, we lost the physics of thermal expansion.
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Now we will define the functional derivative, we start by introducing variations. Consider
J(1) — J(1)+dJ(1) (5.114)

Expand <Q H[T+5 J](1)> in powers of §J and keep only terms linear in §.J

1 _ _ i g 5 -
<QH[J+6J](1)> = mTr (e BH[J O]TcK (e i ey 207 (2)46J(2)Qu 01(2)QH[J:0](1)>>

We work out the numerator and denominator seperately.

1
_ 11
Prefactor 77+ 37 (5.115)
_ (TI' (efﬁH[JZO]T (6_% cK dl(J(l)‘H;J(l))QH[J:O](1)>)>_1 (5 116)
CK .
. —1
~ <Tr <e—ﬁH[J:0]TCK <e_’i ch d1J(1)Qpy=o (1 (1 _ / d25J QH[J 0]( )>)>)
; -1
= (Z[J] - Z[J}h/ d26.J(2) <QH[J](2)>> (5.117)
cK
| use the (operator) binomial expansion (1 +z) ' ~1—=x
1 < i /
= —(14++ [ @2(Qun®) 5J(2)> (5.118)
Z[J] hJe, < [J] >

Numerator term

- Tr (6[3H[J=0]TCK < ch QH J= O( ) <1 — ;/CK d26J(2)QH[J:0} (2)) QH[J:()](l)))

= (CQun)~5 [ 2812 (T (Quin()Quin@))) 21 (5,119
Reconstruct the term and only retain up to first order terms
(Quirvsn(1) = (Quin(1) - % / 42072) (T (Quin(DQu1(2))) = (Quain(1)) (@i (2)))
Define,
DI12) =~ (T (Qun()Qu1(2))) — (Qu(D) (Qur(2)) (5.120)

where explicitly,
Tr (e PHV=OT,, (Sex Qupr—o () Qmp=0)(2)))

(T (Qui(V)Qun(2)) = T (e FAI=g, ) (5.121)
then,
@urron() ~ (Quy()+ [ d2D(1,2)85(2) (5.122)

If we consider a Taylor series, then we can write D’ as the functional derivative with respect to
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(@Q)s
6 (Qupn(1))
D7(1,2) = =27/ 5.123
(1.2) = =50 (5123)
Since normal coordinates commute, we can also write
6 (Qui(2))
D7(1,2) = =220 5.124
1.2)= =5 (5124)
We now consider D” as a functional of J and calculate the functional derivative of D”. Following
J
earlier lines, we define the required functional derivative, 6%) Jgf) as the coefficient of the linear term in
the Taylor expansion of D7+97.
i
D7H(1,2) = % (Tex (Qupy+on(DQu1+57(2))) = ( Qo) (1)) (Quis+s.n(2)))
(5.125)
Writing each term to first order in §.J,
First term
(Tee (Quts+s2)(1)Qui+60(2))) (5.126)

based on the calculation for (Qg(s45.1(1)), we deduce (to first order in 6.J)

cK QH[J]( )QH J]( ))>

d / 0307 (3 ( )[<TCK (Qu (D @Quin®)) — (Tor (Qurin(DQun () (Quain(3)]
(5.127)

& —

Second term

= (Qup+sn(1)) (Qup+s1(2)) (5.128)
<<QH[J]<1)>+/ d3DJ(1,3)5J(3)) <<QHU](2)>+/ d3DJ(2,3)5J(3)> (5.129)

CK CK

Q

| expand up to first order in 6.J
(Quy(1)) (Quin(2))

+{Qun(1)) / d3D”7(2,3)6.J(3) + (Qm(2)) / d3D” (1,3)8.J(3) (5.130)

CK

Q

So we can conclude that the required derivative is

J ) 7
(W = -3 {_h (Tere (Qu(1)Qu(2)Qmu(3)))

1 (T (Qu (V@) (2)) (@ar(3)
—D’(1,3) (Qu(2)) — D”(2.3) (Qu (1))} (5.131)

| from the defintion of D7, we write

| _§DJ(1a 2) + (Qun (1)) (Qup(2)) = (Tey (Qup(1)Qun(2)))
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= —% {—; (Tex (Qun(1)Qu1) (2)Qus)(3))) (5.132)
~D’(1,2)(Qui(3)) — D7 (1,3) (Qu(2)) — D”(2,3)(Qu(1))
4 (Qun (1) (@) (Quin ) (5.139)

Now we need the equation of motion of <Q H[J] (1)> to later help us obtain the equation of motion of
D’(1,2).
We rewrite <QH[J](1)> slightly,

1 —_ =
(Qu(1)) = Z[J]Tr (e PO, (SCKQH[JZO](l))) (5.134)
| write the contour identity back into interaction operators
1 1 1
- 707 Tr( —BH[J=0] (Tehft d2J(2)Qr =0 ( > QH[J 0]( ) <Te hft d2J(2 QH[J:O](2)>>
1

= ™ (efﬁH[JZOIS(ton)QH[J:O](1)5(71150)) (5.135)

Again we emphasize that we wrote ¢t as 7 to indicate that t; is arbitrary. Take the time derivative
with respect to 7,

9(Quin(l B .
<gm()> {Tl“ (efﬁH[J_O]S(toﬁ)QH[J:o}(1)5(71750))
1
+Tr (ef’BH[JZO]S(tOTﬁQH[J o(1)S (Tlt0)>
+Tr (e V=05 (tg7) Q17— (1) (ko) ) } (5.136)
where
S(tom) = 2o i IR 2I@n=0) (5.137)
87’1
)
= S(tom) (h) > T3 (1) Qjagoriiy—o) (T1) (5.138)
J2d2
| abbreviate as”
7
= S(tom) <h> ZJ2(TI)Q2H[J:O] (71) (5.139)
2
. o) T ]
S(’rltO) — ailTe n f 1 d2.J(2 QH[J:O](2) = S(Tlto) <—;> ZJ2(T1)Q2H[J:O] (7'1) (5140)
2

where the evaluation is done by differentiating the lower and upper limits respectively. So

P :
@gz](l» — Z?J]{Tr(e—ﬁH[J=0]S<tOTl)QH[J:0](1)S(nto))

9As an abbreviation in the subscript, we denote j1q1 — 1 and ji1,—¢i — 1. As an abbreviation in the argument, we
denote 7111 — 1.
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+% %: Jo(71)Tr (e—ﬁH[J:OJ S(tor) [Qarrs—o)(11), Qerpy=o)(1)] _ s(mo)) }

| the commutator is zero due to the Q@ equal time commutation relations

= Z?J]Tr (e_ﬂH[JZO}S(tOTI)QH[JZO](1)S<T1t0)> (5.141)
= <QH[J](1)> (5.142)

Now take the second time derivative. Everything is the same but the commutator is now of this

form [Q, Q]

0? .
W _ aaﬁ<QH[J](1)> (5.143)
1

= m {TI‘ (e*ﬁH[J=U]S(tOT1)QH[J:0](1)S(7-1t0))

+% g Jz(Tl)TI" <€_5H[JO]S(1507'1) |:Q2H[J:0] (Tl), QH[JZO](l):| B S(Tlt0)> }

h
| the commutator evaluates to (—) 019

1 P .
= 7] Tr (e BH[J*O}S(toTl)QH[J:O](1)5(7'1150)) — Ji(m) (5.144)
= <QH[J](1)> — Ji(71) (5.145)
Use the Heisenberg equation of motion for Q) a(1)
Qui(1)
1 1
= —wiQpu(1) — B Vl(;§h)Q2H[J (71)Q3m11(71) 3*2 QQH[J] (1) Q3517 (11)Qarrs)(11)
23 234

The final equation of motion is

82
<872 +w1> (Quin(1)) + Ji(11)
Zvljgh (Q2a1) (1) Qs (1)) 3 Z Tt Q2H[J] (11)Qsp1) (1) Qurrpy) (11))

234
(5.146)

Use the relation D”(1,2) <QH[J] > to get the equation of motion for D”.

62
(8 2+w1> D7(1,2) 2'2‘/1235}1 702) <Q2H[J 1) Q31 (T )>

+3 Z v (4ok) QzH[J] (1) Q31110 (1) Qurpy (11))

234
234 5J

= —5125(7'1 - 7'2) (5'147)
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This equation is the left BBGKY equation for the 3-phonon and 4-phonon many body interactions.
We do not need the right BBGKY equation because we will eventually set J — 0 (actually (Q) — 0) at
the end and return to the equilibrium theory where it a function of time differences instead of a function
of 2 seperate times.

Now we want to write it into a form that looks like Dyson’s equation and yet it is a self consistent
equation that retains the exactness of the left BBGKY equation. Start by using the equal time version
of the identity.

_ZzD {5(ri7m1) + (Quart)(11)) ; (Qamr) (1)) = (Quaag) (1) Q) (1)) (5.148)

The equation of motion becomes

0? h
(8 2 +°"1> 21 ngfh < D34(7'171 Jr<Q3H[J 71) > <Q4H >>

4 h h h(;Dé]4(’7'17'1) J
3| Z 1355 5J 2) <_> <_-5J5(7_1) + 3D3,(T171) <Q5H[J](7'1)>

i i
~ <Q3H[J} (11)) (Quarn (1)) (@5 (Tl)>>
= —(512(5(7'1 — TQ) (5149)
Now take the functional derivatives explicitly and seperately

“3-phonon term”

0 h
= 5@ <_z'Dé]4(TlTl) +( Qs (1)) (Qump (71)>> (5.150)
| use product rule and last 2 terms are the same after relabelling indices
h6D3,(T171)
= i@ T 2D35(r172) (Qanyy) (1)) (5.151)

“4-phonon term”

0 <7L(5D3]4(7’17'1)
5J( ) 7 5J5(7'1)

+ 3D4y(1171) Qs 17 (11)) — % (Qsu(11)) (Qurn (1)) Qs (71)>>

= ?gfé)%sf]?;)) + 35D§jl] nn) (Qsm1)(11)) +3D3, (11 1)W

—%W (Qurn(11)) ; (Qshn (1)) (5.152)
| where the factor of 3 in the last term is due to relabelling of indices
- ?;Jf?ifsggf) + 82 2AN) (Gu)) + 3D D)

—3ﬁDé]2(Tsz) (Qaniy (1)) (@sm (1)) (5.153)

The left BBGKY equation becomes,

o J 1h 77 (3ph) 5Dé]4(7'171)
<a 7 T )D (1,2) - 204 34 Visa 5J(2)
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(3ph) J (4ph) 62D, (T171)
Zvlfsf Dsy(1172) <Q4H[J}(Tl) < ) Z 1355 5J(2)6J5(11)

1 h ~ (4ph ODL, (17 1 ﬁ (4ph)
C2ld ‘/1(355)%((21)1) (Qsmis (1)) Zvlgﬁ Dyy(m171) Dy (1172)
T 345 ! 345
o1 Z ‘G;f:)Dm (1172) (Qump) (1)) (Qsmp (1))
345
= —0126(m1 — 72) (5.154)

To treat the functional dependence of J as the functional dependence of <Q H] J]> ; we need to remove
all remaining dependence of J by using the chain rule

o _ 5 (Qun(3)), ' 5
8J(2) /ch3< dJ(2) QH[J] /d3D 2 5<QH @), (5.155)

We also define the inverse Green’s function which will be used later

/ d2D”?(1,2) D717 (2,3) :/ d2D~Y(1,2)D7(2,3) = 6136(11 — 73) (5.156)
K cK
Now we can rewrite the dependences as D7 — D9 and limy_,o D’ — lim<QH[J]>J_>0 D9.
“Rewriting second term (and fifth term) in left BBGKY equation”
_ ng}(g)ﬁ) (5.157)
= / d6 D (6, 2)5‘255?4(728; (5.158)
K a((6)) ;
“Rewriting fourth term in left BBGKY equation”
21J
_ (m (5.159)
- / e, Q)W / dﬁD%(Tﬁﬁ)@HfWDﬁ(ﬁﬁ) (5.160)
= / ) d7d6 D% (7, 2)6@1{%(7)> (pgg T6T1 5<QI;5J]>D?€1<T1T1)> (5.161)

The final expression for the left BBGKY equation is

82
<a 2 +W1) De(1,2) +Z‘/1§f "D, (Quapn(m))
34

Q
= V (3ph) d6D® 6,2 M
Z 15 / ( )5<QH[J](6>>

21 Z‘G;f; DQ (T172) <Q4H[J}(Tl)> <Q5H[J](Tl)>

345
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Lt 4ph
1345
345

Q
_ LS prapn) / dGDQ(6,2)w34(m1)><Q5H[J](ﬁ)>

20 £ 13 0 (Q)(6)

DQ TlTl)D?Z (T172)

(4ph) Q 7(5 Q TeT 76 Q T
( ’L> e V1345 /K d7d6D (77 2)5 <QH[J](7)> <D65( 6 1)5 <QH[J](6)>D34( 1 1))
= —d190(11 — T2) (5.162)

Having the exact equation, we will now calculate the Dyson equation in the form of D~ = DO-1_¥%
so as to obtain the self energy, ¥ in the exact form. We start by multiplying D~'? and sum over and
integrate over the variables. We calculate each term seperately.

2
“LHS first term” = <882 —i—wl)/ d2D%(1,2)D719(2,8) (5.163)
0? "
= (a 3 —i—w1> 6185(7'1 — 7’8) (5.164)
= —DO-1(1,8) (5.165)

The negative sign in front of D=1 is due to the convention D(®~1D©) = delta. One can also check
directly by taking time derivatives of the harmonic D).

“LHS second term” = ZVlg’fh/ d2D%(ti1t2) D719(2,8) (Qarps (1)) (5.166)
= Zvlsf 5380(m1 — 78) (Qurr)(11)) (5.167)
= ZVlg’f (Qarrps (1)) 6(11 — 78) (5.168)
_ 5DQ (’7’17’1)
“LHS third term” = —fvalzjfh / d6d2D?(6,2)D719(2,8) 24—~ (5.169)
5 (Qu1(6))
6D%, (T171)
= == VSP"/ 65630 (5 — 78) ~—2A L1 5.170
Z E O (7s 8>5<QH[J](6)> (5:.170)
1h ~ (3ph) (5D§i(7’171)
P A D TG IV (5.171)
20i 2 B 5 (Qun(8))
1 ~ _
“LHS fourth term” = vaf; / 2D (r172) D92, 8) (Qury) (1)) (Qs 1) (1) X5.172)
1
Y Q4H[J] T1 ><Q5H >5(7'1 —13) (5.173)
45
“LHS fifth term” = ——— Vl?jlf:)/ d2D34 TIT1) 52(7'172)D_1Q(2,8) (5.174)

345
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_**Z Vi DSy (rim)d(ry — 75) (5.175)

“LHS sixth term”

_1h (4ph) Q 1y gy 9D5i(TT1)
ZV1345 / d6d2D%(6,2)D (2’8)6<QH[J](6)> <Q5H[J](Tl)>

345
4ph) 5D34 (171) <Q
= =5~ A o\ 5H[J](7'1)> (5.176)
324; 1345 5(Q [J}(8)>

“LHS seventh term”

_ LN S e
31\ g Z 1345
345

1) 1)
d7d6d2D% 7,2 D1 2,8) —/———~ DQ 7DQ 5.177
X/CK ( ) ( )5<QH[J}(7)> ( 65 TeT1 5<QHJ] > 34(7'17'1)> ( )

_ l (4ph) L Q o L Q o
] ( > 324;‘/1545 5 (Qu(8)) <D65( ° 1)5<QH[J](6)>D34( ' 1)> (5.178)

“RHS” = —/ d2D71Q(2,8)5125(71 —Ty) = —Di_le(Tng) (5.179)
CK

We will now change 5@ — D5 @) by using the definition of the inverse Green’s function. Then that

allows us to define the vertex function and the self energy and that completes the derivation of Dyson
equation in exact form. After that we will iterate these equations and generate diagrams for the self
energy.

Start with the relation for the inverse Green’s function

6130(11 —13) = / d2D®(1,2)D719(2,3) (5.180)
5 :
| take m on both sides
_ §D9(1,2) o 0 6§D~12(2,3)
0 = /CK d2 <6<QH[J](4)>D (2,3) + D¥(1,2) 75— <QH[J](4)>> (5.181)

\ apply/ d3D%(3,5) on both sides
CK

0 = /CK d2d3 <m9—w(2, 3)D?(3,5) + D1, 2)%19@(37 5)>
m = - /CK d2d3D%(1, 2)%,362(37 5) (5.152)
| define the vertex function T'(2,4,3) = g?@jﬁzji
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The left BBGKY equation is now in the Dyson equation form

D@ =pO-1 4. (5.184)
where we define the terms in [- - -] as the self energy ¥ which we will write it out explicitly very soon.
D719(1,2) = DO1(1,2) — (1, 2) (5.185)
To see the relationship between the vertex function and the self energy, we act W on the
H[J]
Dyson’s equation to get ’
§D719(1,2) 6%(1,2)
—_ L =0 (5.186)
5 (Qun(3)), 5 (Qun(3)),
From the definition of the vertex function, we immediately see
62(1,2
r(,3,2) =022 (5.187)
Now we will write down the (exact) explicit form of the self energy,
,2)
Z B (Qaprin (7)) 6(ry — ) — = Z 730 / d5d6 D (r175)T(5, 2, 6) DO, (7571
3
(4ph)
+ 5 Z V12§4 (Qzu1y(11)) (Qup (1)) 6(11 — 72)
- == Z 1;5; DQ (T171)0(11 — T2)
1h (4ph)
- jgz 1355 (@snpn(m1 >/ d6d7D36(TlTﬁ) (6,2,7)D 74(777'1)
345
(4ph) / J ( Q Q
7 d6——0 (D& (rem) / d47d8DQ (1 7)T(7, 6,8) D (Tgn)>
( > ; B o 6 (Qun@) % ex 57 o

In the last term, we can only take the functional derivative m only when the explicit form of '
is known.

The rule for calculation is that the self energy is explicitly iterated by calculating the vertex function
'=—5 (Q) then I is inserted into X to get an iterated self energy term, after that we will set (Q H] J]> =0

and write DY — D in the iterated self energy term. We will iterate and explicitly show the 5 terms of
the lowest order with coupling constants of the form, V(3ph)2, V (4ph) V(4ph)2, v 3ph)? Y7 (4ph) ang 7 (3ph)*,
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5.4.2 Library of Phonon-Phonon Self-Consistent Self Energies
5.4.2.1 Vh) Term

This term is simply the third term in X.

«7(4Ph) elf consistent self energy” = ——-— Z Vl(;f:)D34(7'17'1)5(7'1 —T3) (5.188)
34

| now set (Q); =0and DY - D

- 1(;52 ' Dys(rim)d(r1 = 7) (5.189)

Figure 5.10: The self consistent V*PP) self energy.

Now we need to assign signs to the wave vectors ¢. Note that the sign for ¢ has already been fixed.
The reason (I believe) is to allow the final calculation to end up with some combination of coupling
constants (which is complex) which is real. Assign “arrows” to (full) Green’s functions to point to the
right and “in” is denoted by ji, —@1 = 1 and “out” is denoted by jog> = 2.

Yi2(nm) = -5 ZVlglf; D34(1172)6(T1 — 72) (5.190)

In QKE, we will need the lesser and the greater components, so using Langreth’s theorem, we have

1h
Shh(tite) = 37 Z ‘G(;f;)D§4(t1t2)5(tl —12) (5.191)
S5 (hty) = —-- Zvlg*f; D5 (t1t2)8(ty — to) (5.192)

This term is a Hartree term because it only contributes the equal time part of the self energy (or
w = 0 part) i.e. the DC part of the self energy which is real only.
5.4.2.2 VGPM® Term

This term is obtained by taking the first self energy term in ¥ to generate the vertex functions. This
vertex function, I' is substituted into the second term in X to give the required self energy term.

'(5,2,6) = _5<QH(E]](2)>Z 5g)$h (Qrr1y)(ts)) 6(75 — T6) (5.193)
= _Z%(ggh)@?(s(%—72)5(75—76) (5.194)

7
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= Vet d(rs — 72)0(75 — 76) (5.195)
Use this I' in the second term of ¥ to generate the self energy term,

«i7(3p1)” gelf consistent self energy”

1h

= 3 Z Vl(;ffh)/ d5d6D§25(TlT5) (_V5(632ph)5(75 — 79)d(75 — 76)> D&(Tﬁ’]’l) (5.196)
34 cK

| now take (Q); = 0 and write D? — D

= Z Ve Vet Dys (1172) Dea(ram1) (5.197)
3456

N

2 = 2: 2(1,2) =1 2
\/

Figure 5.11: The left diagram is the vertex function which is the coupling constant in this case. The
right diagram is the self consistent v (3ph)? self energy.

We assign the signs to ¢ according to the convention stated earlier. We get,
(3ph) {7
Yip(nim) = Z VlSéf . D35(7'1T2)D64(T27'1) (5.198)
! 3456

Using Langreth’s theorem, we get the lesser and the greater components of Y19(7172) which is in
parallel multiplication.

S (tit) = Zvlg’f" VASP) D2 (4182) Dy (tat1) (5.199)
Lh 3ph) < (3ph
Shitit) = 5 25T VG DS (t1t2) Dg (tat1) (5.200)
34

5.4.2.3 V“h)? Term

This self consistent self energy term is obtained by using the third term in ¥ to construct I' and
substituting into the sixth term of X for iteration.

I'(7,6,8) s <QH[J] 2, Z ~7§15ifo <Q9H[J 77)> <Q10H[J] (77)> 6(r7 — 78) (5.201)
9,10
= Z ‘/7;5}{0 —78) (8600 (77 — 76) (Quom() (t7)) + (Qomps (7)) 86,100 (77 — 76))
" 9,10

| indices 9,10 are symmetric after relabelling
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= =) V?ééﬂllo &(m7 — 78)0(77 — 76)86,10 (Qoms) (7)) (5.202)
9.10
= - Z Vst 8(72 — 15)8(r7 — 76) (Qoms (7)) (5.203)
5T(7,6,8)

We substitute this I' into the sixth term of ¥(1,2) and retaining only the term where Qi ()
H[J]

because the rest vanish when we ignore thermal expansion.

«7(4P1)” elf consistent self energy”

IR WARARE S ST
o3\ g Z 1345

345
5 (Qomp(17))
x | d6d7d8DZ DY VAN 51y — 78) (77 — 76) = D@
/CK 65(T671) D37 (T177) ( Z 7896 0(T7 — 78)8(T7 — 76) 5<QH[J](2)> 54(7871)
- ( > DIRANVMATAT / d7DE (77m1) DL (1177)8 (77 — 72) DS, (7771 (5.204)
34568 K
| WecansetDQ—>D
= TANRATAC(0Y)) D D 2
Z 1345 Vasae Des(12m1) D37(T172) Dsa(m271) (5.205)
345678

Figure 5.12: The self consistent v (dph)? self energy.
We assign the signs to ¢ according to the convention assigned earlier. We get
h) v (4ph
Yia(mim2) = ( > > ‘/1;55)V7g§6)D65(T2Tl)D37(7_17'2)D84(T27'1) (5.206)
345678

Using Langreth’s theorem, we get the lesser and the greater components of ¥19(7172) which is in
parallel multiplication.

(4ph) 4 h)
Sh(tit) = ( > S VAPV D (tat) D3y (t1t2) Dy (ram1) (5.207)
345678
St = —5 (- ) S VUGN Dz (10 DR () D () (5208)

345678
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5.4.2.4 V0GP UPh) Type-1 Term

There are 3 types of diagrams of this order. We will calculate type 1 first, which is made up of a sum
of 2 equal terms. We start with the first term of type 1 by constructing the vertex function from the
first term of 3.

0
(6,2, 7) _W Z 678 <Q8H[J 76)> 6(16 — 1) (5.209)
= Z Vst 850 (76 — 72)8(76 — 77) (5.210)
= _VG(72 "8(r6 — m2)8(76 — 71) (5.211)

Put I'(6,2,7) into term 5 of 3(1,2) to generate the self energy term.

1A -
$(1,2) = —_Z‘/'i(;f;)<Q5H[J](n)>/ d6d7DS,(1176)T(6, 2, 7) DS, (771) (5.212)
345 CK

= Z/ d6d7V1;f; (Sph <Q5H[J] (7-1)> D:?G(Tlrﬁ)(S(TG —12)d(76 — 7'7)D$4(7'7T1)
! 345

1A

= > ‘G(;f;)%(g’ph) (Qsp1s)(11)) D§(1172) D, (m2m1) (5.213)

2!
‘ 34567

We take this self energy term to generate the vertex function I'(5, 2, 6).

o 1 ﬁ (4ph) 7 (3ph)
I'(5,2,6) = ——F—— Z V57§9 Olil 6 <Q9H[J (7'5)> Dz 10(T576)D?1,8(7—67-5)
g <QH[J] b 789.10,11
= o Z 5(7455 Vl(g)ﬁfll 65295(7'2 - TS)Dglo(TBTﬁ)D%,s(TGTS) (5.214)
b 789.10,11
(4ph) {7 (3ph)
= 97 Z V57§2 0?1 65(72—75)D$,10(T5T6)D?1,8(7675) (5.215)
L g0

and finally we substitute this vertex function into the second term of ¥ to get the final self energy term.

“Term 1 of V(37h) {7 (4ph) type 1 self consistent self energy

_ _fvag’fh) / d5d6
CK

x D (r175) Z Vb Vi 6d(ma — 75) DL 1o (m576) DS 5 (675) | DE(7671) (5.216)
78 10,11

| we can now write D? — D

1 /h\? h) h
T4 () > / d6V ST Vi Vi s Das (7172) Dz 10 (ma76) Din s (7672) Dea (7671 )5.217)
34578,10,11

We calculate the second term of type 1 by generating the vertex function from the third term of X.

F(5, 2, 6) > 91 Z V5678 <Q7H[J (7'5)> <Q8H[J] (7'5)> 5(7'5 - 7'6) (5218)

- 0{Quin(2)
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| the 2 differentiated terms are the same after relabelling of indices

- Z ‘75%5?5725(75 —72) <Q8H[J] (75)> d(15 — 76) (5.219)
78

= = Vi (Qsn(75)) (75 — m2)8(r5 — 76) (5.220)
8

Now insert this vertex function into the second term of ¥ to get an iterated self energy term.

£(1,2) = Z / A5V DS (ri7s) Vi 6 (75 — 72) (Qspriy(75)) D&y (7m1)  (5.221)
! 3486
1h
_ f'fzvﬁph VP DL (r170) ( Qs (72)) DGy (ram1) (5.222)
34568

Use this self energy term to calculate the vertex function I'(5, 2, 6) and we only retain the term involving
6(Qs i (t2))

L because the other terms vanish when we ignore thermal expansion.

<QH[J( ),
J (3ph) 1 (4ph
I'(5,2,6) Qi Z V:’) 4 1]())(211 %(7576) (Qu1r1)(76)) D%g(m%)
< 1()(2 ! 789,10,11
T Z Vg Vg(%}% 2D (m576) D (7675)3 (76 — 7) (5.223)
! 789,10

Substitute this vertex function I'(5, 2, 6) into the second term of ¥ to get the final self energy term.

“Term 2 of V(37h)*y7(4ph) type 1 self consistent self energy”

— _7721/1317}1)

h) < (4ph)
x/ d5d6D§5(7—175 - Z V53p zi’(’m2D%(757'6)D?0,8(767'5)5(7'6 —T2) D(é24(767'1)
CK 789 10

| we can write D — D

1 (h\?
- 4<,> 3 / sV P VI U ) Das (r175) Drg(572) D1o,s(1275) Dea(rem)  (5.224)
346789,10

This is the same as the previous term, thus the 2 terms add up.
We assign the signs to ¢ according to the convention assigned earlier. We get,

1 (h\?
Yio(mime) = 2<2> > /d Vl(gfh)‘/},(?gh)%(ﬁhﬁ)2D35(7175)D79(T5Tz)D1o,8(T275)D64(7271)
3456789,10

(5.225)

Using Langreth’s theorem, we get the lesser and the greater components of ¥19(7172) which is in
vertex multiplication. The contours to use are shown in the diagram.
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NG A

Figure 5.13: The upper diagram is the vertex function. The lower diagram is the self consistent
v/ (3ph)? 1/ (3ph) Type-1 self energy.

: S . b
| |

} e (t) } e (1)

Figure 5.14: The left diagram is for calculating X7,(t1t2) and the right diagram is for calculating
Y5 (tate). These contour diagrams are used for all calculations for all the remaining self consistent
self energies in this section.

1 /r\? -
Sh(tity) = 2<> > /dTE)Vlsfh 55’5@‘@(?3 D35(t175) D79 (Tst2) D10,8(t275) Dgy (tat1)
3456789, 10
_ o 1(ny? 7(30h) 7/(30h) o (1ph)
~ 9\ Z 134 "578 V9,10,6,2

X / d7'5+/ d7'5 D35(t175)D79(7'5752)D1078(t2T5)D6<4(t2t1) (5226)
CK(tz) CK(tl)
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1(h)? (3ph) 5 (3ph) 5 (4ph)
- 2<Z> Z Vist Varg V 0,6,2
3456789,10

X {/ ( )dT5D§5(t17'5)D79(T5t2)D1078(7§27'5)D6<4(7f2t1)
to

+/ dT5D35(t1T5)D79(T5t2)D10 8(t27’5)D64(t2t1)} (5227)

N

(3ph) y7(3ph) t7(4ph)
( ) V134 V578 V 0,6,2
3456789,10

X { dts D35 (tits) (D7y(tst2) Dig s(tats) — Drg(tsta) Dy s(tats)) Dey(tatt)

t1
+/ dts (D35 (t1t5) — Dz (tats)) D%(tg,tg)DfQS(tgtg))Dé(tgtl)} (5.228)
to
< _ 1(ny? e T3P ) 7 k) D>
n(titz) = o\ Z Vg Vs V5.10,6.0035(£175) Dro(7st2) D108 (t27s5) Dg, (at1)
3456789,10 ¥ CK
2
_ 1<ﬁ> 7 (30h) {7 (30h) 1 (4ph)
= 9\ 134 V578 V9,106,
3456789,10
« / drs + / d7s | Dys(t175) Dro(7sta) Dios(t2ms) iy (tat) (5.229)
ek (t1) ek (t2)
_ Ly’ 7o) o ot
- 9\ Z 134 '578 06,2
3456789,10
X {/ dT5D35(t1T5)D7<9(T5t2)D1>078(t27'5)Dg4(t2t1)
ek (t1)
+ / dT5D3<5(t175)D79(T5t2)D1078(t27'5)D6>4(t2t1)} (5.230)
(t2)
_ 1y’ 73ph) 7 (3ph) - (4ph)
- 2\ Z 134 '578 V9,106,
3456789,10
t1
| [ dts (D3(0115) — D5 (12)) Dtst) Dt D12
to

to
+/ dts D3 (t1t5) (D7<9(t5t2)D1>o,s(t2t5)—D7>9(t5t2)D1<o,s(t2t5))D6>4(t2t1)} (5.231)
to

5.4.2.5 V) 4ph) Type-2 Term

For the type 2 term, we can get it when we use an earlier used vertex function to close the last term of
3. The vertex function is

1(7,6,8) = QH[J] Zw " (Qonpn (1)) 8(77 — 78) (5.232)
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= — Z f/7(83§h)(5695(7'7 — 76)0(T7 — T8) (5.233)

~ —V7(3ph)5(77 — 76)3(7r — 7) (5.234)

As said, we now insert this vertex function into the last term of 3.

_ (4ph) #
$(1,2) = ( ) ;Vm% / d6d7d85 @)
x (D%(m)D%(rm) (V" o(rs = 76)3(rr = 7)) DE(rsm) ) (5.235)

_ < ) S / 470 (DS (1) D (r177) DG, (75 )5.236)
34568 5<QH[J] >

| the 3 terms from differentiation are the same after relabelling indices

e
- < ) DDRAYAATAE / d76657(77ﬁ)D§27(7177)D&(7771) (5.237)
34568 CK 5<QH[J](2)>

§DE
| use 2Pss(Trm) / d9d(10) DG (r9)T'(9,2,10) DY (7,07

5 {(Qun(2))  Jex
| and write D? — D

1 h
= 9 (‘) Z gg 7(83é)h)‘/9(32p{3 d7Dgg(1772)D10,5(7271) D37(7177) Dga(7771)
’ 345689,10 K

1 I |
Figure 5.15: The self consistent v/ (3ph)? 7 (4ph) Type-2 self energy.
We assign the signs to ¢ according to the convention assigned earlier. We get,
5 _ Lmy VP Eh) g Gon) [ g p D D D
2(nn) = 57 S Vi Vi 9.2.10 77 Deg(T772) D10,5(T271) D37(T177) Dsa(7771)

3456789,10 K

Using Langreth’s theorem, we get the lesser and the greater components of ¥19(7172) which is in
vertex multiplication. The contours to use is given in the diagram given in the earlier self energy
example.
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Yo (tit2)

S (tit2)

1 (k) -
() Z X/1<§f5")1/7(83§”‘)v(‘°;”f3/ dr7 Deg(7rt2) Diy 5(t2t1) Daz(t177) Da(7rt1)
'/ 3456789,10 cK

L(h\? 0 5o 0o
o\ Z 1345 "7 2,10
3456789,10

X / d7‘7+/ drr D69(7‘7t2)D1<0’5(tgtl)D37(t1T7)D84(T7t1) (5.238)
K (t2) K (t1)

2
L (h> S e o)
L 3456789,10

X {/ dT7D69 (7’7t2)D1<075 (tgtl)D3>7(t1T7)D8<4 (T7t1)
c

K (t2)
+ ( )d7'7D6>9(T7t2)D1<0’5(t2t1)D37(tlT7)D84(T7t1)} (5.239)
ci (t1
Ay ) o) oot
2\ i Z 1345 "7
3456789,10

t2
X { dt7 (Dgy(trta) — Dey(trta)) Dip 5(t2t1) Day(titr) Dy (trt1)
t
t1
- / dt7 Dy (trta) D5y 5 (tat1) (D37 (t1tr) Dy (trt) —D3<7(t1t7)D§1(t7t1))} (5.240)
to

1 /Rh\? ~_(4ph) +(3ph) v (3ph
- (Z> S vy / dr; Deg(77t2) D5y 5 (t2t1) Dz (t177) Dsa(7rt1)
3456789,10 €K

X / dT7+/ dry DGQ(T7t2)D1>075(tztl)D37(t17'7)D84(T7t1) (5.241)
cx (t1) ci (t2)

1 (h)? - N 5
L () S e o)
v/ 3456789,10 ’

X

{/ ( )dT7D6<9(T7t2)D1>075(tgtl)D37(t17'7)D84(7'7t1)
ci (t1
+ / ( )dT7D69<T7t2)D1>075(tgtl)D3<7(t1T7)D§1(T7t1)} (5.242)
ci(ta
1 (h)\? 0 5o 0o
o\ Z 1345 77 2,10
3456789,10

t1
x { / dt7 Dy (trt2) Dig 5(tat1) (D7 (tity) Dey(trtr) — D3y(titr) Dgy(tet1))
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to
+/ dtr (Dgy(trta) — Dgy(trt2)) D1>o,5(t27f1)D§7(t1t7)D§1(t7t1)} (5.243)

to

5.4.2.6 V)Y 4ph) Type-3 Term

For the type 3 term, we use the fourth term of X to generate the vertex function and close the expression
with the vertex function coming from first term of .

d (4ph)
r5,2,6) = ———— v (7575)6(75 — 76) (5.244)
<QH[J < Z 5786 78
4ph) 5D78 ’7'57'5) (5(7’
_ OZ\T5) 50 ) (5.245)
Z 5786 5 [J](2)>
0D= (t5t
| use ﬂ = / d9d(10) D% (7579)L(9,2,10) DY) 4 (t10t5)
<QH ( )> CK
| use the vertex function from first term of 3, I'(9,2,10) = —179(73”’{’85(7-9 — 72)8(19 — T10)
= Z VitV SzpfoDQ (r572) D g(7275)3(75 — 75) (5.246)
! 78910

Insert this vertex function, I'(5,2,6) into second term of ¥ to get an iterated self energy term.

3ph
2(172) = —f*ZV1(3f)

x / d5d6D(r17s) | — o~ Z Vet Vo) DY (r5m2) D  (r275)8(75 — 76) | DS, (671)
CK 789 10
| write D? — D
1/h

2
= 4<i> > /d5V1(3ph)V5(?§)6h)Vg(zp{gD%(7175)1779(7572)D10,8(T2T5)D64(T5Tl) (5.247)
346789,10

5 8
, 7 (4ph) ,
6 7

Figure 5.16: The self consistent v/ (3ph)? 17 (4ph) Type-3 self energy.
We assign the signs to ¢ according to the convention assigned earlier. We get

1/h
Yio(mime) = <

2
4 z> 134 '5786 '9,2,10
3456789,10 7 €

/ drs VP (4ph)~(gph)D35(TlT5)D79(T5T2)D108(7275)1764(7571)
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Using Langreth’s theorem, we get the lesser and the greater components of ¥19(7172) which is in
vertex multiplication. The contours to use is given in the diagram given in the earlier self energy

example.

iy (tita)

Sh(tite)

Z Vfg’fh)%(?g’g% 10/ drs5 D35(t175) D79 (75t2) D10,s(t275) Dea(T5t1)

1/(h
4\ ¢
3456789,10

(3ph) v (4ph) v (3ph)
Z V134 Varss Vo.2.10

3456789,10

X / dT5+/ d’7'5 D35(t1’7'5)D79(T5t2)D10’8(t27'5)D64(T5t1) (5248)
ck (t2) ek (t1)

1 h>2 S Sy g
; 134 9,2,10
4 ¢ 3456789,10

X

{/ ( )d7'5D3>5(t1T5)D79(7'5152)D1078(t2T5)D6<4(7’5t1)
K (T2

_l’_

/ ( )dT5D35(t1T5)D7>9(7’5t2)D1<078(t27'5)D64(T5t1)} (5.249)
ci (t1

L(hY? (8ph) ;7 (4ph) ;7(3ph)
4<z> Z V134 5786 ©9,2,10

3456789,10

to
X / dts D35 (t1ts) (Dsg(tst2) Dip g(tats) — Drg(tsta) Dy g(tats)) Dey(tst1)

to

t1
+ / dts (D35 (ti1ts) Doy (tst2) Dy s(tats) Dy (tsth)

to

— D35 (t1ts) D7y (tsta) Dy g (tats) Dgy(tst)) (5.250)

1 /h\? (8ph) 7 (4ph) 7 (3ph)

i\ DI Tt T e 210/ d75 D35 (t175) D79 (T5t2) D108 (t275) Dea(75t1)
3456789,10 CK

134 5786
3456789,10

2
LYy RSN
4\
X (/ ( )d7'5—|-/ ( )dT5> D35(t1T5)D79(T5t2)D1078(t2T5)D64(7’5t1) (5.251)
ci(t1 to

1 /h\? -

Lfin Z 7 (3ph) v 4ph) V(i’)pi})

4\ 134 Vars 9,2,10
3456789,10

X

{/( d7s D35 (t175) Do (Tst2) D1y g(t275) Dea(T5t1)
K (t1)

+

/ : d7'5D35 t17’5)D7g(7’5t2)D10 8(t275)D64(T5t1)} (5.252)
CK tz

h (3ph) 7 (4ph) £ (3ph)
(l> V134 Vars6 V 2,10
3456789,10

=
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t1
X { / dts (D35 (t1ts) D (tsta) Dig g (tats) Dy (tst1)

to

— D35 (t1ts) Dyg(tsta) D1y g (tats) Dgy (tst1))
to

+ dts D35 (t1ts) (D7<9(t5t2)D1>078(t2t5)—D7>9(t5t2)D1<0’8(t2t5))D6>4(t5t1)} (5.253)
to

5.4.2.7 V(?’ph)4 Term

We get this term by using the earlier V3Ph)? gelf energy term to generate the vertex term. We will
also use the vertex term from the V3P"? calculation to close the expression. Then the vertex term is
substituted into the second term of 3 to generate the self energy term.

J

(5,26 = ———“PBM’ term in 2(5,6)” (5.254)
0 (Qup(2))
= 0 1 S gl gt po DY 5.255
= @7 Z 578 10 6 D7o(7576) 10,8(7'67'5) (5.255)
a1)( ! 789,10
| use product rule and the 2 terms add after relabelling indices
Q
3ph) 7 (3ph) 6D79(7576)
= Z Vit 1%6 <—5<Q79(2)>D?0,8(7675)> (5.256)
! 789,10 H[J]
5D2
| recall the relation —(m = d(ll)d(lQ)D%l(T5T11)F(11, 2, 12)D1Q2,9(71276)
cK
| use the VOGP vertex function, i.e. I'(11,2,12) = Vl(f’ghl)Qé(Tn —12)0(T11 — T12)
h 3ph) ¢(3ph) ¢ (3ph
= == Z V5( 1 )%(1% gV1(1g 1)2D$11(7572)D?2,9(T2T6)D%,8(7675) (5.257)

! 789,10,11,12

Now substitute this vertex function into the second term of ¥ to generate the self energy term.
h
$(1,2) = Z A / d5d6D35(nr5)

3ph 3ph 3ph
x Z VA U8, DE | (r572) D o (r2m6) DS 5 (7675) D&y (1671) (5.258)
789,10,11,12

1 (h\? 3ph) & (3ph) < (3ph) v (3ph
- 9 <z> > / dsd6 V57" ViE )‘/5(11(;)(3)‘/1(12,1)2
’ 34789,10,11,12
X D35(1175) D7,11(7572) D12,9(T276) D10,8 (7675 ) Dea(T6T1) (5.259)

We assign the signs to ¢ according to the convention assigned earlier. We get

1 /h (3ph) ( ph) 7 (3ph) v (3ph)
Yi2(nime) = 21 <z> / d5d6V134 578 V10,6 V11,212
34789 10,11,12
X D35(7175)D7.11(7572) D12,9(7276 ) D10,8(7675) D64 (76T1) (5.260)

Y12(m17m2) is in vertex multiplication and we see that the use of Langreth’s theorem here is precisely
the vertex multiplication example shown in the NEGF chapter. There are 16 terms for X3 (¢1t2) and
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Figure 5.17: The self consistent v 3ph)* self energy.

Y7, (t1t2) each. We do not proceed further as it is worth a PhD project on its own.

5.5 Kinetic Theory: Boltzmann Equation (BE)

In this section, we go through the basics of Boltzmann kinetic theory for phonon-phonon scattering.
This is to pave the way for the derivation of BE from QKE and to collect standard manipulations of
BE that may help in handling QKE.

The notation 1 = j1¢; and 1 = ji, —@ is used in many instances to save writing.

5.5.1 LHS of BE: Driving Term

The driving term (due to a temperature gradient) is

Full LHS: <(§t + (Vq»lwl) . V,:‘) Ny (5.261)

Later, we will deal with the linearized theory, thus we will need the linearized driving term and so we
now derive the form of the linearized driving term. We linearize the LHS of Boltzmann equation by
N 1 — N 16 q,

LHS = (gt + (Vg wr) - VF) Ny* (5.262)
= (Vgwi) - (V#N{7) (5.263)
ON;?
= (Vgw) (Vi) 7 (5.264)
: 8N16q _ 0 hwi/kpT -1 _ areq eq hwl
| with 5T = aT (e 1) =N, /(N{' + 1)kBT2
€ € h’w
= (Vgwi) - (VA)NI(NT +1) 12 (5.265)
kT
. . e e hwl
Linearized LHS{ (Vg w1) - (VAT)NT?(N;? + 1) T2 (5.266)
B

which is the linearized driving term (LHS) to use in a linearized distribution description.
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5.5.2 RHS of BE: 3-Phonon Collision Operator

The so-called “semi-classical” feature (or “semi-quantum”) in the phonon Boltzmann equation is inco-
operated in the collision operator where the transition rates between modes are calculated via Fermi’s
Golden Rule. The perturbation Hamiltonian is the cubic term in expansion of the interatomic potential.

HGPh = 30 Z Vlgph (a + al) (a% +a2> (ag +a3> (5.267)

(3ph)
= 3 Z 1 ng (a%a%ag + a%aga?, + a}azaz—,’ + a%agag + ala;ag + alagag + alagaj—3 + al@.(%})
1,2,3

Fermi’s Golden Rule by construction reinforces the conservation of energy, thus we ignore the first
and last term as they do not conserve energy. Take distribution N; 7 = Ni to be the reference mode.
We will then calculate the transitions in or out of this reference mode. The Golden Rule formula for
transition rate is

Wiep = — < )H 3ph) ‘f>‘ (E; — Ey) (5.269)

Thus it remains to calculate the transition rate of the 6 terms in the perturbation Hamiltonian.
Actually we are treating it as if there are 6 perturbation Hamiltonians. State 1 = j1q) is treated as the

reference state.!”
2 2
“2nd term, Wony” = % ’<z ’a}a%ag‘ f>’ d(hwi + hwe — hws) ‘Vlgph (5.270)
|  where hw; + hws is the final energy, fuvs is the initial energy
| where [V = VIR = vigvi
| use ladder operator relations, a|N) = V' N|N —1) and a'|N) = VN + 1|N + 1)
1
| use also §(bx) = md(l’)
(3ph) (3ph
| asign [af NIV = (ilaf 1) Vi5s "
_ h2 T(Ny 4+ 1)(Na + 1)N3 ‘Vl(jé’h ‘ §(wy + wa — ws) (5.271)
= (scatters into Nj) (5.272)

We must mention here that the states |i) and |f) are the number states but the “number eigenvalues”
are treated as the nonequilibrium, temperature dependent distribution function. With hindsight from
QKE, labelling the RHS with nonequilibrium distribution functions seems to be very closely related to
self consistency in QKE. We carry on with the other 5 terms in a very similar way.

2 2
“3rd term, W3,y = ] ‘<z ‘aiagat‘ f>‘ (hwy + hws — hws) ‘Vl?’ph ‘ (5.273)
_ h2 T (N1 4+ 1) (N3 + 1) N ‘Vé’é’h ‘ §(wy + w3 — ws) (5.274)
= (scatters into N1 and is the same as Wapq after 2 <+ 3) (5.275)
«“ 9 27 . t 2 (3Ph
4th term, Wyy” = - ‘<z ’aiagag‘ f>’ d(hwi — hwe — hws) ‘V123 ‘ (5.276)

108ince we picked out a unique state for reference, the factor % in the Hamiltonian can be ignored.
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“5th term, Wsy” =

“6th term, Wg” =

2

“Tth term, Wry” = —

h

h

= (scatters out of Ny and is the same as Wy, after 2 <» 3)

We allow an indiscriminant sum over 2 and 3 but we multlply

assign “+ 7 for in-scattering and “ —

Ny +1)NaNs ’V( ph) ‘ 5wy — wa — ws)

hQ ( 123

(scatters into Ny)

2 2
el ) st i

h 2 N1(N2 + 1)(N3 + 1) “qjgh)( §(wa + w3 — wi)

(scatters out of Nyp)

2| /. 2
o (ifanabas| ) o000 — oy — ) [V
2T

?Nl(Nz—l- ) ’Vl(ggh)’ (5(&)2—0)1—(,03)

(scatters out of Ny)

2
‘<Z ’alagai‘ f>’ (ﬁwg — ﬁwg —hwl ‘Vlf}ph ‘

=L Ny Na(N3 + 1) ‘Vé’gh ‘ S(ws — w2 — wi)

7 for out-scattering. The colhslon integral is then,

190

(5.277)
(5.278)

(5.279)

(5.280)
(5.281)

(5.282)

(5.283)
(5.284)

(5.285)

(5.286)
(5.287)

to eliminate double counting. We

ON- 1
aitl = 3 > (2Wand + Wi — Wath — 2Wee) (5.288)
coll 273
1
= > 5 Watn = Wsm) + > (Wana — Wesm) (5.289)
2,3 2,3
relabel indices and use the fact that as completely symmetric indices
label indi d use the fact that V) h letel ic indi
11 27V | (3ph)
= VZié(wl—WQ—uB ‘me ‘ + 1)NaN3 — Ny (Ny + 1)(Ns + 1))
2,3
41 D 6w +ws — 2W ‘V(3ph) ((N1 4 1)(Na + 1)N3 — Ny No(N3 + 1))
% w1 +wa —w3)—5 | Vi3 1 2 3 1V2(V3
1 1 2 \%4
7o) =7 2 50w w2 —ws) = - “G;;fh ‘ (N1 +1)NoN3 — Ni(No + 1)(N3 + 1))
2,3
1 27TV 3ph)
oD 0w+ ws —wa) S ‘Vm ‘ F1)(No + 1)N; — Ny No(N3 +1))|  (5.290)
2,3

which is our final result.
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5.5.2.1 Conservation of energy

We will show that the term from RHS of the phonon Boltzmann is zero. We handle each term on RHS
seperately.

“First term on RHS”

127V ¢
- VZ2 ;; (w1 2—w3)‘ } hwy ((N1 4+ 1)NaN3 — Ni(N2 +1)(N3 + 1)) (5.291)

1,2,3
| swop indices 1 - 3,3 —-2and 2 — 1

1127V
= oot Z‘vgﬁp;’ hwsd(ws — w1 — wa) (N3 + 1)N1 Ny — N3(Ny + 1)(Na + 1)) (5.292)

| use identity d(ax) = —d(x) so that d(ws — w1 — we) = §(w3 + w1 + w2)

1
|al
1127V (3ph)
= o Z ’1{2,172 ’ Fewsd(wi + we — ws) (N1 + 1)(Ng + 1)Ny — N1 N (N3 + 1))(5.293)

“Second term on RHS”

127V
= ST D B+ wn — ) [V ‘ hor (N1 + 1)(Na + DN — NiNo(N3 + 1)) (5.294)
1,2,3

1 1
| write hwy = §hw1 + §M1
1 1
| due to 1,2 symmetry, we swop 1 — 2 in the second term, so hw; = 57%11 + §hw2

1 27rV (3ph) 1

= §e D e e ey
1,2,3

| use the energy conservation delta function to get w1 + wo = w3

127V h)
= v e Z ‘ 1?5p3 ‘ Shwsd(wi + w2 —ws) (N1 +1)(N2 + 1)Ng — NiN2 (N3 + 1)) (5.295)

h(wl + wg) ((Nl + 1)(N2 + 1)N3 — NlNz(Ng + 1))

Thus the 2 terms are the negatives of each other and so their sum is zero.

5.5.2.2 (Distribution) Linearization

We will now work with the linearized (with respect to the distribution) Boltzmann equation so as to
achieve further progress analytically. Linearized quantities will be denoted with A. The linearized
distribution is chosen to be in this form,

Ny~ NS4 ANy = NP4 NSNS+ 1)y, (5.296)

Now we linearize the 3-phonon collision operator and express it in terms of y;. We do it term by
term.

“first term of 1GPM[N,]”
(N1 + 1)NaoNs (5.297)
(NY? + NUHNT + Dy + 1) (Vo 4 Ny (No™ + 1)ya) (N3 + Ny (N3 + 1)ys) (5.298)

| expand and retain to first order in y
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< (VE 4 1)NSINSS(L 4 NSy, (NSO D)y + (NSO 4 1)ys) (5.299)
| the zeroth order term, (NT9 + 1)NSIN$® (in total) makes I®*") = 0, but we drop it first
= (N + 1)NGINGU(NTIyn + (N3 + 1)y + (N5 + 1)ya) (5.300)

We can see that the special form of the linear distribution provides some mathematical convenience
when doing calculations.

“second term of I®PM[Ny]” = Ny(Ny+1)(N3+1) (5.301)
N(NST+ 1) (NS + 1) (NS + Ly + Nys + Nitys)  (5.302)
use identity, Ny4(N? + 1)(N5? + 1) = (N;® + 1) NyAN59

it can be directly checked using the Bose Einstein expressions
(NP NSNS 4 Ly + N5y + Niys) (5.303)

— — U

“first term of IGPM[N;]” — “second term of ICPM [N = — (N7 + 1)NSINSY (g1 — y2 — y3)
Very similarly, for the other 2 terms in the collison integral,
“third term of IGPW[N]” — “fourth term of IGPV[N)]? = —(N$I 4+ 1)NSINTY(y1 + y2 — y3)

Thus the linearized 3-phonon collision integral is

1127V 2
AL = V2 B2 Z ‘ 1(:;1); ‘ O(wr — w2 — W3)(qu + 1)NzeqN§q(y1 — Y2 —Y3)
1 27TV h 2
TV Rz Z ‘ 12133 ‘ d(wr + w2 — ws) (N3 + L)NYINT (1 + 2 — y3) (5.304)

In subsequent sections, it is convenient to treat it as a sum of Normal and Umklapp parts, i.e. AI(3Ph) =

AIEPM 4 ATEPD,

5.5.3 RHS of BE: 4-Phonon Collision Operator

The perturbation Hamiltonian is

Héph) 1 Z 17?;4 (a + a1) (a% + a2> (ag + ag) (a:& + a4> (5.305)
727 74
Tl Z 174;{2;4 (aia;aT T+ aTaTafiaT + aTCLNTGT + ClTa2a3aJr + a1aTaTaT + alaTagat
1,2,3,4
+a1a2aT f + alagagaT + aTaTaT + a4aTaTa3a4 + aTagaTa4 + aTa2a3a4

T,1 T

+arazazas + arazazays + a1a2a§a4 + a1a2a3a4> (5.306)

We drop the first and the last term as they do not conserve energy. Take Nj 4 = Ni to be the reference
mode (and we can ignore the i factor), so indices 2,3 and 4 are free. From Golden Rule the transition
rate is,

H(‘”"h)‘ f>‘2 S(Ef — Ey) (5.307)
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Now we calculate each of the 16 — 2 = 14 terms.
“ 2nd term Wo,q”
_ K jalal agaT‘f>‘ (hwy + hws + hwy — hws) ‘mé”@‘ (5.308)
| use ladder operator relations, a|N) = V' N|N —1) and a'|N) = VN + 1|N + 1)

1
| and use §(hx) = ﬁ5(x)

. . (4ph) (4ph
| a851gn the sign (il [ )|V |? = (ilal| f)| V2 2
_ h2 T (N1 + 1)(Na + 1)N3(Ny + 1) ‘V% m §(wi + w2 + wi — ws) (5.300)
= (scatters into Np) (5.310)

The evaluation of the terms goes through the same process, so we only write the results for the other
13 terms.

“ 3rd term Wipq” T (N7 + 1)No(N3 + 1)(Ny + 1 ‘V Aph) ’ S(wi + w3 + wi —wo) (5.311)

h2 1,234
= (scatters into Np) (5.312)
“ 4th term Wag” = h2 T(N1 + 1)NoN3(Ny + 1) \ng; 4’ S(wr +ws —ws —w3)  (5.313)
= (scatters into Ny 5.314
(
2T
“5th term Wsin” = 5 Ni(Na + 1)(Ng + 1)(Ng +1) (VS”;}J §(wa +ws +ws —w1) (5.315)
= (scatters out of Ny) (5.316)
“ 6th term Wey,” = 52 NlNQ(Ng +1)(Ng+ 1 ’Vl(ép?}le‘ d(wo +ws — w3 — wy) (5.317)
= (scatters out of Np) (5.318)
“ 7th term Wyg,” = h2 2 NINo(Ns + 1)(Ny + 1) ‘Vl(épgi‘ S(ws +wi —wo —wy)  (5.319)
= (scatters out of Np) (5.320)
« 9 2m (4ph
8th term Wgip ﬁNlNgNg(Nzl +1) ‘Vl 9 34‘ O(wg — w1 —wa — ws3) (5.321)
= (scatters out of Np) (5.322)
2m

“ 9th term Wog,” (N1 + 1)(Na + 1)(N3 + 1) Ny (V“”’“ ‘ S(wr + wa +ws —wa) (5.323)

12 1234
= (scatters into Ny) (5.324)

“10th term Wigin” h (Nl + 1)(N2 +1 N3N4 ’V 13 34‘ 5 w1 + Wy — w3 — (,c)4) (5.325)
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= (scatters into Ny)

“11th term Win” = Nj + 1)Na(N3 + 1) Ny ’V 4ph) ‘ O(w1 + wg — wy — wy)

hZ( 1,2,3,4

= (scatters into Ny)

4ph)

“12th term Wigy” = (Nl + 1)N2N3N4 ‘V 1234

h2
= (scatters into Ny)

‘ O(w1 — wo — w3 — wy)

“13th term Wiy = h Nl(N2+1)(N3+1 N }Vépgf,lzl‘ (5 CU2+W3—O.)1 —W4)
= (scatters out of Nyp)
“Uth term Wiay” = 22Ny (Na + 1NN, [V [*5
erm Wi = 5 1(No + 1) N3Ny |V g 4| 0w — w1 — w3 — wy)
= (scatters out of Nyp)
“15th term Wisy” = 5 NlNQ(N3 +1 N4 “/1??},121‘ (5(&)3 — W] — Wy — (,U4)

h
= (scatters out of Np)

194

(5.326)

(5.327)
(5.328)

(5.329)
(5.330)

(5.331)
(5.332)

(5.333)
(5.334)

(5.335)
(5.336)

We can now calculate the collision integral. A % is inserted to allow an indiscriminant sum over

indices 2,3 and 4.

ON-
(4ph) _ “2Y1
d ot

coll
= 3 Z Wand + Ward + Wath — With — Weth — Wren — Wsn
2,34
+Wotn + Wioth + Witen + Wiath — Wizt — Wiaen — Wisen)
| note, Warq = Wang = Wom and Wi, = Wigmn = Wiien
| HOte Wren = Wetn = Wigen and Wi = Wigen = Wisn

= 3 Z 3Wana + 3Wath + Wiath — 3Weth — 3Wsth — Witn)

2,3,4
1
] > (Wond = W) + B Z Wien — Ween) + 3l Z Wiath — Wstn)
"2,34 2,34 2,34

1,2,3,4

(5.337)

(5.338)

(5.339)

1127V
_ Ltlcem Z} y(4rh) ‘ §(wi + wa +wi — ws) (N1 +1)(Na 4+ 1)N3(Ny + 1) — N1 No(N3 + 1)Ny)

AV K2

1 12 V
. Z’ Mph)) O(wr + ws — wa — w3) (N1 + 1) N2N3(Ny + 1) — Ni(No + 1)(N3 + 1) Na)

2'V hz 1,2,3,4

1127V
v Z ‘ Vs ) 6(w1 — w2 — w3 —ws) (N1 + 1)Na N3Ny — Ni(N2 + 1)(N3 + 1)(Ny + 1))

3|V h2 1,2,3,4
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7 (4ph)

1127V
ZEVFZ‘ 1@?54‘ 5(wi +wn + wi — ws) (N1 + 1) (N2 + 1) N3(Ng + 1) — Ny Na(N3 + 1)Ny)

1 1 27TV
v Z! VA 5+ s — wa — w5) (N1 + 1)NaN3(Ni +1) = Na(Na + 1)(N3 + 1)Ny)

1 127V
S'V ;er Z’Vlépgl’ (5(0.)1—&12—&)3—&)4) ((Nl+1)N2N3N4—Nl(N2+1)(N3+1)(N4+1))

(5.340)

5.5.3.1 Conservation of energy

Here we check that the 4-phonon collision integral obeys energy conservation. This is done by checking

?
Zm31§1[(4ph ]1Q1} =0 (5.341)

J1q1

. . 4dph
First 2 terms of expression Z hwj g, 1 “ph) [N Nj ]
na

1127V
= SV 7z Z ‘Vép&‘ hwid(wy + wa + ws — w3) (N1 + 1) (N2 + 1) N3(Ng + 1) — N1 No(N3 + 1) Ny)
1
| change 3 > 1 then use §(ws +wa +wy —wi) = 6(w1 — w3 —wp —wy) due to 6(—z) = W(S(m)
1127V (4ph)
— 5?? Z ‘Vg 2’174‘ h<,u3(5 w1 — W3 — Wy — W4)((N3 + 1)(N2 + )Nl(N4 + 1) NgNg(Nl + )N4)
1,2,3,4
. 1 1
|  write wg = g&)g + ngg + gw;),
| due to 2,34 symmetry, swap 3 — 2 in second term, 3 — 4 in third term
1127V

= 5? h2 Z “/’3‘;10?4‘ h W3+WQ+W4)5(W1—W3—M2_W4)
1,2,3,4
X((N3+1)<N2+1)N1(N4+1) _N3N2(N1 +1)N4)

| use delta function to write ws + w2 + wy = wy

(4ph) (4ph
| also write )‘/372[”174‘ “/3;17)4
1127V (4ph
- S5 ‘ng 14‘ Tt 8(w1 — ws — wo — wy) (N3 + 1)(Na + )Ny (Ny + 1) — NyNa(Ny + 1)Ny)

7

And so we see that the first 2 terms are the negatives of the last 2 terms and they thus cancel. Now we
hope to rewrite the third term such that it cancels the fourth term.

Third term of Z hwoj g I Tph) [Njy ]
N
1127V
= S S e | S+ s — wp — ws) (N1 + 1)No NNy + 1)

1,2,3,4
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| change 1 > 2 and 3 <+ 4

- %%2272‘/ ’szﬁ)s w2d(w2 + w3 — w1 — wa) (N2 + 1)N1 Ny(N3 + 1)
| use 5(w2+7(;1:;—w1—W4):5(W1+W4_w2_w3)

| also note ’V(j]j é‘ = ’ 2(,?,)3?% 2

= S e+~ N DY )

1 1
| write wg = Zw2 + 2w2) due to 2,3 symmetry, swap 2 — 3 in second term

1
| now Fw2 + Sw2 = §(w2 + ws)
| use delta function to write wy + w3 = w1 + wy

| due to 1,4 symmetry, swap 4 — 1 in second term

1 1
’ we get, 5&)2 + 5&)2 = 5&)1 + §w4 = 5001 + 5&)1 = w1
1127V h
= S ’1/142”31 w16(wy + wg — w1 — wa)(Na + 1) Ny Ny(N3 + 1)
1,2,3,4

Indeed it is the negative of the fourth term and so 3, - hwj,  TWPP [Ny, 2] = 0.

5.5.3.2 (Distribution) Linearization

The linearized distribution is chosen to be Ny ~ N;7+N{?(N;{?41)y; as before. The steps are essentially
the same as that in the linearization of the 3-phonon collision operator, thus now we proceed briefly.

First term in 4-phonon collision integral
= (N1 + 1)(N2 + 1)N3(N4 + 1) (5.342)
~ (NG 1)(NST + DNSING + 1) (N1 + N§Tyo + (N7 + s + N%ya) (5.343)

Second term in 4-phonon collision integral
= NiNy(N3+1)Ny (5.344)
= NEINS(NST -+ 1INGT (NS + D+ (V57 + 1) + NS5 + (NS + 1)) (5.345)
| write NJINS (N3 + 1)N;? = (N77 4+ 1)(Ny? + 1) N3 (NgT + 1)
| it can be checked with the explicit Bose-Einstein expression
= (NJT 1)(NST A+ NSING + 1) (NS + Dys + (VST + Ly + N§Tys + (N§? + 1)y)5.346)

First term — Second term
= —((NY"+ Dyr + (Ny* + Dy + N3ys + (NJ" + Dya) (y1 +y2 —ys +ya)  (5.347)
Similarly,

Third term — Fourth term = —(N;?+ 1)NsIN;Y (NG 4+ 1)(y1 — y2 — y3 + ya) (5.348)
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Fifth term — Sixth term = —(N7?+ 1)NJINJIN (y1 — y2 — y3 — ya) (5.349)

So the full expression of the linearized 4-phonon collision integral is

A J4ph)
1127V 2 ; c cq nre
== Sv T ‘Vfépﬁ} O(wr +wa + ws — ws) (N7 + 1) (N + N3 (Ng + 1) (51 + 42 — y3 + ya)
2,3,4

1127V 2 e e e e
3T Z ‘Véj%i—i‘ S(wi + ws —wo — w3)(NTT+ 1)NGINGY (NG + 1) (y1 — y2 — y3 + ya)
234

1127V R |2
= L LIS v e — o — ) (N4 NONENG 1 — 92— s — 1)
: 2,3,4

(5.350)

5.5.4 Selection Rules (3-phonon interaction)

The references for this section are: [Ziman2001] sections 3.3 and 3.4 and [Srivastaval990] section 4.4
and pg 195-198. An extremely important work [Conyers1954] employs group theory to work out special
features in dispersion relations of crystals of various symmetries, and then use that to find the low
temperature behavior of relaxation times.

Here we shall only discuss 3-phonon interaction selection rules. When we examine the 3-phonon
collision integral (full or linearized) we observe 2 types of energy delta functions: 0(w; + wo — w3)
corresponding to the merging of 2 phonons to make a third phonon; §(w; — we — w3) corresponding to
the break up of 1 phonon into 2 phonons. There is Ag, g4, (in V(3ph)) that enforces lattice translational
symmetry. The final complication is that w;z and ¢ are related via the dispersion relation. This makes
the sum over wavevectors in the collision integral restricted by the so-called selection rules.

Considering the process of 2 phonons merging to give a third phonon, the selection rules are,

A S g=0 N-process
hrTe=aTd g #0 U-process

® Wiig T Wixg = Wisgs

In terms of Cartesian components and fixing j1G1 (and hence fixing wj g ) the first rule has 6
unknown Cartesian components of ¢ and ¢3. Together with the second rule, 4 conditions are fixed
leaving 2 degrees of freedom (a surface) free. When @5 is chosen to lie on the surface, the selection rules
are satisfied and there is a non-zero term in the collision integral. However solving for this surface is
extremely difficult due to the complicated dispersion relations of realistic crystal lattices.

We shall look at an example (of N-process) of a monoatomic 3D solid (no optical branches) and the
3 wavevectors are collinear (one can also think of this as a monatomic 1D solid with 3D vibrations).

We can draw the following conclusions from the diagrams.

1. There is no process in which all three phonons belong to the same polarization branch. In the
context of 1D solid with 1D vibrations where there is only 1 branch, this conclusion becomes: in
3-phonon interaction N-process is not possible.

2. The created phonon must lie in a higher branch then one of the destroyed phonons. The example
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Phonon 2
()
A
Phonon 1 LA
()
A
—TA, | TA,
(b) A
3 S (a) i
£ f i
hb ! TA, . TA,
D3 D24 L
A N _ H —
@sa oo T >q
@, a
L2 2 . o7
=g T q
q, (—-né:—) —
” la —~
h Y35 -

Figure 5.18: Phonon 1 is a transverse phonon (T'Ay or T As) interacting with phonon 2 with 2 possibili-
ties: case (a) where phonon 2 is a longitudinal phonon (LA) or case (b) where phonon 2 is a transverse
phonon (T Ay or TAs).

Phonon 2
(")
A
LA
Phonon 1
@ —TA, . TA,
LA
TA, . TA,
T >q
a
T > q
a

Figure 5.19: Phonon 1 is a longitudinal phonon (LA) and it interacts with neither longitudinal nor
transverse phonons.
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shows that, !
TA(G) + TA(G@) — LA(G) (5.351)
TA(G) + LA(G) — LA(G) (5.352)

For U-processes, a detailed discussion would be extremely difficult hence we will only state some
general rules following [Ziman2001] section 3.4.

1. The frequency of the phonon created in an Umklapp process is always comparable in magnitude
to the highest frequencies of the lattice spectrum. More explicitly, ¢35 = %g in order to have a
U-process and the Debye sphere = % g, so this means wj,z, ~ Wpebye-

2. Longwavelength (small ¢) LA modes are not scattered by U-processes.

3. Again, there is no process in which all three phonons belong to the same polarization branch and
the created phonon must lie in a higher branch than one of those destroyed. Thus in the context
of 1D solid with 1D vibrations, 3-phonon N or U-processes are not possible at all.

The earlier discussion was only for acoustic modes and now we carry out brief discussions for the
optical modes. Optical modes are typically excited by photons and it is relevant to thermal transport
when optical modes decay into acoustic modes whose group velocities are much higher. (A - acoustic, O
- optical) otherwise optical modes are really far more relevant for phonon-photon interaction problems.

1. A+ O <= A and O + O <= A are ruled out as optical branches are usually higher than acoustic
branches and so the energy conservation condition cannot be satisfied.

2. A + O1 < O, is very restricted because Oy branch must be higher than O; branch.

3. A + A < O satisfies the selection rules. However if the optical branch is too high then the
energy conservation condition cannot be satisfied.

5.5.5 Relaxation Time Approximation

)

Assume that the effect of collisions causes an exponential “decay” of the nonequilibrium distribution to
the equilibrium distribution in the long time limit, i.e. of the form (the reference mode is j141)

Njq = Njjg (1 - e_t/%ﬁ) (5.353)
Thus the nonequilibrium distribution “approaches” the equilibrium distribution from below with char-

acteristic time (relaxation time) 7; 4.
The collision integral (or the rate of change of distribution) based on this assumption is

eq _—t/T; L _ N¢
ONj ¢ _ QN?qﬂ (1 _ eit/le‘fl) _ lelﬁe J1d1 _ _N]lq1 letﬁ (5.354)
ot coll ot Tiiqy Tiiqy

This is the relaxation time approximation for the collision integral.

We see that transverse modes decay into longitudinal modes and longitudinal modes also decay into longitudinal modes.
Although this conclusion is not general, it does indicate that N-processes (together with selection rules) redistributes
phonons with a preference towards longitudinal phonons. This creates the “problem” of how to destroy longitudinal
phonons especially at low temperatures.
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We substitute the linearized nonequilibrium distribution and the approximation becomes

eq eq €q
INj\ g _ _N31q1 T NJI‘ZI (Nqul + DY — le(ﬂ (5.355)
8t coll 7-qu1

eq (nred .
= _letfl(lem + 1)yJ1q1 (5.356)

T]llh

We include both (linearized) 3-phonon AI®P") and 4-phonon AIPP) collision integrals. Thus we can
write,

eq eq o
_leti'l(lem + )yﬂlfh

ATGPR) 4 A (Ph) (5.357)
Tiiqa
1 A J(3ph) A J(4ph)
- _Neq N, 1 Neq NEZ, 1 (5358)
leil jlql( J1q1 + )yjlql qul( J1q1 + )yjlljl
which at this point, it is convenient to define a 3-phonon relaxation time T](3§h) and a 4-phonon relaxation
time 7'](45 ). The effective relaxation time appears in the form of Matthiessen’s rule.
1 1 1
Thqu B T(3ph) " T(4ph) (5'359)
J1q1 J1qh
The explicit expressions are
1
(3ph)
J1491
AJ(Bph) ( )
= — 5.360
eq eq
letfl (leth + 1)yj151
eq eq
_ i Z 1277‘/ V(3Ph) 25(&)' Wi — e )szizNj3€73 (yjltﬁ “Yiq — yjs(fs)
o 2 J1,— Q152323333 J1q1 Jo o J3d3 eq .
Vi &= 2 h N Yiq
J2G2J303 1@
eq eq
+l Z 21V V(3Ph) 25( W s — Wi )szfp (NJ3Q3 +1) (yjllfl + Ypa — yjslfs)
2 711723233, — @3 Wiiqi T Wixge — Wisgs eq_ —
V 4~k N - +1 Yiq
J2327333 nq

(5.361)

If we specialise it to the single mode relaxation time (SMRT) case by setting v;,4,,¥j; = 0, we get a
closed expression.

€q €q
2 L NTE,
I 127V 3ph) 5(w44 — W _w,q)w
(3ph V Z 2 ﬁ2 Jl: q1J2G2J3G3 J1q1 22 733 N
Tiha J2G2J343 Ji1q1
eq eq
E 27TV v e 2(5(w- i T Wiay — Wisd )szqz(NMB ! (5.362)
qumzqz]s, Jiq1 J2q2 J393 N +1 .
JQQQJSQS Ji1q1

Now for the 4-phonon relaxation time, (here we use the shortened notation, 1 = j1, ¢ and 1 = ji, —q)
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to reduce clutter)

b Mi2nv . 4ph (No? + DNz Y (N + 1) (y1 +y2 — y3 + ya)
7_1(4ph) T2V B2 Z’ 1234‘ O(w1 + w2 +wy — ws) Ne "
11207 Z (4ph) Ny'NI(NyT 1) (y1 — y2 — Y3 +ya)
+§V 2 ‘Vl 2p34‘ (5 CL)1 + wq — woy —w;;) Nleq m
cLl2mV v , N3 N N (1 — y2 — ys — 1)
3V O(wr —wp — w3 — wy) (5.363)
3| V k2 Z 1,2,3,4 N{iq "

If we specialise it to the single mode relaxation time (SMRT) case by setting y2,ys,y4s = 0, we get a

closed expression.'?

1 11 27TV 4ph (NZEQ + 1)N§q(qu + 1)
71(4? 2V 12 Z) 1,2,34‘ O(wr 4wy +wy — w3) NeT
1 127V ) (4ph) NQequ;iQ(qu 4 1)
Vi ) O(w1 + wq — wo — w3)
T3 V hZ Z 1,2,31 N
1 127V (4ph) NEaed yed
3'V R Z‘ 12p34‘ 5‘”1_“’2_‘*’3—“4)%{3(;4 (5.364)

5.5.6 Beyond Relaxation Time Approximation: Mingo’s Iteration Method

Here we follow [Lindsay2005] '3. This is an iteration method to solve the linearized 3-phonon Boltzmann
equation together with a relaxation time approximation for boundary scattering. We set up the quasi-
1D device along the z-axis and the temperature gradient is written as V71 = ‘%. We start by replacing
the linearized distribution y;, 7 with another variable F} g .

T — €q eq eq .
Npga = Nyg +Nja ( + N31q1> Yna (5.365)
dT 1
| let Yiqn = /BFjlql dz where 8 = k;37T
— N _Neq 1+N€q 6F . dI (5 366)
- ]1‘11 J1q1 J1q1 Ji4q1 dZ .

We apply the same substituition to the linearized 3-phonon collision operator.

ATGPY [yjltfl]

1127V (3ph) 2
T TVa2 2 Z ‘Vj'lﬁﬁfhjz,%,js,% 0(Wingi = Wiags — Wisds)
72427303
eq eq eq
x (lelil + 1)Nj2q2Njaq3 (yﬂlql Yjago — yjsis)
127V (3ph) 2
VvV OR2 Z "/}175173'2@27%,—(?3 0(wjr g + Wiagy — Wisgs)
J2G273G3
(Njef% )NJ?%N;qql (yjltfl + Yjg — yj3(73) (5.367)

2By now it should be clear that this procedure of writing the SMRT works for any collision integral desired.
130ther relevant references are: [Mingo2005], [Omini1995] and [Lindsay2010]
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e dr

| use the substitution y; 4 = _BFjuﬁE
@oh)(—)  _ 127V (3pn) L ed Areq
’ define WJ1q132q2J3Q3 - V kK2 ‘/,v]']_,*(fl,jQ,(Tz,j&(T:; 5(WJ1Q1 Wiagh ijqS)(leql + )Nj2q2N]3q3
@Goh)(+) 127V 1 (3pn) R ed rreq
’ define lefﬁjszzjd(fs TV R2 V}hﬁdz@%hr@s 5((")31‘11 T Wi — w33‘13)(N]3% + )N32Q2NJ1Q1

_ pdT (3ph)(+) L (3ph)(-)
o B% Z <W/J1q1]2q2]5q5 + §Wj1f71j2§2j5q5 Fiai
J2G253G3

(3ph)(+) oy o Ly eene) ,
Z [letfljztfzjstfg (F33q3 Fquz) + 2Wj1§1j252j3(73 (Fj3q3 + quQ) (5.368)
723237343
We use a relaxation time approximation for boundary scattering with the phenomenological form of the

relaxation time 70 . where L is the length of the quasi-1D device.
na 2|UJ1‘11‘

Njo — N9 N (14 N )gdT
B J1q1b @ _ ha U dz Fja (5.369)

coll Tha Tiha

ON,;

J1q1

ot

The LHS of the linearized phonon Boltzmann equation requires a slight rewriting,

how;

_ LY (T eq eq J1q1
LHS = (Vawia) (VAN (NM + 1) s (5.370)
. . dr 1
| write Vg wj g, = V), and V7T = 5 and T =0
. dT hw;. z
= (v]uh) 57 31(11 <Nje1th1 + 1) % (5'371)

The linearized phonon Boltzmann equation has been written into,

Ao =
— (Uﬂql) 57 na <N;1qfh - 1) ;ql

dT’ 3ph)(+ 1 (3ph)(—
= = X <W<13.>().q+W?é’?ﬁ%)FM

1149172927393 92 J1491)292)393
J2G253G3

(3ph)(+) oy, L) (o) o o
o Z |:Wj1671j2§2j3§3 (Fj3Q3 FJW?) + QWj1§1j2§2j3673 (FJ3‘13 + FJ?‘D)

J2G25333
N (1+ N7 Bet
J1q g’ d
e Fa (5.372)
Jiq1

ar
| cancel 8 =, on both sides
z

| define Q57 = Q¥ 4 gb

7191 ]141
eq eq
oy (e gemo) ) g Njg 1+ Njy5,)
J1q1 J1G1j2G2583 1 9 J1qLj2qeaqs | 0 Tiid b
J2G29343 Ji1q1
. €q eq
(Ujl‘h) hw]lQlNJlQl ( +N31Q1>

T
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_ (3ph)(+) L Gen)

- le‘ﬁFjl‘Tl o Z [leti'ljﬂﬁjs% (Fj3‘73 o Fj?q'?) + iwjltfljzizjs@s (Fj3‘f3 + F32‘12) (5’373)
J22J393

| divide by Q; 4 and rearrange the left and right sides

(5.374)
. F B (Ujlql) hw]lQlN]equl (1 + Njequl)
n TQj 4
1 (3ph)(+) (3ph)(-)
To.- [Wj1§1j2@2j3§3 ( J3@ Fj2§2) T W11q132q233q3 (FJ3‘T3 + FJ?‘ZQ)
T o i ja
| define the first term as FO 1 and define the second term as AF} 5
0
- Fhl]l + AFjq (5.375)
If we set AF};, 7 = 0 we get the SMRT approximation. The iteration procedure starts with F}; 4 = FJO1 @

which is substituted into AFj} 4 to get a new Fj 4 which is substituted into AFj 4 to get a new Fj 4
and so on. It is trivial to include the linearized 4-phonon collision operator into the iteration scheme.
We simply rewrite the linearized 4-phonon collision operator into the F variables.

AT [yjltﬁ]

dar
’ let Yjhq = _BFjlfﬁE

dl'1 127V dph 2
= B35 Z yueh) M wj g, + Wixgy + Wiagy — Wiads)
dz 2V k2 J1,—G1,32,=42,J3,43,J4,— G4 Jiq J2q2 J4q4 J343
72325334444
eq €eq
X (NJ1q1 + 1)(N + 1)N]3q3 (Nj4q4 )(Fﬂlfﬂ FJ?Q? FJB(B FJ4Q4)
2
+ﬁ£ll—2ﬂv Z ph) M wj g, — Wixgy + Wisqy — Wisds)
dz 2V k2 J1,=q1,J2,42,73,35,J4,—q4 J1q1 J2q2 Jaga J3d3
723293437444
eq eq nreq eq R 7
><<letn )szqujaqs(NJ4q4 + 1)(thl FszI2 FJ3q3 Fj4q4)
dl"1 127V (4ph) 25
dz 3'V K2 Z J1,—q1,52,d2,33,43,34,04 (Wjrqi = Wisds — Wiads — Wisds)
J242J34354Ga
eq eq eq eq I ~
X(lech + 1)N32q2NJ3q3NJ4Q4( na T szlfz - Fj3Q3 FJ4Q4) (5-376)
4ph 127V 4ph 2
] define WwWeH )~ Z yaen)
J141J292)393)494 1% 52 J1,7—91,J2,92,73,43,]4,94

o o

J2G233G374Ga
o () o — () o — () = €q €q €q
| X(s(wﬁ‘h Wiadz ~ Wjada w]3Q3)(N]1Q1 + 1)NJQQ2Nj3Q'3Nj4§4
| define WP (H) _Llzy E yun. ?
@23 d3dads V m2 J1,=41,32,—G2,J3,43,J4,— G4
J2d2J3354d4
o, ., o s o €q eq €q eq
| Xé(w]l‘h T Wiagy T Wiadi w33q3)(Nj1l71 + 1)(Nj2§2 + 1)Nj3l73 (Nj4<74 +1)
| define Wi 127V S ’
J14172927393J444 V h2 J1,741,J2,92,]3,93,]4,— G4
J2G273q374G4
O P P €q eq €q €q
’ X(s(wjlql w]2q2 + wJ4Q4 w]SqS)(leql )N]2q2N33q3 (N]4q4 + 1)

Loy () Lo e4) L () r
Z <2Wj1§1j2§2j3173j4q4 T §Wj1§1j2§2j3¢73j4§4 + ?Wjﬁlh@j‘stfsﬂ% Fjlq‘lﬁa

J2G2J34354G4
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1o @ph) )
- Z <2leff1j2§2j3(fsj4d'4 (Fj3lf3 = Fiyq — Fj454)

J2G273G354G4
L (4ph)(++4) L (aph)(-) ar
+§ j1§1j2§2j3§3j4§4 ( j3¢13 + F]zQz - F?7'4‘T4) + ?Wj1§1j2§2j3§3j4§4 (Fj3Q3 + E72q2 + FJ4Q4) /BE
(4ph) _ Lo (4ph)(+) Lo (4ph)(++) L (aph)(-)
| define Q]1q1 Z §Wj1§1j2172j3§3j4Q4 T §Wj1§1j2§2j5§3j4Q4 + ?Wj1§1j2§2j3§3j4Q4
J24253354G4

Following above, the phonon Boltzmann equation becomes

(Tjrqn )= hwﬂqlN;qm ( +N;ftfl)

—

T
_ (3ph) (4ph) b
- (QJIQI + leql + Qh(h) a1
(3ph)(+) A L7 Bph) (=) }
Z |:Wj1§1j2q_’2j3f73 (F93q3 FJ?‘D) + 2W31<11J2QQJ3§'3 (FJ3‘13 + FJ2‘I2):|
J2G2J3G3
Lo (4ph) (+)
o Z <2W]1q1j2172j3§3j4q4 (Fj3‘T3 o FjQ‘TQ - Fj4‘j4)
J2G2J3G354G4
L (4ph) (++) L o (aph) (=)
+§Wj1§1j2§2j3¢73j4§4 (Fj3§3 + FJ?‘H o Fj4‘74) + ?Wj1§1j2§2j3§3j4q4 (Fj3‘73 + FJ?‘D FJ4‘14)

| divide by Q%" 4 QUM 4 b

i @ g, and rearrange left and right sides

Fo. — Ujlqlh“‘)qul]\/v]equl(17L J1q1)
Jiqr (3ph 4ph b
r <QJ1Q1 + QJlQl + QJ1Q1>
! 5.377
vl WP DEL AP DR (5:377)
Jiq1 Jiq1 J1q1 72427393 J2G2334354G4

| we can define the first term as F 0 \q as before
| we can define the second term as AF} g as before
=F). +AF

J1q1

@ (5.378)

5.5.7 Thermal Conductivity

In kinetic theory, the aim is to solve for the nonequilibrium distribution. Now we write explicit ex-
pressions of thermal conductivity once the nonequilibrium distribution is solved. We start with the
linearized theory since the full theory is almost always unsolvable. The expression for energy current in
Boltzmann’s theory is

- 1
Jo= v Z (Vawia) hwjg Nia (5.379)
naq
| again we use the shorthand notation 1 = j1¢1, 1 = j1, —@
| substitute in the linearized distribution
1

= 5 D (Vg (V{7 + NN + L) (5.330)
1
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| first term is overall odd in ¢ so the sum is zero
1

= 7 2 (Vaw)hior (NJI(N{? + y) (5.381)
1

To get the expression for thermal conductivity, we use Fourier’s Law which defines the thermal conduc-
tivity.

Joy == Y Faras(ViT)as (5.382)
a2
We invert it to write '
Joy (Vi) o,
Kajay = —W (5.386)
1 € €
= P 2 Vet (VD NN+ (5.387)

Take the cubic or isotropic geometry and the thermal conductivity tensor is diagonal, K = Kq, 0500, a9
o= oo S (Vawn) - (VAT NENE + 1)y, (5.388)
V‘VFTP - q1 1 1

We need an identity to write the thermal conductivity in terms of the relaxation time 7. We get it
from the (linearized and relaxation time form of) Boltzmann equation

huw N{Y(N{T+1
(Vawi) - (VAT)NF(NT 4+ 1) — = — O (5.389)
kpT T
Thus we can write
T
—y = - (VT .
y1 = 11(Vgwi) - (Vi )k:BT2 (5.390)
The expression for thermal conductivity takes a familiar form.
— hQ \V4 VT 2 9 Neq Neq 1 5.391
“—WZ(( awt) - (Vi) win N (N + 1) (5.391)
" 1

1
| the isotropic case gives the average over 7 as ((Vzwi) - (VyT))2 — §|Vq~1w1\2|V?T|2

1476 understand the inversion, we work backwards starting with the guess

)Ll
()

Thus a normalization factor appears when we take the inverse.

(5.384)

[~
|
S
~
~
<
~
S
<
~
~

(5.385)
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h2
= W D Vg wi fwin NYI(NY? + 1) (5.392)
1
1 h2 2
| define the single mode specific heat C} = VKL;}QN{BQ(N?] +1)
1
1

Therefore, we have now have 3 expressions of thermal conductivity at different levels of approxima-
tion: (a) thermal conductivity when the full nonequilibrium distribution is known, (b) thernal conduc-
tivity when the linearized distribution is known and, (c) thermal conductivity when the relaxation time
is known.'®

5.5.8 From BE to Phonon Hydrodynamics

The references for phonon hydrodynamics are stated here for convenience. The reference we follow
most closely is [Vasko2005] section 25. Review articles are [Horton1975] chapter 4, [Beck1974] and
[Enz1968]. The paper that marked the beginning is probably [Sussmann1963]. Articles that contributed
to significant development are, [Kwok1966] which used NEGF and [Sham1967] which used equilibrium
T # 0 field theory. The famous Guyer-Krumhansl collision integral eigenvectors method is detailed
and applied to second sound in the following: [Guyer1966al, [Guyer1966b], [Horie1964], [Guyer1966¢]
and [Krumhansl1965]. Projection operator implementation is found in [Maradudinl1974] chapter 9
and [Meier1973]. Further developments are done in these papers: [Niklassonl1968], [Niklasson1970],
[Sandstrom1972a] and [Sandstrom1972b].

5.5.8.1 Propagation Regimes

To understand why second sound is an interesting phenomena to explore, we need to understand the
various lattice excitations possible in a solid: 16

e Zero Sound: Propagation in the collision-less regime.

e First Sound: Ordinary (acoustic) sound wave in a solid, i.e. the elastic dilatation of a solid and is
described by the continuum theory of elasticity in the form of a (continuum) displacement field.
e Second Sound: A Temperature wave or a well defined phonon energy density propagation.

And the various Thermal Conduction Regions are: 17

15 Typically, the SMRT is used for the calculation of thermal conductivity.

18T omitted first and second sound coupling in this thesis. The earliest theory for it, is called the two-fluid theory of
dielectric solids since it was inspired by the two-fluid theory of superfluids. See the list of references for second sound.

17T omitted Poiseuille Flow in this whole thesis because it may not be applicable to nanosystems. For more information
on it, I refer to the references mentioned in this section.
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Regions Condition Momentum K estimate Main Excitation / Remarks
Loss Mechanism

Casimir TN, TU > TB Boundary scattering Kk~ T3L Zero sound. Without taking

/Ballistic into account boundary

scattering then xk — oo.
No equilibrium in background

Ziman ™ L Ty < TB Umklapp scattering || & ~ T%eY/T Second sound. Drift
distribution background

Kinetic TR K TN & Ty < TB Umklapp & other k~1/T Diffusive Transport
inelastic scatterings Equilibrium background

The notations are: 7 - N-processes relaxation time, 7y - U-processes relaxation time, 75 - boundary
scattering relaxation time and 7 - effective relaxation time of all the other inelastic processes. L is
the characteristic length scale of the sample size, L/v ~ 75 where v is the characteristic phonon group
velocity. The Casimir region thermal conductivity is estimated by x ~ low T heat capacity (~ T3) x
boundary scattering relaxation time (~ L/v). The other estimates for x are done at the end of the
section. Note that at high temperatures, U-processes increase and become comparable to N-processes
but it may not overwhelm it enough to achieve equilibrium, so to reach the kinetic region, other inelastic
processes may have a strong participation in destroying the momentum and achieve equilibrium.

[Interest in Second Sound:] Now we state the reasons for being interested in second sound phenom-
ena. This is in the regime where N-processes are actively redistributing the phonons and U-processes
just started to kick in to “kill” the phonon momenta so loosely speaking, this is the regime where the
macroscopic Fourier’s law starts to be physically meaningful.'®

5.5.8.2 Derivation of Balance Equations

The starting point for discussing second sound is to coarse grain the Boltzmann equation and the
resulting equations are the so-called balance equations. Simply treat these balance equations as an
“energy continuity equation” and a “momentum continuity equation”. We define 4 variables for the
hydrodynamic description.

1. Energy Density: €(7 ZhwlNl

2. Heat Current: J(rt Z hw1 Vqlwl) Ni(7t)
We can define the thermal conduct1v1ty 2-tensor from J using Fourier’s Law, J(7t) = — % (VAT(7)).

3. Crystal Momentum Density: P Z hqy N1(7)

4. Crystal Momentum Flux Tensor: G, a,(7t) =7 Z (q1) ey Vqlwl) N1 (7%)

The Boltzmann equation with 3-phonon and 4-phonon collision integrals is,

;Nl(ﬁ) + (Vgwi) - (VN1 (7t)) = TGP [Ny (71)] + TUPR [Ny (7t)] (5.394)

18By “physically meaningful”, I mean the thermal conductivity acquires a finite value.




CHAPTER 5. ANHARMONICITY 208

where the 3-phonon and 4-phonon collision integrals are given earlier.
First we derive the energy balance equation by multiplying Aw; to both sides of the phonon Boltz-
mann equation and summing over index 1.

“LHS of the phonon Boltzmann equation”

= Z hw ( Ni(7t) + (Vg wi) - (VFNl(Ft))> (5.395)
| they simply correspond to the definitions of energy density and heat current
Oe(rt
1% < eg ) v, J(rt)> (5.396)

The RHS of the phonon Boltzmann equation was shown earlier to conserve energy. The energy
balance equation is

Oe(7t)
ot
To get the momentum balance equation, we multiply Ag; to the phonon Boltzmann equation and

sum over the index 1. For the LHS, the terms are simply the definitions of momentum density and
momentum flux tensor.

Energy Balance Equation: + V5 f(f‘t) =0 (5.397)

0P, (7t) OGlay o ()
LHS =V ( o+ % oo (5.398)
RHS = Y A(q)e, I + Zh J4ph) (5.399)

1

| write as, IGPP) = =1 (3ph) + Iy (3ph) , JU4ph) — I(4ph) + I(4ph)

= Y W@)a IS + Zh ol 3p" + Zh Y™+ ST B(@)a ISP (5.400)
1 1

| we will show later that the Normal terms are zero

= Zh (@) a1< I 4 I[(f‘ph)) (5.401)
0P, (Tt 0G oy, (TT) h h
Momentum Balance Equation: 8113() + Z 811"7:2 Z ( (3ph) I((;lp )> (5.402)
a2 1

We fill in the working that shows that the Normal terms are zero.

Z (G )y TP

1 127V o
- o5 Z §(wy — wo — ws ‘vl(?g)\ K@) a, (N1 +1)NaN3 — Ny(No + 1)(Nj + 1))
S Y dwn + ws — wy }vw ) R(G)ay (N1 + 1)(No + 1)N3 — Ny No(N3 + 1)) (5.403)
1,2,3
1
| in the first term of I](\i;’ph), rename 1 <> 3 and use §(—z) = d(z)

| =1
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_ ‘1/27rV 122:35 w1 + wo — w3 ‘Vlng ‘ (ﬁ((jl)al - ;h((jg)m)
X ((N1 +1)(Ng + 1)N3 — Ny No(N3 + 1)) (5.404)
| use Normal processes conservation law, ¢35 = ¢1 + G2 so <q_’1 - ;cj},) = % (@1 — @) g,
| this is now odd in 1,2 but the other terms are even in 1,2, hence itails zero over the sum
=0 (5.405)
S b I = LS VL S+ s — )@
1 1,2,3,4

X ((N1+ 1)(N2 + 1)N3(Ny + 1) — N1No(N3 + 1) Ny)

1127V (4ph)
Fory e 2o [V o+~ — e
7734

X ((Nl —|—1>N2N3(N4—|-1) Nl(N2+1)(N3+1)N4)
1127V
+——— il Z ‘V 4ph ’ 5 UJ1 — W2 — W3 — w4)h(q1)a1

31V B2 12,34
1,2,3,4
X ((N1 +1)NaN3Ny — Ni(Na + 1)(N3 + 1)(Ng + 1)) (5.406)
|  we identify 3 lines on the RHS
1
| for 3rd line, rename 1 <+ 3 then use 0(—z) = m&(z)

| then note ’ and combine with 1st line

1127V . o
T AV 2 ’VSI’SL‘ d(wi 4+ wo + wy — w3)h (Q1—3q3)
1,2,3,4 -
(N1 +1)(Na + 1)N3(Ny + 1) — N1 No(N3 + 1)Ny)
1127V

) —
7772 Z ‘ 1‘ wl + wqs — wo *WS)h(ql)Dq
AV R 4z,

x ((N1 4+ 1)NyN3(Ny + 1) — Ny (Ny + 1)(N3 + 1)Ny) (5.407)

| use N-processes conservation law, ¢5 = ¢1 + ¢> + ¢4 to write

q1 3613 =q1 3 3(11 3 q2 T~ 44
1, 2

| due to 2,4 symmetry, we can rename and sum the 2 terms, ¢ — 3B = §(q1 — G2)
2

g(cj'l — ¢») is odd in 1,2 but the rest are even in 1,2 hence vanishes

1127V dph) .
T vV m2 Z ‘V1(2p34‘ (w1 +ws — wy — w3) 1)y
) 1,2,3,4

X ((Nl + 1)N2N3(N4 + 1) — Nl(Ng + 1>(N3 + 1)N4) (5408)
| for 2nd term, rename, 1 <> 2, 3 <> 4

4ph (4ph)
3(z) ad‘VJAB‘ ‘Vy

4ph) (4ph) |?
‘/}),2,1,4‘ ‘V?, 21,4

Q+ ¢+ q)=

| then use 6(—x) =

1
| =1
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1127V 5o
= av e X VA 5or 4w — 02 — )G — B (N2 + 1) NaNs(Ni +1))

oAV hZ
. o 1 1,
| for ¢, write ¢o = §q2 + §q2
1
| then use 2,3 symmetry to write ¢ = Qq_é + 5(73

1
| use N-processes conservation law ¢a + g3 = ¢1 + ¢4 to write g5 = 5(_’1 + qa)

| then use 1,4 symmetry to rename and sum the terms, we get ¢ = )
= 0 (5.409)

The calculation thus shows that U-processes are the “sources and sinks” of crystal momentum which is
precisely the piece of physics we want to probe.

[Drift Distribution] Now we note a very special distribution that allows us to probe the system
when N-processes overwhelm all others. Mathematically, the previous statement means that the drift
distribution, N9Uift is the “eigenvector of I](\z;’p ") and of I](\;lp ") with zero eigenvalue”, i.e. it is the “steady
state” distribution due to (overwhelming) N-processes. The explicit expression is

Ndrift _ (e(mmfhm)/m B 1) -t (5.410)

J1q1

where TP" and @ are arbitrary parameters. The eigenvalue equations are

(3ph) drift | __ (4ph) drift | __
1§ [N — o, (P [N <o (5.411)
and the proof (in abbreviated notation) is

“First term of I (3ph) [ Ndr1ft]

= ll 2rV Z 5 W1 — Wy — w3 ‘V(Sph ‘ ((Ndrlft + 1) NéirlftNdrlft Ndr1ft <N51rift + 1) (Néirift + 1))

V2 h?
1127V (3ph)
= Va2 Z(S w1 — wy — w3) ‘V123 ‘
( Ndmft Néirift Néirift w1 —qua) /TP _ Nldrift Ngrift Néirift ofiw2 =)/ TP" (w3 —-i) /Tph) (5.412)

| use the N process conservation law, g1 = ¢ + @3

| use the energy conservation law, wy = wy + ws

112
= WVZ& o.)l —CUQ—OJS ’V(?)ph ’

V 2 1,2,3
% eh(qul-u) /Tph ( Nfirift Néirift Ngrift o Niirift derift Néirift> (5.413)
=0 (5.414)

The second term of Iy (3ph) [N]dlr;t} and all terms in I](ép ?) [N]dlr;t} are shown to be zero with exactly
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the same working.”

Again, the full theory is difficult to handle so we go over to the linearized theory. The justification
is, we assume that the drift distribution is “near” (i.e. @ is small and TP" is near T, the equilibrium
temperature) the equilibrium distribution. Now we Taylor expand N{lrift to linear order around the
equilibrium distribution.

. - ~1
Ndrife(z, o) = <eﬁ@6ﬂj_qruvjmh__1) (5.415)
_ drift / = ph R drift =
“M@Wj)ﬁme%WMMMﬂmﬂw 0)
8Ndr1ft
T (‘9]1;7%1 (TPh —T) + - (5.416)
4=0,TPh=T
| define the small quantity, AT = TP" — T
| the identity 0" N (NS 4 1)
use the identi = NL (N;L
Y <emuj1§1/T _ 1>2 Jiqi N giqa
B B -
— N eq (ared - 1@
= Nya+Noa (Njuﬁ +1) <Tq1 U+ 73 AT) (5.417)
. . TN ift [ - h_, . hwjg
Linearized Drift Distribution: Adel%ft(u, TP = N;q(ﬁ + N;ﬁﬁ (N;qul +1) (qu U+ IZ;ql AT)
(5.418)
Comparing with our chosen linear form, we have an explicit expression for y;, 7,
ho . hwia
yhﬁ::§ﬂ14k+4;E£AT (5.419)

T2

In the full theory, delr%.ft makes I](\:,)’p ") and I](ép ?) zero, So as a consistency check, we now want to

check if the linearized delr(gt makes the linearized versions of the collision integrals AI](\:;’p ") and AI](\?p ")
Z€ero.

“part of the first term of AI](\?I’ h)»

= Ynq — Yied — Yisp (5.420)
h ., o L. . hAT

=7 (1 —@— @) d+ Ta (wjqu — Wiy — o.)qué) (5.421)

| use energy conservation law and N process momentum conservation law

=0 (5.422)
“part of the second term of AI](\?p h)»

= Yna T Y@ ~ Yisds (5.423)
h ., o .. . hAT

- T (G +q—g) a+t T2 (wjuﬁ T Wihg — w]’stfs) (5.424)

| use energy conservation law and N process momentum conservation law

19A deeper look at the proof will reveal that the drift distribution is the zero eigenvector of the normal part of collision
integrals of any order in anharmonicity. It is truly a non-perturbative ansatz.
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=0 (5.425)

“part of the first term of Alj(éph)”

= Yia T Yid ~ Yisds T Yiada (5.426)
h, .. L L . o hAT
- T (@ +@—dgs+q)-a+ T2 (Wjuﬁ T Wihg — Wisgs + wj4<74) (5.427)

| use energy conservation law 6(wj, ¢, + Wjiyg, + Wigs — Wisgs)

| and use N processes momentum conservation law g3 = ¢1 + ¢ + ¢4

=0 (5.428)
“part of the second term of AI](\?p h)»

= Yuq — Yjoge — Yjisqs + Yjsqa (5429)
Ao . o L. . hAT

-7 (=@ —G3+dq) u+ T2 (wjlffl — Wiagy — Wisgs t wj4é’4) (5.430)

| use energy conservation law §(wj, g, + Wi,z — Wirgo — Wisds)
| and use N processes momentum conservation law ¢ + ¢3 = 1 + ¢4
=0 (5.431)

“part of the third term of Alj(ép )

= Yiuq —Yied — Yisds — Yiada (5.432)
ko . . . _ hAT
- T (=G =G — ) i+ T2 (wjﬂﬁ T Wi@ T Wiag wj4lf4) (5.433)

| use energy conservation law 6(wj,q, — Wiuq, — Wisgs — Wisds)
| and use N processes momentum conservation law ¢ + @5 + ¢4 = ¢1
=0 (5.434)

Indeed the linearized theory is consistent in this aspect. In closing this section, we now show that
i has the meaning of the average phonon group velocity. We start by simply calculating the average
phonon group velocity.

“Average group velocity (un-normalized)”

h o Mg
= > (Vawia) (fo}l + N (NG + 1) <Tq1 i 1AT>> (5.435)

J1q1

| note that Vg wj, 4 is odd in @) hence (Vg wj, g ) @i - @ is nonzero

T ONSL
: : eq eq _ J1qy
| note the identity, N; o (N; o +1) = —Em
| this can checked directly using the Bose Einstein expression
ONSL
- Z (Vawia) 3 2Eq - d (5.436)
na Widi
| reverse the chain rule
= =2 (V‘ﬁN;flcﬁ) Qi (5.437)

J1q1
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| integrate by parts with respect to ¢

- Zvﬁ <Nj1qql(j1 u) ZNjequh Vi di - @) (5.438)
na naq
| we drop the surface term
— eq o
B Z lelﬁu (5.439)
g

So,

h—» - hw; . &
2 (Vi) (N;fm T NJIQl(NJequII +1) (T U+ #AT>>

eq
jzjjléi fv51di

which is the (normalized) average group velocity of the phonons.

(5.440)

U=

5.5.8.3 Dissipative Phonon Hydrodynamics and Second Sound

The earlier section prepares us for this section where we will use the linearized theory with the balance
equations together with an iteration similar to that of Chapman-Enskog to expand about the linearized
drift distribution bringing in U-processes in the expansion. This allows us to see the dynamics of how
U-processes brings about evolution to equilibrium, which is when @ = 0 and AT = 0.

First we define and label the lowest order quantity,

. h huw;
y](l()jlzyjlql_qu i+ jﬁ;qlAT (5.441)

We will now use this linearized drift distribution to calculate the hydrodynamical variables to lowest

order. The balance equations will then simply be turned into dynamical equations of  and AT.

First order Energy Density ¢V (7%)

h B =
_ Ned eq - o 141
v Z hewjig, < aa T NJIQI(N]IQI +1) <TCJ1 Ut T2 AT)) (5.442)
J1q1
| drop the equilibrium energy density as it can be set as the “reference value”

| note that wj 4, is even in ¢1 and ¢ - @ is odd in ¢; so E Wi g q1-u =10
J1q1

hwj, g
- Vzhwm (NS + 1) TglAT (5.443)

31Q1

J1q1

hLdl e e
| define specific heat, C' = v Z ( T2> ]\fjqu1 (leqql +1)
J1q1

= CAT (5.444)

First order Momentum Density PC(&)(Ft)

h T,
— eq eq e N
= v E (q1)ay ( T le(le +1) <T U+ 72 AT)) (5.445)

J1q1

| note that A(q1)a, is odd and N7 and wj,g are even in ¢y
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— N (Ned,
B VT Z M(G)a, N J1q1 J1q1 +1)a
na

h2

VT

J1q1

= E XaiasUas
as

J1q1

First order Energy Flow Density (Heat Current), JU) (7)

| h
= v Zhwjltﬁ (vlfleuﬁ) (Njequl + N]equl (N;qul 1 (qu o

J1q1

) h,
TS Zhwj@ (Vawiaq) N;flq‘a(Naefql + 1)T Y

define the tensor, Xaioz = 1777 Z((ﬁ)oa ((Tl)ozzN?q“ (Neq + 1)

J1q1

i ar))

. L . — eq . . —
| note that Vg w; g is odd in ¢ but leﬁ and wj, 4, are even in ¢y

nq
7 ONSL
eq eq - J1q1
| note the identity, N; o (N, & + 1) = % 78%-151
| the identity can be checked directly using the Bose Einstein expression
NSL
| then use chain rule 0 Jllil (Vawiha) = VaNie
Wi q
= Z hwj, ( 7l qul) G- U
]1Q1
B - NS +1
| note the identity, % =In (JJI\;J;({
Jiq1

| the identity can be checked directly using the Bose Einstein expression

| define entropy, S = v Z i = 7 Z Ny + D) In(NG% +1) —

J1q1 J1q1

Jiqi

| then note the expression, Vg Sj 4 = (V NI )l (

1 .
= _TV Z (vtflSjltﬁ) q-u
g
| then integrate by parts

- v Z vfll ]1l11q1 'u ZT nat u

]1(11 ]1111
| take the surface term to be vanishing

1 S
= i}'jg:: 2ﬁ£§j1§17L
J1q1

= TSu

First Order Crystal Momentum flux tensor Ggll)% (7t)

N4 4

J1q1
€q
J1q1

)

NS¢ In NG

Jiq1

J1q1

214

(5.446)

(5.447)

(5.448)

(5.449)

(5.450)

(5.451)

(5.452)

(5.453)

(5.454)

(5.455)

(5.456)
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= Z h a1 vlhw]l(h) <Nje1q(I1 + N]e1qq1(

11Q1

| (@) on (V(lejl(ﬁ ) as

- *Zh

J1q1

Jiq1 Jiq1

)an VQIO‘)JIQI) Ny (Noe +1)

NSL +1

h
J191 ) T

is odd x odd equals even in ¢, thus retain

7R»b q
SRIAT

| recall the definition of entropy, S and the expression,

NP +1
| v(ﬁsjltﬁ = (vtﬁN;Sﬁ) In (%)

J1q1

i ! -
| also the expression, Vg N, % = (Vawig)

N;flﬁ +1
| and that In v | = hwj,

na
| to get, =T

= 7; Z (V Sjllh)

nq
| integrate by parts and drop surface term

1
= - D baranSja AT
J1q1

= ayaySAT

(q1)a, AT

€ € h
(Vtﬁsjufl) h’“"’j1q1N % (N % +1)

J1q1 J1q1

eq

8w]1tfl

]:151 = (V(lejl(ﬁ) (

o+ )

h
T qul

T (Vtﬁwjuﬁ)ag

Heos -
#AT term

(le(h +1

215

(5.457)

(5.458)

)

(5.459)

(5.460)

(5.461)

Now we substitute these lowest order quantities into the balance equations to get the hydrodynamical

equations for 4 and AT.
Energy Balance equation:

Momentum Balance equation:

OPw () > OG oo (71)
ot

7Zh

J1q1

725

J1q1

W)

J1q1

o (AIFPY 4 AL
<AI 3ph) + AI(4ph)>

(AI 3ph) AI(4P’1)>

(5.462)

(5.463)

(5.464)

(5.465)

(5.466)

The RHS is complicated, so we have to work it out term by term. First note that /(§1)a, is odd in ¢
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in ka, (1)
so we only retain 7qi - @ in Yid

First term of — Z 1) I(3ph)

J1Q1
2 2rV . (3ph) 2
~ Tover B2 Z (@1)ay J1,—q1,52,02,33,03
J1G152325333
x (NJ 141 T I)N;;lquje;qs,é(wjl(ﬁ —Wiq T ng(f;)((ﬁ —G—q3) U (5.467)
| use Umklapp momentum conservation law ¢1 = ¢ + ¢35 + § where § is a reciprocal lattice vector
72
27V (3ph) 2
= Tover B2 Z Z @+ @+ o V s~ =3 —G,52,42,03,33 (5.468)
J1 §2G233G3
XN arrg T DN Nian 0 Wi doraisd — Wit — Wina)d - @ (5.469)
1 S 3ph
Second term of v Z h(q1)alA]£7P )
na
R2 2nV . cq neq [ req (3ph) 2
Ve R2 Z (ql)alNhtﬁsztfz (stfIS +1) "Gl@hjzﬁz,jmqs
714152325333
X0(wj, g + Wipg, — Wis@) (@ + @ — @3) - 4 (5.470)
| use Umklapp momentum conservation law, ¢1 + ¢ + § = G
R 2rV 3ph) 2
~ VeT Rm2 Z Z (@as |V, J1,q1,32,02,43,— q1—§2—§" (5.471)
Js j1@152@
XN Vit Nidirdorg T DO Wia + Winty = Wis.gitata)d - € (5.472)
| rename, 1,2 — 2,3 and j3 — j;
| recall that the indices in VPR are completely symmetric
1
| usealso §(—x) = ﬁ&x)
h? 2nV (3ph) 2
~ VeT Rm2 Z Z J17 R2—3—7,72,32,73,03
J1 32627303
XNJ?@Q ;;1173( Jelqytth%Jrg + 1)5(wjlv‘72+(73+§ ~ Wig T wj3(73)g" u (5.473)
- Z M@)o, AL (321) _ First term + Second Term
qul
72
27V (3ph) 2
- V2T K2 Z Z @+ G+ G~ 20)m ‘/}17*52*6’3*5,3'2@2&@3
J1 j2q253G3
X(Njef%-i-%-i-ﬁ + 1)N;2qQ2Nje:?qgé(wjl#fz+§3+§ — Wi T sz(fs)g" u (5.474)

| notethat @+ @B +7 -2 =G —@+§
| so the first 2 terms make an odd function in indices 2,3 while the rest of RHS is even in 2,3

il ol e v :
- 2V2T h2 317—Q2 33—3,J2,32,33,03

J1 j2G2Jsqs

eq eq eq o m e (s o — (s = aq-1u
X(Nj17672+§3+9+1)NJ2(I2stqsé(wjlr‘12+<13+g Wiz g w]sqs)galg U (5.475)



CHAPTER 5. ANHARMONICITY 217

hQ
| define, AR = “Yor Gaz

Q1o 2veT
= Z ACE o (5.476)
= -T§? Z TSZAQPQUQQ (5.477)
| define thermal conductivity, S’lpoil) T 52)\&311’0?2) ~! which we will justify immediately after
= -TS? Z RGP Ly, (5.478)

. 1 S (4ph)
First term of v Z M), AL

q1
1 h2 27V (4ph) 2
) V2T h? Z "/31’*517j27*q’2,j3,€3,j4,*§4 5(wj1‘71 T Wihg T Wig — wj3tf3)
J1G1523273G37404
x (N4 1) (N 4 1) N (NS 1) @) (@1 + @ — @+ 00) - i (5.479)

| use U processes conservation law ¢1 + ¢ + @4 = @3 + §
2
Al S D |7
2V2T K2 £ J1,@2+qa—q3—§,J2,— 2,33, q3,J4,—qa
J1 j2G2j3q354d4

X(N?qﬁ o ~+1)(N FONL (NS 4+ 1)(Go+ G — @ — D - @ (5.480)

2
6(""]’1@2-%!?4—@’3—@’ T Wihgy T Wisg — wj3¢i’3)

J1,42+qa—Gq3—g Jo g2 J3 s Jada

. 1 S (4ph)
Third term of v Z @), AL

J1q1
2 2
_ 1 27V Z v (Wi — Wisg, — Wi — Wisz)
3\ V2T R2 J1,=41,32,42,]3,43,4,44 g1 J292 7343 J444
J141J20253G3j4qa
eq eq eq eq (-
X(letﬁ + 1)N32q2NJ3q3NJ4Q4 (Q1)a1 (Q1 — @3- Q4) (5'481)

| rename 1 <> 3, then write 6(0‘)JSQS Wiaga — Wirqy — w]4tI4) = 5(_(")]'3@3 T Wi twiig + wj4t74)
| then write (N + 1)Nj% NJ% NFL = N0 (NGL + (NG + 1)(NGE +1)

J292° J1491 J494 7343 J2q2 J1q1 J4¢I4
2 2
: (4ph) _ |yWph)
| then write ’Vjs —@3,52,02,51,q1,54,q8 | | J3:@3:J2,—@2:J1,—q1,J4,— G4
1 R 27V (4ph 2
- -0y ph) . L e
- 3 V2T K2 Z "63763:j27752>j1:7(Tlvj47764 0(Wirgy T Wingy T Wiads — Wisas)
j1(71j2§2j3§3j4§4
eq_ N 7 _
| use U processes conservatlon law ¢1 + ¢ + ¢4 = ¢3 + ¢ for ¢1

2
. l he 27V Z Z V(4ph) 2
T3 V2T B2 J3,03,J2,—@2,J1,02+G4—q3—g,j4,—q4

J1 J141J2G2534354G4

. oL o eq eq eq eq o > -
X0(Wig + Winget@i-a—7 T Yiads ~ Wisds) Ny Njpg, 1) (le,[j'2+¢f4—[j'3—§ + 1) (Nyq, + D(@3)a, - U
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First term + Third term of — Z R(q1)a, Al (4ph)
1 K2 27V (4ph) 2
= Taover 2 Z Z ‘le7€72+§4*§3*§7J2,*527j3,§37j4,*§4 (Wi @t @i-ds—a T Winds + Wisgi — Wisds)
J1 J2d273q354d4
eq — - - - 1o .
x (Nj1,§2+§4—§3—§ + 1) (NJ2Q2 + 1)NJ3¢I3 (NJ4Q4 +1) (Q2 TU—B—g- §q3)a1 g-u (5.483)
(4ph
Second term of — Zh 17l alAI Ph)
1 h? 27V (4ph) 2
T Taover 2 Z ‘le,751,j27§2,j3,6737j4,*§4 0 Wiy + Wisgi — Wiy — Wisds)
J1G172G273q3J4d4
X(N;qtﬁ + 1)N;2q§2N;3qq3 (NJ4Q4 F (@) (@1 — 2 — G5+ da) - 4 (5.484)
ph) 2 _ |y taph) 2
| write ‘Vh,—quh@z,j&tf&h, gs| ) J1,q1,J2,—q2,)3,—q3,]4,q4 (5.485)
| use the U processes conservation law @1 + ¢4 = ¢2 + ¢z + § for @
1 B2 27V (4ph) 2
 Taover B2 Z Z ‘leyqz+q3 qa+3.52,32,33,03,74,— 4 0(Wjr,@o+@s-@i+7 + Wiads — Wid ~ Wiads)
J1 J141320253G37404
eq eq  nreq eq Y S T
X (NJLQQ'HIJ qu+g + 1) Nj2¢fz J3d3 (N]4q4 +1)(@ + G = qa+ §)a, G- @ (5.486)
v Z h(q1)a, Al (4Ph) — First term + Third term + Second term
1 B 27V
) V2T h2 Z Z Z
1 J2G2j3qs 2
(4ph) 2
x (‘le7§2+<T4—t73—§7j2,—§27j3,§37j4,—(f4 0(Wjr,dotda—as—5 T Winds + Wiads — Wjads)
eq eq €q _ _g_1l=
X (Nj17§2+§4—§3—§ + 1) (Nj2§'2 + 1)Nj3lf3( J4q4 +1) ( @+ d1— a3 3q3)a1 Yoz
(4Ph 2 5
Vi@t a2 B s ar— (Wi +@s—aitg + Wisds — Wiads — Wisds)
€eq €eq €eq €eq — — — —
x (Nj1,§'2+d’3—§'4+9 ) Nj2q2NJ3q3 (Nj4q4 (@ +¢—a+ g)al Yoz > Uar (5.487)
— 4ph)
= Z AGPR) ., (5.488)
1
2 4ph
== —TS Z Ti‘SVQ)\((XIPOéQ) Qs (5489)

a2

| define thermal conductivity, mgﬁpﬁg = TSQ)\%”;Z) -1
2 (4ph)
= TS Z Hafaz Uy

218

which we will justify immediately after

(5.490)
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Thus the momentum balance equation in first order (of distribution) takes this final form,

8ua OAT _ -
ZXLHDQ 2+ S —T5? Z ( Slpcg) . + K,gllpcg) 1) Ugyy (5491)

Orey -

Now we justify for the definition of thermal conductivity given earlier. Consider the special case of
steady state where the drift velocity varies spatially but not temporally, i.e. at = 0 then the momentum
balance equation becomes

aAT _ Z ( AGPR) |\ 4ph)) Uar, (5.492)

a1 [e5Ye]
8,’,&1 102 1&2

and recall the expression of current from the energy balance equation,
JW(7t) = TSa (5.493)

which we shall use to replace uq, in the momentum balance equation to get,

OAT 1
= (3ph) (4ph) ) (1)
S ora, TS £ (N + A I, (5-494)
OAT
h 4ph
I = =TSy (A ) S (5.495)
a2 a2
| compare with Fourier’s law, J,, = — Z Kayas 731”0{2 , we get
]G+ R = TS (A () (5.496)

which is the definition used earlier.

[Chapman-Enskog Iteration] Now we can carry out the first correction in distribution (due to
U-processes) via a Chapman-Enskog-like iteration. This is done by finding the second order correction,

y](.i)ﬁ using the phonon Boltzmann Equation.

e e 0 (1) (3ph) [ (2) (4ph) [, (2)
Nia N +1) <8t (Vawiz) - Vr >yﬁq1 = A 0]+ arg [y (5.497)
9 (1) 1 (3ph) [ (2) (4ph) [ (2)
Ji4q1 JlQl
(5.498)

We expand the LHS

3, G h,
LHS = (at + (Vtﬁwjltﬁ) 'VF> (ﬁ;; + T u> (5.499)

hwj g, OAT h .. Oug hwj g, OAT h, .. Oug,
= T; ! o + ; T(Ql)aﬁ + 2 (V(ﬁwjuﬁ)a < T; . Ora + azl T( Moy O (5.500)

| change the temporal derivatives to spatial derivatives

| Dby using the first order hydrodynamic equations without the Umklapp part
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B = TS OAT
- e (20 (v;.ﬁ)+z SZXML
T C Oray

[0}

hwj ¢ OAT h .. Oug
+ Z (v§1wj1§1) ( 13;‘11 or + Z f(‘ﬂ)al 8r1> (5501)
@ @ a1 «a
aAT h(d a1 hS —1
= azl aral ( qul (vqiwjlljl)al - 2 T ( )aXaoq)
Oug ho hw;
+ Z 8Ta12 <(V§1wj1tf1)a1 f((h)az — dayas ijlﬂql S> (5.502)
a9
note that the first round bracket 1s odd in g7 and the second round bracket is even in ¢1
hat the fi d bracket is odd in ¢; and th d d bracket i in ¢
OAT O,
= 87" Ajl‘jla + Z 87" 2 B]1q1a1a2 (5503)
aq a1 1o ail

(2)

We search for y; 7~ on the RHS in a similar even-odd (in ¢) form.

2 3AT ~ ou
y§1;1 - 81" Jlfhal + Z = leqlalag (5.504)
«

Q12

This form is substituted in the linearized collision integral. Then compare coefficients on both sides

of the Phonon Boltzmann equation (recalling also the factor m on RHS and abbreviated
J1q1 Y i1
notation is used in order to fit the equations),°

_ 1 Z 1 NQeqNgq 2rV 3ph

2 NG 2 123‘6w1—w2—w3)(A1a—f~12a—f~13a>

(N9 + 1)NS9 2mV L
v Z qu 1 R2 ‘Vl(?;pg ‘ Owr +wp —ws) (Ala + Az = A?’“)

11 27TV
“a e o V] St on s -

2V h?
NS+ 1) NSNS + 1 .
X ( 2 )Neq( ) (Aloz + A?a A3a + A4a)
1127V (4ph Nequq(Neq +1)
B S s o D o
1127V 4ph Neququfq
?VFZ‘ 1234‘ 5wl—OJQ—W3—w4)T(A1a_A2a_A3a_A4a)(5~505)
1 1 NeqN q 27rV ~ = ~
Blaa’ - _V 2 Neq ‘Vl ng ‘ 5(&]1 — w2 — w?)) <B1aa’ - B2aa’ - B3aa’>
(Neq + )N 27V ’ (3ph) _ . ~
S V. ’ 5(W1 + w2 — W3> (Blaa’ + Boaar — B3aa’>

1 1 27TV (4ph
TV m2 Z‘ 12p3)4‘ O(wr 4w +wy — w3)

2ONote that anharmonicity comes into the coefficients A and B.
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Ny + N3 (N;? + 1 ; ;
% ( 2 ) 3 ( )(Blaa’ + B2aa Bsaar + B4ao¢’)

Neq
1127V
OV 2 Z ‘Vlip:?i‘ O(wr + wq — w2 — ws)
VSN Neq +1 - . .
3]\([6114 ) (Blaa B2aa’ - B3aa’ + B4aa’)

1127V N3 NGV, 3 5
Z ‘V B ’ (w1 — wy — wy — wy) 22 (Biao’ — Bacar — Bsaar —

3'V ﬁ2 1,2,3,4 Nl

The second order correction to the distribution can be written as AN;?% = N;fq.l (NSL (NS +1)y(.2l

J1q1

J1q1

221

B4aa’ )

(5.506)

J1qy

and to get the corrected hydrodynamic balance equations, we first calculate the corrected hydrodynamic
quantities. Earlier, we have “transformed” temporal derivatives to spatial derivatives, thus all correc-
tions enter as spatial derivatives. As local energy density €(7t) enters the balance equation as a temporal

derivative, there are no further corrections to it.
Second Order Momentum Density P (7t)

— N (N (2)
-V Z M@)ol g (Njig + Djig

J1q1

2

| since (G1)q is odd, we retain the odd part of Yj oo e fljl,ﬁa

OAT
_ Ned, eq
- v Z Z Jlfhal j1q1 (Njﬂﬁ +1) Org,
J1q1 a1 !
. OAT
= Taay W
ai

Second Order Energy Flow Density (Heat Current) J2)(7t)

1 @)
- V Z hwjl‘fl (v‘flel‘fl) Nfﬁﬁ (N;IqQI + 1) ]1Q1
J1q1

(2)

| since Vg wj ¢ is odd in g1, we retain the odd part of Yiq e A

h . OAT
= 7222 wia (Vawna)a Ajdiea N (N3G + D
n@ e o
= — JT—
a1 o 8ra1

Second Order Crystal Momentum Flux Tensor G2 _(7t)

a0
.+ eq eq 2)
- Z Aq1) s V‘Hw]l‘n)az lefﬁ (N]1Q1 +1)y Yira
J1Q1
| since (q1) (Vq»lelq»l) is even in ¢j, we retain the even part of y( )

hq’
- E ' E D. eq
- Oll v‘hwjlth) B]1Q1a3a4leq‘l (NJ1Q1 + 1)

31q1a3a4

O,

OTas

l.e.

J1qi

B

J1q1o’

(5.507)

(5.508)

(5.509)

(5.510)

(5.511)

(5.512)

(5.513)

(5.514)
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) e
Yayosasza
102030 arag

sy

Now calculate the second order corrected balance equations using these quantities,

() = eD(rt)
Po, (7t) = PW(7t) + PO (7t)
T (7t) = JOF) + I ()
Goras(Pt) = GO (7t) + GP,, (7t)

For the energy balance equation, we get,

aAT M,
+ TS Z e

For the momentum balance equation, we get,

aPV () aPP (i) .S G (7t) 5 9GPy, (7)
ot ot - Or oy - Oray
Y (n%g—l + -1
a2
auag RAT _OAT 8,
% Yoz T Z fana 8t8ra2 o a"“ozl i azgg:cm Teazaats m

222

(5.520)

-1
) e

= T8y (s )
a2
5 the first order energy balance equation to get |
T o
O?’AT 0%u O?AT
C——+TS ——_ —0and 1
Dres O + Z Do DT, and replace Bt0ra, ’
TS
also define Vajagazas = ~Yajagazay T ?ﬂalazdasazx |
ou aAT 0%u
Z Xagaz 610;2 aral Z Vajasasay or QQ;;OB —TS2 Z (Iigipo?g) + Hgllpc@ ) Uay
a2 Qo030 a2

(5.521)

The two corrected balance equations are called the dissipative hydrodynamic equations. We sum-

marize the tensors involved in the equations.

ph) (4ph)

1. H&laz + Kajas - Thermal conductivity tensors

21

2. Va,asazay @ Phonon Hydrodynamical viscosity tensor

3. faras

Correction to the thermal conductivity tensor or the thermal conductivity tensor in phonon

hydrodynamics theory since its definition comes from a Fourier-like law. The interesting thing is

that it is a dissipative term that comes from N-processes. 22

2INote that Vaiasasays depends on the coeflicients A and B and so it depends on the order of anharmonicity.

22Note that laiay depends on the coefficients A and B and so it depends on anharmonicity.
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4. Xajas : Mass-like tensor that relates P to the drift velocity @

Now we will estimate these tensors with respect to their dependence in temperature.

[Estimating A (at low T'):] See [Vasko2005] pg 200 and [Gruevich1986] pg 122. Observe that the
definition of A is related to the Umklapp part of the (linearized) collision integral. Thus we can define
an Umklapp relaxation time,

-1

1 R -9 nreq) nreq
— = A ﬁZq NN +1) (5.522)
iq
where the factor [...]71 is for dimensional reasons. We estimate this factor for its 7" dependence. The

low T region is probed by using the Debye approximation which is approximately the spectrum at low
T. We assume one branch for simplicity and we drop the index j.
h? =2 \T€d [ nTEd
q

2
w
| use Debye approximation w = v|g] and Z —r~ / dwﬁ

| where the group velocity v is a constant

K2 wt €q/ nreq
~ T dwﬁNCT( 7 +1) (5.524)
let 2 = ——
| let x T
h? 1 kpT* kT zte®
~N e — .52
Tv> h* h / x(ez—l)z (5:525)
| where the integral is some constant
kLT
105 (5.526)
So,
T4
A~ — (5.527)
U

[Estimating entropy density S (at low T):] See [Vasko2005] pg 200 and [Gruevich1986] pg 49.
Recall the thermodynamic relation,

Cy =T <g§:> (5.528)

and at low T, the specific heat Oy estimated in Debye approximation is Cy ~ T2, thus

S ~ T3 (5.529)



CHAPTER 5. ANHARMONICITY 224

[Estimating x (at low T'):] See [Vasko2005] pg 200 and [Gruevich1986] pg 123. Recall the relation,

K = TS*\71 (5.530)
3 T4
| useS~T°and A ~ —
TU

7Y (5.531)

T4

(5.532)

At low T, 7y diverges and so s diverges but this is only true if 7¢; diverges faster than 73 for low 7.
Thus we need to estimate 77 to confirm this.

So,

[Estimating 77 (at low T):] See [Vasko2005] pg 201 and [Gruevich1986] pg 123. We carry out this
estimation by roughly solving A for a 1D chain. Take the atomic spacing to be a, and there is only 1
phonon branch thus branch index j can be dropped. The first Brillouin zone (BZ) is =2 < go2,q3 < ~.
Checking the selection rules gives only 2 possible Umklapp processes.

e ¢o,q3>0,9= —%’T to map it back into first BZ

* »,q3<0,9= %’T to map it back into first BZ

(3ph) E (3ph)
)‘Oqocz 2a2T V—Q2 43—9,92,93

92,93
| seperate the double sum into the 2 U-processes

(v

g2+g3+g T 1) qugquegq‘s(qu+q3+g — Wg — wq3)g0419052 (5.533)

h2 (3ph) 2 eq e 2 2
_ apned _ _ _2r
= 92T Z —q2—a3+ 2% g2,q3 Nq2+q 2n +1 Nq2 Nq3 5(wq2+q372% Was wq3) "
92,43>0
v @ph) 2
p eq eq
+ 2 Vialtasl 2 sl (N—|q2|—q3| =t 1> N NV
q2,93<0
om\ 2
Xé(w_l‘lz\—lqu%“ W g] — W gs) <a> } (5.534)

| note that w and N°? do not depend on the sign of ¢
| VPR appears as [VEPP|2 and so the 2 coefficients are the same

1
| the 2 terms add up and cancels the factor 5

R2 /2m\2
- 2T<> 2

q2,93>0

V(3Ph)

2
€q eq nreq o o
—42—q3+ % ,q2,q3 (N 2n T 1> Noy Nos 6(wq2+q;;—27" Wqy — wqy(p-535)

q2+q3—

. 2 2
| write wg, = v and for ¢2,q3 > 0, g2 + g3 — — < 0, so Wy 152 = (—v)(q2 + g3 — ;)
w2 (3ph) * (e — T
_ “n aneq _r
QT < a > Z —q2—3+ 2 q2,q3 qu+q 2= + 1) Noy Nyg 2 0(q2 + a3 a) (5.536)

q2,93>0
hw
| for small T, e*5T is large, so we estimate,
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e kpT 1 1 _ hwgg -~ hwqg _h

jus
a

| (N 4+ 1)N®IN ~

hw hw hw

eFpT —1eFpT —1efpT — 1

. T T
| since for U-processes, g2 + q3 ~ Sy sown~ v

a
W22\ ] (3ph 2 ™
~ — | — kpT'a ___ ph) .
a*T ( a > ©r 2v Z —32—q3+2" 42,03 0(az + g3 a) (5.537)
q2,93>0
So the temperature dependence is,
1
A et (5.538)
1 A 1 1
e E A A (5.539)
po T~ et (5.540)

Indeed k diverges at low 1" exponentially.

[Estimating x (at high 7"):] See [Vasko2005] pg 201 and [Gruevich1986] pg 115. Recall the expression
for thermal conductivity,

h? 2, 2
K= VT E |V gw;gl wﬁquN;q (N +1) (5.541)
7

We will use the SMRT expressions for 732" and 7(#?") to estimate the high 7' behavior of £(®*P") and
x(4Ph) respectively. For high T,

hw -1 h(JJ —1 kBT
N = et - 14— 1) ~— 5.542
<e ’ ) << * kT + > > Fiw ( )
1 Neaned | Nedneanes
wn T Ne T cam Y T N T (5.543)

and using Einstein’s approximation for high 7T, i.e. w ~ constant and |Vw|? = o2

we get,

is a (small) constant,

1 11 1
L3P = T3Ph) Nea (N 4 1) ﬁfTQ ~ = (5.544)
1 11 1
(ph) = TR Nea(NET 4 1) ~ ﬁﬁT2 7z (5.545)
1 1
3ph 4ph
IV o (5.546)

[Estimating y (at low T):] See [Vasko2005] pg 206 and [Gruevich1986] pg 135. ** Recall its
definition (taking the diagonal),

—2 eq
X = VTZqN 4 4 1) (5.547)

23 Gurevich’s script p is my x.
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which is exactly the factor we calculated in the low T estimate of A\, immediately we can write,

x~ T4 (5.548)

[Estimating p (at low T):] See [Vasko2005] pg 206 and [Gruevich1986] pg 147. 2% Recall its
definition,

Loy = Zw]q Vawid)on Ajgas Nig(Ni2 + 1) (5.549)
Jjq

and so we need an estimate of A first. If we look at equation (5.505) and equation (5.506) and the
SMRT expressions of 7P") and 7(#") we can estimate these 2 equations as,

1 1 ~ ~
1 1 . -
B ~ (T@ph) + T(4ph))N B=ryB~B (5.551)

where we recall that the derivation at that point is within N-processes and 7y is a generic symbol for
the relaxation time of N-processes. Now we need to estimate A and B from their explicit expressions

hg _ hw
T CT

hw hS _
A= (V) =t B = (V) (5.552)

use Debye approximation, i.e. w = vgq, (V,w) = v and recall the earlier estimates: x ~ T 4. C ~ T3 and
S ~ T3 we get,

qu qu
A ~ — B~ = 5.553
L BT (5.553)
2
it qu 5 qu
Finally,
q’U2 eq eq
D>_worn T N (NG + 1) (5:55%)
q
2
| use the Debye approximation expressions w = vq and Z —~ / dww—3
— v
~ /d w! TN NEI(NET 4 1) (5.556)
let x =
| let z = k:BT
T~ kBT k:ng4 s €
d 5.557
7 n )" (1) (5:557)
So,
po~ TNT? (5.558)

2AGurevich’s x is my p.
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[Estimating v (at low T'):] See [Vasko2005] pg 206 and [Gruevich1986] pg 146. Recall its definition
and related definitions,

TS
Vajapasas = “Yarasasay + ?Walag(sagml (5559)
h . -
Yaragazas = v Z Aoy V‘w)az Bjia3a4N]eq (Neq +1) (5.560)
Tajoe = V Z QOQ ]qa2 Neq + 1) (5561)

We shall estimate both terms in v to be sure. We start by applying Debye approximation to v and use
the estimate for B.

I ~ Z ~uTy Neq N¢ +1) (5.562)
~ %NZJNW(N“IH) (5.563)
q
w2
| use the Debye approximation, Z —r~ / dwﬁ
q
~ UTSNT dww N°9(N° + 1) (5.564)
let v = ——
| let x T
TN k‘BT k%Tél x4ez
~ ke / da i (5.565)
So,
v~ TNT? (5.566)
Now estimate %Sﬂ',
TS
R qu NN 1) (5.567)
~ %N ZWZNeq(Neq +1) (5.568)

q

which is the same as above. Indeed,

v~ T (5.569)

Finally, we look at 2 examples of solving the hydrodynamical equations.

[Non Dissipative case (i.e. only N-processes):] We take the simplest case of an undamped wave
equation. This is done by dropping the dissipative terms and the balance equations become,

2AT

C@t

+TSVd = 0 (5.570)
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Gua OAT
ZXoaozz PSS =0 (5.571)
a1

We eliminate the drift velocity « by taking the temporal derivative of the first equation and taking
the spatial derivative of the second equation.

82AT 0%u
+T CE - 572
S E Ddr,. 0 (5.572)
0y 82AT B
Eaz Xoi oz Dot +S5 Trasdras 0 (5.573)

eliminating the term %, we get the single equation
O?AT  TS> . OPAT
ot? C Xanas Ora,0rq,

ajag

=0 (5.574)

which is of the form of an undamped anisotropic (temperature) wave equation. To obtain the dispersion
relation, we substitute the travelling wave ansatz.

AT o ¢{a7=wb) (5.575)
We get,
I TS2 o
w2€l(q Towt) Z Xa1a2qa1Q(12 gt — 0 (5'576)
[ 3K D)
w? = Z Xevs on Qo (5.577)
a1a2

is the dispersion relation of the (anisotropic) undamped second sound (or temperture wave). We see
that as long as only N processes occur, and the distribution is linearized, the above dispersion relation
is the same for any order of anharmonicity.

[Dissipative (i.e. with U-processes) and Cubic Geometry] We take dissipative effects into
account in this example, but we choose a simple (3D) cubic geometry so that all the tensors become
scalars. We specialize by considering only the x-axis but there is no loss of generality in this context.
Note that % — 8% and we will use the travelling wave ansatz,

AT = ATpelle=+h (5.578)
Uy = upedrwh) (5.579)

and substitute them into the balance equations. The energy balance equation becomes,
C(—iw)ATy + TS(iq)ug — p(iq)*ATy = 0 (5.580)
The momentum balance equation becomes

x(—iw)ug + S(iq) ATy — v(iq)?ug = —T'S? (H(Sph)_l + m(4ph)_1) uo (5.581)
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Together, we write

iqT'S puq? — iwC uo B
( vg® — iwx + —tSe iqS ATy ) 0 (5.582)

H(SP}L) —|—;{,<4Ph)

Solutions exist when the determinant of the matrix of coeflicients equals zero.

(iq)*T'S? — (uq —sz’)( —dwy + 0  (5.583)

(3ph ,{(4ph
2

< )
—¢*TS? — (—iwC) ( g2> wa( S i ) = 0 (5584
)

Xw (Ii(3ph) + /4;(417]1) Xw

2 2
2 Q2 2 nq ivq ir's
TS —wCx|1+——) (1
1 “ ( * Cw> < * Xw * (k(B3Ph) + k(4Ph) ) w

270 G2 2 ) 2
q“TS 9 g ivq TS
vl ( + Cw) ( U e T (5.586)

= 0 (5.585)

Note that w is real and q is complex. The imaginary part of ¢ will cause damping to the second sound
amplitude. Using the relation that intensity is the square of the amplitude, we define the absorption
coefficient of second sound, I'y; as follows,

. 2
damping of intensity = (el(ldq)w)

I
m\
o
E
~—~ I~ o~
ot
co
Ne)
— — — ~—

where I'm = 2(Sq)
Denote the velocity of second sound as 1)121 = % (which can be inspired from the previous example)
and now we will calculate the lowest order terms of I';;. The relevant condition for light damping is
Rqg >> Yq.
In the first order where ¢(!) = Rq (which means there is no damping and so all imaginary terms
vanish), we get,

¢V’ 1782

2
ox w? = v}V = ? (5.591)

which is of course (see previous example) the dispersion relation of undamped second sound specialized
to the cubic geometry. In the next order, we retain terms linear in I'yy.

qg = RNqg+iSq (5.592)
w 1
= — + =i 5.593
o + 21 II ( )
w\? 1 w

2 2 . 2
= — ) —=-T'%+1 <> T 5.594
q <vn> Rt o 1I ( )

2
VR
S e
N————

+

; <‘”> Tip (5.595)
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and we substitute it into the “coefficients” equation (5.586).

c a2 c 2 . 2
2 2 g wq TS
(vng)” = w (1+ wC> <1+ Yw + (<3P +K(4ph))xw> (5.596)
a2 a2 G2 4 2 G2
2 9 q g TS _ wg pgTS
(vng)” = w (1+ T (G T e w20% w2 (5.597)

| drop the small ¢* term

2 . _ 2 (q_ pISs? 2 o T L iTS%w (
w” +iwoln = w (1 520 () £ H(4ph))Xq ) + qw <XW + Cw> q° + (R 4 K(4ph))x\5.598)
+1

2 Q2
_ p o0 a0V B\ (W w TS
(H(3ph) + /4(4ph))UHq i (Xw + Cw) <v121 (UH> FH) (k (3ph) ,Q(4ph))x

Take the imaginary part,

ivaIFII

_— m 2 r w? T5% 5.599

wirnln = _(H(gph) + R(4ph))vn I+ w? o Cw UH — T (H(gph) 4 H(4ph))X (5. )
B i ” T5?

Iy = — PECEwET) I'nm+w < ) KkBPR) 1 5 (4Ph)) vy (5.600)

1

| estimate (o) + (1)) —N which is small in the hydrodynamic regime
K KR TU
v 1 TS?
Iy = w 5.601
1 “ (va’l * CU%) * (kBPh) 4 (4Ph) )y ( )

The first term depends on frequency squared and the second term is a constant term. Now if we
recall the condition of existence of second sound,

Rg >> Q¢ (5.602)
and B¢ o« w (5.603)
with S¢ o T ox w? (5.604)

we see that the condition can be violated when w is sufficiently small or sufficiently large.

5.6 Kinetic Theory: QKE Treatment (towards Quantum Phonon Hy-
drodynamics)

5.6.1 Recalling QKE

Recall that we have 2 types of QKE theories: one is based on KB ansatz and the other one is based on
GKB ansatz. Let’s state again, what they mean.

QKE based on KB ansatz is made up of NEGF + Wigner Coordinates 4+ gradient expansion +
(free spectral) KB ansatz. Gradient expansion is an expansion in correlations. The zeroth order term
is a collision term with no particle correlations. The first order and higher terms are correlation terms.
Causality is not obeyed.

QKE based on GKB ansatz is made up of NEGF + GKB ansatz and Wigner coordinates + gardient
expansion are optional. The improvement here is that causality is obeyed.?®

2’However I did not manage to make it work for phonons in this thesis which I suspect has to do with the clash
between causality and particle non-conservation. For the application to electrons, see the appendix. For the application
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We recall the the QKE based on KB ansatz

0 -
(a7 + (B )7 Mo 00) = e o (5605

where,

7
Izeroth = T

-+

4 <Ej>1j1(r1w]1q+q1 N, o (Fith) = 555, (Fiwy g+t )<1+N]Zq+(r1tf)>>(5.606)
J14qy

Free Spectral KB ansatz:

—127
l)‘7<1]2 (TUJq +t+) = 5j1]22u}7 (5(W1 - wj1§1+) — (S(wl —+ wj1671+)> le (TOJ(] +t+) (5607)
J14qyq
—i2m
Dy (R %) = g (e = 0) = 0en +0,5)) (L Ny (o 1) (5.608)

ity
It will be shown explicitly in the next section. Now we will proceed to solve I,e.otn for 3 self consistent
self energies.
5.6.2 Zeroth Order Gradient expansion Collision Integrals
5.6.2.1 V{#h) Term

We use the (sign assigned) self consistent self energies.

5 - 1h . 4dph L. . o
Shp(@hdt) = -5 /d%dq VY (@, @, — @, @) D3, (Bt dat2)8(t — t) (5.609)
J3ja
NS (Gihits) = —22ST [ agmdg T (a1 —d @)D (Gstdats)d(t — ) (5.610)
jrje \1019282) = 2 a3 J1jajage \ 41, 93, —q4,G2) 55, (q301q4t2)0(t1 — 12 .
J3ja
Define ,
Wigner coordinates: (Z?’t = é(% —L— q1) Inverse: q;}) = (Z3+ + 2q3 (5.611)
q3 = (43 — g4 (J4ZQ3 _5‘13

So now we move over to Wigner coordinates then make a gradient expansion then extract the Fourier
components.

Eih(fﬁ_tfffﬁtf)
— + (4ph) 2+ _lz— =4+ | 12— ot | 1o— o4 1o—
= -5 Z/d Ay Vi, i (0 = 300G+ 505~ 4" + 30 @ — 360)
Jaja
XDji,j4(§3_tfc73+t+)5(tf) (5.612)
elta function in ives
| delta functi Y (ph) o
| _€71+_ %51_+(7?,++%473_ _§3++%‘IS_+§1 —§q1 =0=-¢ +d =0
| gradient expand vV @Ph) and keep the lowest order terms
|

write D~ into the Fourier form

to electron-phonon interaction, see the respective chapter.
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S 19 O KL xRS AR oate
J3ja
dws dws —zq ‘F3—i(wetw3)t] 1>
drs3———= 3 Tamilwztws 1D (7’3@02(]3 tl )(5(0)3) (5.613)
27 2w
| use g; =g, to evaluate / dgs
dw1
| add in the integral 27
21
47 (4ph) . ot
- _Z/d +‘/J(1JZJ4]2( Q0= 4
J3J4
o [ iy S L2 A i )y 033 (ws) DY (P ) (5.614)
™ 35— o 21 9 W1 — w2 —w3)olwg) Vg, 5 (T3W2qG3 1 .
| evaluate / dws
- _Z/ da;"V, 31]314]2 (-6 4" 0" a0
J3J4
L dwy dwy g o > (= oot
X dTgﬁge 1 Lo(wr —we) Dy (Fawa s ty) (5.615)

The Fourier component is

1h dw
R =+17(4ph) 7+ 2+ o+ o+ 2
X5 (Mwq ) = 37 /d Vi~ @ @ =05 @ )/5(
Jaja
The Fourier component of the lesser self energy is
Y<  (Fwrdt dg;" v, (4ph) 2+ o+ o+ ot de(S
jljg(rlfﬂl% t1 = _**Z ]1]3]4J2 —4q1 ,493 s —43 ;4 ) [ 50w

J3ja

Now we can calculate the I,q..tn collision integral based on this self energy.
First term of the Collision Integral I,c.otn

i >
Q0. ot Ejlj1<

T_ﬁw +q1 t+)N. ~1+(771tii_)

J14qy
-1 1h
_ =g+ +17(4ph) S+ o+ o+ o4
T 2w q+2iNj1z71+(’"1t1)Z/dq Vymml( @Gy s i)
I Jaja

dws —i27
X / ﬁ(s(wﬁ(fﬁ — WQ)6j3j4T ((5((,02 — wj3(j3+) — (5((,02 + szq?)) (1 +

j 3 ‘ngr

| evaluate / dwy and drop the 2nd term that gives the unphysical § ( gt T

— _lh Z V(4ph (f—"_ AN q—'-i-) 1
214 qu1 J133]3J1 143 043 041 /92 H_wj ot
JSQ3 343

Xé(wjﬂfﬁ N wj3§'3+) ( + Ny, (lejg)q +q3 tl ))

wp) D75 (Fwads t])

(5.616)

— wo) D3 (Prwads )

(5.617)

Nj, (F1w2‘f3+tf))

Jads )
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1
| recall V1Ph) = 7 (4ph) 2w+ww
h
| use the notation N, (lequ s t+) Nqu*;r (771t]L)
! h (4ph)
- Topzi Ny g (71t7) Z Vyusyzm =41 543 ,—Gq3 ,qq )6(wj1(71+ — Wit +) (1 +Nj3(;+(7“1t1 )>

]3q3

Second term of the Collision Integral I, otn

7; o e —
i iy B (1 N Gt

2&)]-151«‘»
LA > 4+ (4ph) el =g+
=~ (1+Nj1c71+(7"1t1)> D Visgagon (SO G5 =0 60w g = @) N (FiT)
Jads"
1 A (4ph)

I zeroth Z V.

J1J373J1
]d‘z;r

(71t7) (

2h% i

“(

N. .+

1d, L+ Ny g

J343

(Tltf)) (

(“QI%aQE+>“65+aQI+)5(“91%f

1+ Iv}lé’+

(7)) Ny (FiED))  (5.618)

Thus we see that the collision integral is pure imaginary (the reader will eventually notice that odd
numbers of anharmonic coefficients in the self energies give imaginary collision integrals and even num-
bers of anharmonic coefficients in the self energies give real collision integrals) and physically it cannot

be interpreted as the time rate of change of the distribution due to
that it indeed satisfies the energy conservation sum rule.

Z hw Izeroth
]1111
1 (4ph) S+ o+ o+ o+
= Ton2 g Z Gjsgois (TO 03 =3 )
]lq‘l+j3q‘3+
+
X0 = g W (Vs (D) (14 Ny () =
| rename 1 < 3 in the second term
1 n (4ph) 2t 2t ot o4
= Top2 Z j1j3j3j1(_Q1 3=, q))
]1§1+j3q_'3+
><(5(o‘}.7'1(j’1jL w]’S‘Tng) <]\]rj1‘j‘1+ ( + N]31j+>> (('djlqﬁl+ o wj353+)
| use the delta function

0

5.6.2.2 V0GP? Term

We recall the (sign assigned) self consistent self energies.

D

J3jajsje

1h

> - 1> 7o 7=
Y5, ([@itdats) = 37 dqzdqsdgsdds

collisions. Nevertheless we check

1 +_ZV}1§4’

(5.619)

(5.620)
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3 S T N S 4y o
‘/;(1]232( 1,43, (J4)V]i%]2( G5, — s, 2) D, 5 (@3t10512) D 5, (Got1Gat2) (5.621)
’ write Dj 34(q6t2cj’4t1) = Dim((ﬁtl%b)
1h
= - dqsdqrdqsdqe
57 D [ dibddiddsdds

J3jajsJe
= (3ph - = —\1-(3ph s N > -, o > o,
X‘/j(lﬁji(*m, @3 Q4)‘/j(5£ji(w5, —G6, ©2) D5, ;. (G3t135t2) D5, 5, (Gut1 Gst2)(5.622)

We go over to Wigner coordinates. We need to define 2 sets of it.

Wigner coordinates: (j’;_’ = %(q_’;; + @) Inverse: @3 = (731 + %q}:
@5 =G — G & =d5 — 50 (5.623)
Wigner coordinates: cj’{ = 2(q@a+qs) Inverse: ¢y = q"{ + %q‘;{
44 =44 — (g6 q6 =44 — 344
7, (@t )
1h "
= 57 Q. [ dd"dadgydg
J3jajsje
Bph) (o 1o— o4 10— o4 Bph) (=4 | 12— _ o+ | lo— >+  1o—
XVieas CQ — 2@ 505 + 535 54 +3d )me( G+ 30 —4 + 30 @G —30)
D7 (a5t @5 47) D5 5o (@4 ty 4y t]) (5.624)
| we add the 2 delta functions from V©P?) and get g +q —q =0
| gradient expand VBPh) 6 the zeroth order
| write the Green’s functions into Fourier form
Lh (Bph) (=4 =+ S+\7Bph) o4 o4
37 > /dq3 gy ddy dg Vol (—at aT Vi (=@t~ @)
J3jajsje
de dW'g, _ _ . R R
x / diy = =iy —e™"h T T Tt DE (i) D] (Faws @ 1) (5.625)

| use the earlier relation ¢, = ¢~ — ¢; to evaluate / dqy
h)
2

= == E: /d%<w+d%‘%&wﬂ %ﬁi+@?ﬂé] (d?;—@,ql)

J3J4JsJ6

d d
/d?“;;;:dm 2(";364!13 (Fs—74)—iGy” T4 g—i(watws)t 1D3>]5(T3W2‘jg+ti~_)Dj>4j6(7?4003(?44_151#) (5.626)

| evaluate / dq; to get 6(r3 — 74) then evaluate / dry

Lh -+ Bph) =+ =4 =+\77(3ph) 2t o+
= 52 Z /dq dq V]1]3]4( ql ’q3 ’q4 )V75]6J2( q3 ’ q4 ,ql )
J3J4jsJ6

dwg dw:g _ = . .
/d T3 —r o 27r iqy 73 p—i(watws)ty D> (Tga)gq3 t] )Dj>4j6(r3w3q4+ti|—) (5.627)

d
| insert the integral 2 %
i

U’LZ Bph) (ot ot TP ot ot
- 27T§2 /dq3 dq. +VJ1JI;J4( 0 )‘/;5]’;]2( G5 =0 4"
J3jagsje
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ChUl dCUZ dCU3 _ s tT > — 4,4
X /d T Tty § () — g —w3) D7 (Fawads t] )Dj4]b(r3w3q4 t7)  (5.628)

We extract the Fourier component and specialize the expression for the collision integral

1h dwo dws ~(3ph), a0 a L .

Ej>1j1(7’1w]1q+q1 ) = 27r52 Z dgytdg; /271' o V](UI;JZ( q1+7q+q4+)vjij6]3( o —at,ah)
J3j4jsJe

X0(wj g+ — w2 — w3) D (Fwnds ) D, o (Frwsdy ) (5.629)

The other self energy term is

1h dOJQ d(,U3 ~
< + Fdq; Bph) =+ 420\ 7BPR) (o4 o4
Ej1j1(T1wJ1q+Q1 t] ) = 271'52 Z dq dq /271_%‘/]‘1]‘3]‘4( q1 ,43 44 )V}mjl( qs ,—Q4 ,ql )
J3J4jsJ6
X0(w;, g — w2 — wa) D35 (Frwads™ 1) D5, (Fwsdy 1)) (5.630)

We will now calculate the collision integral.

First term of collision integral I,e;oth

= 3 (Fiwy TN (R ) (5.631)

jud(
2wj qt

| insert the expression for ¥~ and implement the Free spectral KB ansatz.

i 1h n gt dwsy dw3 = (3ph) G e gt g+
= 2my——— N (i) > [ dgtdg 5 o Vivgsis ("0 T3 Wi (=@ =@, @)
J14qy

J3jajsje
—127 Lo
XO(w) g+ — w2 — W3)6j3j5m ((5(w2 —wj ) — 6w + wj3§3+)) (1 + Nj, (Pwads t1))
7343
—127
X046 % ot (5(w3 - wj4q.4+) 6(w3 + w; it )) (1+ Nj, (Pws@ t])) (5.632)
Jady

| evaluate / dwadws with leftover which cancels (27)? from KB ansatz

1
(27)?
| discard the non-physical delta function §(w gt +w,, o + wj4(?4+)

| 2 delta functions add up due to indices 3,4 symmetry

h + —*+ >+ >+ >+ 2
- 23w J14; w]3‘13 w] ‘T4+ 7T N _‘+ rltl ]Z]/dq d ‘ JU?’M T3 )‘
3J4
X ((S(O‘)jlq’lJr - wj3q_'3+ - wj4§4+) (1 + N]3q_’+(7?1ti~_)> (1 + N]4q’+(r1ti~_)>
725((”]'1@1 Wizt + Wisgt +) ( + N *+(T1t+)> (1 + Nj, (71, *Wj4q*4+q‘4+t;r))) (5.633)

| use identity Nj, (71, —w,, .t ) = <1 + N g (Fﬁf))

BW. W bW,

TR 3 ot ot o 913 Phsdst Y iag

| recall VJ(mst);( Qa4 = V;(UZJZ( G )\/ : 73 : )
2

_ . Sph) ST L
B _ﬁNj1@1+(r1t1 ‘Vjuzm —4q1 ,493 >4 )‘

JBQ3 34‘14

= 4+ = 4+
< (80 = gy = g (1 Ny (at])) (14 N i)
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+26(w), s W) (1 + N ot (mf)) N, ﬂ+(m1+)) (5.634)

Wi, Jady

Second term of collision integral I eoth
]
= 7251]-1 (T1<,u +q1 ) (1 + N, a+(7‘1tf)) (5.635)

2W. - Jiq
1@

| insert the expression for ¥< and implement the Free spectral KB ansatz.

_ 1 1h + R dwg dW3
= oy (e N ) S [agtags [ GRG0
Jiqy Jajajsje

7BPh) (ot o4 \TTBPR) (o4 o4 ot
J1J3]4( T 493 s )Vj5j6j1(_q3 44 )5(wj1tfl+ —wy — ws)

—12m Lo
5j3]52(,07 (5(w2 — wqu»;) —d(wa + wj3q3+)) Nj, (r1w2q3+tf)
J3 Q3
—12
X0 T

o o (5(“’3 ~Wigir) T Olws + “’nqj)) N;y(Fiwsgy t]) (5.636)

44,

| evaluate / dwadws and cancels (27)2

1
(2m)?
| discard the non-physical delta function §(w, ot T Wit wj4q.4+)
| 2 delta functions add up due to indices 3,4 symmetry

h 1 2
— + + ph) (o4 o4 =
= -5 -2 <1+leq~+ 1ty) Z/dq dg; mm( AR

W, W
1@y iadst Y iag, jaja

>+ >+
X ((S(u)jlq’l+ o wj3§3+ - (J\}j4(j‘4+)]\[j3(j‘37L (Tltl )‘Z\[j4q’4jL (T]_t]_ )

~26(wj, 74 — Wy, o + Wt )Nj367+(F1tf)Nj4(F1,—wj4§4+q_;1+tf)> (5.637)
| use identity N;, (71, —w, ﬂ+q4 ) = <1 + ij‘j (Fitf ))
VO (_at+ g+ g+ (3ph) (_ =+ =+ =+ 2005 a1t iy iy
| reca VJU:‘»M( T 93 59 )= V31J334( ¢ 93 294 ) %3
2 > &m) S ——
- oY <1+letﬁ+(r1t1 ) ’%1]3]4 —q1 593 544 )‘
]5‘]3 .74‘14
+ S o+
X ((5(0.)]-1(71+ o wj3q_‘3+ - wj4q4+)N]3q3 (Tltl )]\7]4‘1’4+ (Tltl )
St S
20y, 0~ Wt 900 N () (14 N (R ) ) (5.638)

The total collision integral is I,eroth = First term - Second term, and we see that we exactly reproduce
the 3-phonon collision integral (3" Although nothing new is derived, it is now clear that QKE
(based on KB ansatz) gives us a perturbative and diagrammatic method to calculate higher 3-phonon
collision integrals. The next 3-phonon collision integral comes from the VB3P)* term which we will
briefly describe later.

5.6.2.3 V(4")? Term

We recall the (sign assigned) self consistent self energies.

= — —
255 (@t dat2)
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—1 (h\? L
= 3 (Z) > dq3dqadgsdgsdqzdgs

J3J4753677J8
- (4ph S 5 o sy r(4ph S s s NS o, > > L, o < /L, S
X‘/}(lﬁjijs(—% @, G q4)‘/j(7£j2j2(_q77 —48, — 6, 12) D5, ;. (Gst2G5t1) D5, 5, (Gst1G7t2) D7, 5, (Gstadats)
| write D, = DS and D5, = D5,
—1 (h\? L
= 3\ > dqzdqsdqsdgsdgrdqy

733435363778
~-(4ph o 5 o o\yr(4ph b o o oSNNS o, o > L, o > L, o
X‘/j(lﬁjijs (=41, 35, q4)Vj(”§j2j2 (=@7, — s, —6: ©2) D3, j, (G5t1Gst2) D, ;. (@311 Grt2) D3, 4, (dat1 Gstz)

We go over to Wigner coordinates. We need to define 3 sets of it.

Wigner coordinates: ¢s" = %((1’5 +qs) Inverse: g5 = g5 + %‘js_
45 =0 — s (76:(1?_%(75,
Wigner coordinates: ¢, = %((fg +¢r) Inverse: s =gy + 505 (5.639)
I3 =q—Gqr Gr=q5 — %6737
Wigner coordinates: ¢, = %(cﬁ +qs) Inverse: ¢1 =g, + ?@1—
qy =q1— s (f8:q_)4+_§(f47
o= ot
E;jg(ql t T ty)
A dgstdgy dgstdgy dg;tdg,
= ol X G5t gy dgstdg; dg;tdg,
J3jajsjeJrJs
(7 (4ph) B B e R . I - E R e
Vieigs "0 — 2@ @G + 305 4y + 59 -0 + 3% )
cr(4ph) S+ | 1o— o 1o o 1o— o 1o
X‘/j7j8j6j2(_q3 +t343 =4y t34 =05 t30 %1 — 3% )
X D5 (@t G5 t7) Dy (@5 17 @5 ) D7, (30t @5 t) (5.640)
| add the 2 delta functions in yph) ¢4 get @y +qy +q; =q
| gradient expand VPR t6 zeroth order
-1 (h)? Tl R
~ 3G > dgs"dds dgs"dgs dq," dq,
J3jajsjedris
(7 (4ph) 24 24 o+ o+ 17(4ph) 24 =t 2t o+
X‘/}ljgj4j5(_q1 43 54y 595 )Vj7j8j6j2(_Q3 =Gy =G5 ;)
o y— ot D y— ot o y— ot
xD7 (@5t 45 t1) D5, 5, (G5t G5 ) D7, (a1 q 1) (5.641)
| write the Green’s functions into Fourier form
—1 (h\?
_ S o= g gD gt g —
T <2> > / dgs"dgsdgs"dgsdq,"dq,
J3jajsjejris
(7 (4ph) S+ ot o4 o r(4ph) Y & -
X‘/jjlj3j4j5(_q1 43 544 595 )V}'”‘gjﬁjg(_% =y =G5 1)
L dwy et L L dws e st Lo
x/drg,%e s T2ty Dj>5j6(r5w2q5+tf)/dr327re iy Ty—iwsty D;ﬁ(rgwgq;tf)
B Lo
X/d?“427r€ 1qy Ta—iwaly Dj>4j8(""4w4Q4+tIL) (5.642)

| use the delta function ¢5 + ¢, +¢; = ¢ to evaluate ¢,
dw1

| insert the integral 27
2T
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—1 (h\? i
= 27T‘4‘* (:,:) :E:: J/jciq3+11q3 (iq5+1jq5 (iq4+

3 \i) =
J3jajsjejris
(7 (4ph) 2+ =+ o+ o477 (4ph) Y S
X‘/j1j3j4j5(_Q1 ,43 5494 545 )Vj7j8jsj2(_q3 » 44 545 544 )
dwi dwe dws dw - e L
R Rt S —45(w1 —wy — w3 —wy)e N | didiydise T Tie 5 (5 T) g iy (M5 —T4)
2 2w 2w 27
> (w2t D> (e 2t N> (7 T
xD7 i (Thwads' t] )Dj3j7(7"3w3q3 t] )Dj4js (Tawa gy t7) (5.643)

| evaluate / dqy to get 6(7%5 — ) then evaluate / drs

| evaluate / dqs to get 6(73 — 74) then evaluate / drs

—1 /h\?2 - -
— =4 12+ 72417 (4ph) 7+ 2+ 2+ 27 2+ o+ o+ o+
= 2o (Z> > 3" dds ddy" Vi, jujags (0 G G 05 Winjejesn ("8~ —05 @)
‘ J3Jjajsjejris
dw1 dWQ dw;g d(.U4 P P
X | == (W) —wy — w3 —wy)e W [ e T
/27r 2w 2w 27 (wn 2 3 1) 4
X Dj>5j6 (7?40.22(75+t1+)Dj>3j7 (F4W3%+t;r)Dij8 (F4W4q_;1+tf) (5.644)

The Fourier component of the self energy, specialized for the collision integral, is

Zj>1j1 (7710) . *+§1+ti~_)

J14,
—1 (h\? - (4ph) (4ph)
_ ot g2t g o7 (4P S o+ ot o\ TP e S-S
= 2mo (l> > dgstdqstdg v~ @t @t Vi (=t —at —asT 4t
’ J3jajsjejrJs
dws dws dwy D> (7wraTtYD> . (FrwsaTtHYD>  (Fwsg Tt
o om 9m (Wj1¢71+ —wy — wg — wa) D7 (Fwas 1) D75 (Mwsds t]) D7, (Mwady t7)
(5.645)
The lesser self energy can be immediately deduced to be
> -t
5 (P1w), g @)
—1 (h\® - .
— 2 g2+ 12477 (4ph) 7+ 2+ 2+ 277 (Eph) S+ o+ o+ o+
= 2mp (Z> > dgstdgstdg, v (=4 @ @ WV (= —a —dsT, @)
' J3jajsjednis
d(,UQ d(,c)3 d(/.)4

(7?1W3q3+tf)D<< (F1w4cj'4+tf)

———5(%1(1? — W2 — W3 — W4)D<< (771002@’54_75—1’_)1) Jajs

<
2 21 2w Jsje Jajr

(5.646)
Now we can calculate the collision integral resulting from this self energy. We do it term by term.

First term of collision integral I, oth
— i > o~ -+, 4+ -+
= 2w Hﬁ»zjljl (lejlljl+q1 t]. )leq»l+ (Tlt]_ ) (5647)
J149y

| substitute in the form of the self energy and the free spectral KB ansatz

—1 (h\? . i ot g
= <Z> Ny (7)) > / dg;*dq;tdgst

W, -+
J14y j3jagsjejris

o7 (4ph) St o4 o+ o7 (4ph) 2+ ot o+ ot
Xlejgj4j5(_q1 43 54y 595 )Vj7j8j6j1(_Q3 =y =G5 1)
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g dws dos sy — iy — )
2 27 27 14, 2 3 !
—7,277 o+
X(5j5j62w7 ((5(&)2 — wj5§.5+) — 5 WQ —l—w > 7'1(,02(]5 tl ))
j5§5+
—i2m
X(SJBJ?T (5(W3 - wjg(j;) 6(ws + Wi ) 1 + Ny, (Fwsdy tl ))
j3§3+
—127
X 0j4js 5 (6((.04 —w; o) = O0(ws +w ) + Ny, (Frwag, t])) (5.648)
Jaq
1

| expansion gives 8 delta function terms and cancels (27)3

(2m)
| the last delta function term is dropped as it does not conserve energy
-1 (h>2 —1
= 21— (= | N. _.+(7At]) E
! ; J1q 1 4
3 t Hh + 2 wjlq1+wj3‘ig+wj4q4+wj5§5+

335" jad,t js s

2
x/dwgdwgdw45(w. o — Wy — W3 — Wy ‘ ]U“i]o( (j’f,q";,@j,q_’;)‘ (7 delta terms)

(1 + Ny, (w3 +t+)) (1 + N, (T1w4q4 ! )) (1 + Nj, (r1w2q5 t] )) (5.649)
| recall that V#Ph) = WV(‘@")
= %%Nj@ﬁ (F1t]) Z /dedwgdw45 g —wr Wy — wy)
Ja3ds Gady" isdst
“/;(1]1;2]5 (-q", (73+> ar, CT5+)‘ (7 delta terms)
x (14 Ny (Frwsds t5) (1+ Ny, (Frwad ) (14 Ny (Frwedstt])) (5.650)

use pairwise symmetry of the indices 3,4, 5
Y

| then 2 sets of 3 delta functions add up giving 3 types of terms

127 (4ph) 2
_ St p St o ot ot
o ?ﬁNjﬁﬁ(rltl) Z }V]1J3J4]5 0543 591 595 )‘
]3‘13 ]4‘14 ]ng

[3(5( . ~+ — wj 1+ + w + + w]4q4 )Nqu.;r (Flt—li—)NMq (Tltl ) (1 =+ Nj5§5+ (T_"lti"_)>
+35(wi1§1+ T Ysat T Yisgt + Yisg +) < + Nj3§3+ (Fltl )> Nj4ff+(7?lt1+) (1 + NJ5CT5+ Uﬁtf))

+ 00 = W~ g~ ) (L4 Ny (D) (15 N, (3tD)) (14 Ny ()|
| this step could be non-rigorous =

| we adjust the signs in V4" such that they follow the convention:

| if Wj a+ has a positive sign in the delta function, then ql is negative in Vv 4ph)
21 @ph) (ot ot ot o |
- 52 Z 9 ) ]1]3]4]5( @ >=4q3 5,744 > )) 6(wj1¢71+ Ykt +wj3¢73+ +wj4¢74+)
JBQ3 ]4(14 Js q
><N a+(7“1 ) j 7“1151 ) (1 + N]5q~+(r1tf)> leqfr ("1t))
v4ph —qt qt - g 6w, s —w, e —w w2
jrgsjags\ "D 293 > —94 595 gt J5ds" J3ds" Jad;t

X (1 + Nj3§'3+ (Flti’_)> Nj4(f+(r1t+) (1 + ]\7.5 ~5+ (’Fltii-)) N'l _,1+ (Fltii—)
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(4ph) Dt ot ot ot
+§ ’Vj1j3j4j5(_q1 143 5,44 595 )‘ 5(wj1§1+ T Ysqt T YWisgt T wj4<f4+)
(1 + N (r1t+)> (1 + N (mf)) (1 + N o (Pt )) N, o+ (Ft]) ] (5.651)
Second term of collision integral I,eroth
i +
= o Tha P @) ( + N o (Pt )) (5.652)
J14q
| the working is very similar to the first term
| we also drop the non-energy conserving delta function
127
= §ﬁ ( + leq.+(7’1t1’—)> Z /dWdegdW45 — W2 — W3 — w4)
. ]3(13 _]4(14 ]5Q5
4ph J JERT - J - i - _
[V (657057 )| (7 delta torms) N, (Fuosds )N, (Freand 1) N, (Freonds 1)

| use pairwise symmetry of the indices 3,4, 5
| then 2 sets of 3 delta functions add up giving 3 types of terms
| also use N;(7, —w,qd ", t") = —(1 + N;(fwg Tth))

= (N ) Y e gt ah)|
J3dst jadyt is @yt
X [30(w), 5 = Wizt + Wi +wig) (1 Ny (D)) (14 Ny, (RED) ) N o (7]
+35(wj1§1+ Wy T Wigk -l—qu )sttfg +(7m T) (1 + N —»+(7’1t+)) N]5q~5+(771t1'_)
0w~ Wit~ Wizt — i) N PN o (RN o (Pt (5.653)

| this step could be non-rigorous =
|  we adjust the signs in Vv (#Ph) such that they follow the convention:

| if W+ has a positive sign in the delta function, then cj’iJr is negative in v (4ph)
144
2T (4ph) 2
_ P 2+ ot 2t o+ _
TR Z 9 ‘ ]1]3]435( 915,793 s 744 > 95 )‘ 5(wj1ffl+ Wj5q’5+ + szé}f + wjuif)
j3§3+j4q4+j5§5+

x (1+N. i D)) (14 Ny R ) Ny o Rt (14 N e (RD))

Jaq 1545 J1q
V]ézl‘;ﬁm( @ 753 ! aQ5+)‘25( T Wiat T Wisgt tw )
xNj3ﬂ+(r1t1+) (14 Ny (FD)) N, 7«1# ) (14 Ny g (R ))
+% ‘foﬁi%( a4 as) ’2 Yigt T Yisqt T Wisgt _“’m’j)
X N o (PN, o (DN, o (71 <1+Nj1§1+(771tf)) ] (5.654)

For completeness, we include the explicit expressions of the 8 delta function terms,

+ d(wo — wj5§5+)5(w3 — wj3q.3+)5(w4 — wj4§4+) type 1 (5.655)
— (5((,02 — szq:;)d(w?, — wqu-»3+)(5(W4 + ijj) type 2 (5.656)
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— O(we — szq?)é(wg + j3§3+)5(w4 j4q}+> type 2 (5.657)
+ O(wa — wj5(75+)5(w3 + wj3§3+)5(W4 + j4(j4+) type 3 (5.658)
— O(wa + sz(j;r)é(wg j353+)5(w4 j4q4+) type 2 (5.659)
+ (w2 + jsq»;)é(wg — wj3§3+)(5(w4 +wj,z+) type 3 (5.660)
+ (w2 + wj5(75+)6(w3 + j3(73+)5(w4 j4q4+) type 3 (5.661)
— (w2 + wj5§5+)5(w3 +wjz+)0(ws + wj4q~4+) discarded (5.662)

Total collision integral Lepotn in shorthand notation 1 = j;, ;" and 1 = ji, —¢;"
= First term — Second Term (5.663)

27
= H 1”;’17”575’ S(wi — w5 + w3 + wy) (N1 N3N4(1 4 Ns) — (1 + Nq)(1 + Ns)(1 + Ny)Ns)
3,4,5

‘mgpjs‘ §(w1 — w5 — w3 +wi) (N1(1 + N3)Na(1 + N5) — (1 + N1)N3(1 + Ny)Ns)

3‘ ‘V1§p£5’ 6 Wl — Wy — W3 — w4) (Nl(l + N3)(1 + N4)(1 + N5) (1 + Nl)N3N4N5) (5.664)

This expression is the same as I(*P"). Again, nothing new is derived here, it is the framework that
encompasses the traditional kinetic theory that we want to emphasize here.

5.6.2.4 Discussion on other Self Energy Terms

As noted earlier, self consistent self energies with odd numbers of anharmonic coefficients are going
to give imaginary collision integrals (within this framework) which are, strictly speaking, unphysical.
Thus, v/ (3ph)? 17 (4ph) Type-1,2,3 self energies are unphysical and will not be discusssed further. They
may be make physical sense in other theories.

Self consistent self energies with even numbers of anharmonic coefficients as going to give real
collision integrals (within this framework), so Ve gelf energy is the next physical self energy for
QKE and it represents the next higher order of 3-phonon collisions. It is actually a vertex correction.
This thesis provides enough tools to carry out the calculation of the collision integral but there may
be a hundred terms or so, therefore, we shall only outline the steps: apply Langreth’s theorem to get
the lesser and the greater component of the V3P)* gelf consistent self energy, define 5 sets of Wigner
coordinates, gradient expand to zeroth order, extract the Fourier component, substitute into 0t and
dropping unphysical energy delta functions as necessary.

One more point that could be discussed in this framework is about the breakdown of Matthiessen’s
rule of adding inverse relaxation times, i.e. adding resistivities. In this case, we mean, at which order,
is the collision integral of 3-phonon & 4-phonon interaction so mixed up that they cannot be written
as a sum of 2 terms? I believe the answer is the V3PW? (4PN gelf consistent self energy shown in
the diagram. Omne can deduce that the collision integral is made up of the 4 anharmonic coefficients
multiplied together hence making the term inseperable. By the way, it is made up of an even number
of anharmonic coefficients.

5.6.3 First Order Gradient expansion Collision Integrals

We recall the first order (in gradient expansion) collision integral I;g;.

First Order Collision Integral I
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p4ph

4ph)

Figure 5.20: Self consistent self energy that gives rise to a collision integral that violates Maitthiessen’s
rule.

1 dw' Ajy js (T (71+t+) < +
= 5= ; dwlz{[ / 2]3]1(7“1W1q1 t7)

wi — ' GPB
dw’ 7t
- [P / ' Dy (M ) D5 (ﬁwlcfﬁtf)] } (5.665)
2 wp —w' GPB / Free spectral KB
We can simplfy I slightly by a partial implementation of the free spectral KB ansatz.?%
)¢, =
P / AW A P / 4 2y W8 (5.666)
w) — W' om w) —w' '

|  where the free spectral function is implemented

/I I _
_ H(p dt 0 = WG MW%%?)

2w]1q 2r wp — W 2 wp —w
| and the 27 cancels
014 1 1
= AB ( - > (5.668)
2('0]'161Jr w1 — wjl‘ifr w1 + (I‘J.jlqﬁl+
5
= 8 (5.669)
W1 B wj1§1+

The first order collision integral becomes,

o
1
I = — dw 7,2~<- Pl gt
1st 2i 0 1 W% — wQ L ]1]1( 1 1Q]_ 1 )
J1q GPB Free spectral KB
1 [ dw' T s (P @t
i dwlz P/ Ujija (Mw'q )
2w Jo ; 2 w1 —w'
3
—7/271' N o+
s (6(w1 — ) 4) = 8w+, q?)) N, (Fun @) (5.670)
19, GPB |Free spectral KB

25Do remember that w; and qf' are independent until KB ansatz is applied. When KB ansatz is applied, w1 will be

replaced by Wi gt and W ot is related to q*ﬁ via the dispersion relation.
1 1
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= /0 o |7 T e )

]1111 GPB |Free spectral KB

+ 1 / duwy 7;/ L'y js (Mw §1+t+)
20 .+ wy —w

J14qy

s (5(&)1 — wj1§1+) - (5(0)1 + wj1q~1+)> le (Flwlcffrtf) :| (5.671)

GPBFree spectral KB

Now we are ready to work out explicitly 3 examples involving self energies of V(4Ph) Vv 3)? and
VAPh)*  This will give us QKEs with lowest order corrections in correlations. These QKEs are obviously
unsolvable so we will just try to make physical sense out of them.

5.6.3.1 V{h) Term*
The self energy in Wigner coordinates is,
=+t da v S+ o+ ot ot
Z:J<1j2 (Mwig ty) = —5= Z/ 31143512 %93 743 0% )DJ<435 (rlwlqi’) tl ) (5.672)
J495
We work out the principal integral first.

P/ L (T q t+)

w1 — W’
| recall that I' = §(X~ — )

' ttf +ot
- _**Z dg; Vi (—at gt -4, P do' (D, (Mw'qs 1) = D5 (Mw'@s )
JlJUst 143 > 743 141 o R

Jajs
| within free spectral KB, we have i(D~ — D<) = A and the principal integral was done earlier

| rename @3 — @,

— =17 (4ph) S+ o+ o+ o+ 1
= _Z/d Vit 0 65— @ ) o (5.673)

Jajs 1 Jady"
Now we calculate the first order collision integral.

First term of I

L [ dwy 1
T 21 772<' Pyt 5.674

Z'/o 2m w%_wjﬁ* 3131( w1y ty) ( )

! GPB |Free spectral KB
dw1
-5 eS| e
J4‘]5 j151+
dph) (o4 4 —i27

Va0 )6“]5%7 (5(“’1 ~ Wigr) — 0w +Wj4@4+)) Nj, (Frw q+t+)}5.675)

j4q4 GPB

| expand the Poisson brackets

_ th 1 Ood 7(aph) IR
) 2w 0 w1 j1j4j4j1(_q1 Gy =4y 4 )
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0 1 ON;, (Fw'q, t])
g | (T =) = 8len 0,00 =50
1
+ vq»l+m (5(&)1 —wjlq»l ) 5(&)1 —I—wj1(1~+)) : (V NJ4(’I°1W 44 t+)) (5.676)
J14q

| only the first delta function is picked up, and use notation Nj,(Fw,, +q4 1) =N, #4+(f'1tf)

. ~G@h) -+ -4 St o
ih ) Vi Ca @t =4, 4")

2 j4q_’4+ 2w]4€4+
0 1 aNj qr 1 .
. |V | (Ve (7)) o (5.677)
dady" j4q4 @ 1 Ga@yt J1q
Second Term of I1s
1
= dw
2w] at 2 1 Z / !
77 (4ph) (—q.q el
4-.-—q1,q4,—q4,q1) L
x | 2LIada 2 , (5(w1 — wjlq+) O(w1 + wjlq?u)) Nj, (Fron @ t)) (5.678)
Jady" GPB
expand the Poisson brackets
| exp
1 1h o
PR
wjl‘jl+ ! ‘4§4+ 0
S@ph) ot o ot oy [ O 1 _ _ )8Nj1
V}lj4j4j1< G4 —d s d) A w%_wg N (5(w1 “igt +) 5(w1+w]1q1 +) ati—
Jaqy
4ph T T, 1
(v TN G A A A )) o (5(w1 —wj g+) — (w1 +wj, W)) (VA Nj,)
Jjad
| only the first delta function is picked up
N.
= L Ih s g ot —atat) | 2 ! Mg
- J1jajaja ’ ) ) 2 — 2 +
2w, it 27 et &ujl it wjlq*ﬁ wj4(j4+ Otl
(7 (4ph) - S-S 1 +
+ (Va Vi (it @it —at0)) - (Ve g (E) (5.679)
jld}+ ]'4‘?41L

The last term may be interpreted as renormalizing the group velocity.

Last term of Iyt

1 1nh ~ (4ph o " 1 o
= (Val‘/j(lgﬁjijl( AR AN )) I (VaN : ;+(r1t1+)) (5.680)

2w, 24 - —we J14q
J1qy J4QZ+ ]1Q£+ J4Q4+
0 0
| write V. +—(V W, +) =, o+
]lql L J14, .
8(")J1q+ awnql
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L 1h 9 (aph) 2t 2+ ot o4 1 = = ot
= 9w 127 (M‘/;‘lﬂjul(_QI 04 | e et (Vﬁleql+(7”1t1)>
Ji q1 j4q+ J14qy jlq"1+ j4q’4+

(5.681)

Again, we have a pure imaginary collision integral for this case however it is not clear if they can be
immediately deemed unphysical. These 4 terms are (spatial and temporal) correlation terms and are
not collision terms as they do not have energy conserving delta functions. For example, in steady state,
terms Wlth — vanish and thus temporal correlation terms vanish. A deeper look seems to indicate that

the meaning of correlations is due to interbranch and intrabranch mixing of phonons within the phonon
distribution function. There is also one term (the last term) that renormalizes the harmonic group
velocity. Calling it a collision integral seems to be unsuitable however we will still call it a collision
integral for a lack of better terminology. This illustrates how complicated things can be when dealing
with non-equilibrium problems. I would suspect that phonon mixing collision integrals should be real
to acquire a sensible meaning, so this collision integral should be deemed unphysical.

5.6.3.2 V0P’ Term*

The self energy in (Fourier transformed) Wigner coordinates is

dwz dws = (3ph) ;b ot - " ot
55 (gt tf) = 277** > /d /d 21 27 S Vi (a8 & AV (<4t a4
" Jajadsds
X (w1 — wo — W3)Dj>3~ (r1w2q3 t] )D]§4j6 (Frwsq,tt]) (5.682)

We work out the principal integral first.

P/d"‘/ ]1]1(T1w 4 t+)

2 wp — w!

1h N d(/JQ dwg ~ (3ph . . . ~ . B .
= oyt S [agran [SEGRVEN at g a Vg -a )

= 2m 2w
73343536
dw' §(w' — woy — ws) L
X <7> / R — (D;JOD;% fogjst) (Frwads t]) (Frwsq T t]) (5.683)
dw' §(w" —wy — 1 1
‘ Wehavep/w (W = w3):f
w1 —w 2T w) — wo — w3
| insert the free spectral KB ansatz for the 4 Green’s functions
Ln dw dws & @ph) ot o4 ey £ (30h) ot ¢
= 37 Z /dQ:g aq, /271_%‘/]'1]'3]'4( 4y ,93 >4y )‘/]536]1( Q3 s =dy 4y )wl_w2_w3
Jajadsie
—i2m —12m
X5J3J5 2. (5]4]6 . ot ((5(&)2 — wj3q~3+) - (5(002 + wj3§3+)> <(5(w3 - wj4§4+) — (5(&)3 + wj4q4+))
Jads Jady
X (14 Njy (Prangs 1)) (14 Ny, (Fws@ ) — Ny (Fiwads 1) Ny, (Fwsdy t])) (5.684)

| evaluate the 4 delta functions, and use N(—w) = —(1 + N(w))

~(3 h) St ot o
= _72 Z ’V}Uiﬂ( 4y .93 ,4y )‘ 1—|—N *+(T1t+)+NJ4(j+(Tlt—f)
2 2 2w

W. -+ . o4 (;J]_ — W. -+ PR
j3§3+j4lf4+ J343 Jaqy J343 ]4‘14
N, +(FitfH) =N, _+(7it7) N. . N+ (Pity)  1+N, . H+N, . T
B gt (T1t1) = Ny g (P18 iad (7)) — J4q4+(r1t1) + 4 (7)) + N g (7))
w1 = ('(1.7'3(]#37L + wj4§4+ w1 + o‘)J"SqA:g:L - wj4§4+ Wi + w]3§3+ + wJ4Q4
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h ) J1jsja
T2 Z 2w;, 7+ 2w,

S(3ph) ot ot oy |
Vg @ @575 dy )‘ {(1+N335+(T1t+) + Ny g (Ft) (2w, + 20,04
2 2
G35 jady" 7343 dady w1 ( quJr +w ]4(14+)
(Nj3§3+ (Fltii_) - NJ q (rltl ))(2w]363+ - 2wj4‘74+)
+ 2 — 5 (5.685)
Odl (ouj365+ Cdj4qz+)
= Bjj (Mg t)) (5.686)
The definition is to save some writing later.
First Term of Iy
]. o0 dLL)l ]. < — _,_;'_ +
- i g St (5057
J1dy GPB |Free spectral KB ansatz

L [ dw 1 Ln dwy dws &@ph) ot ot o\ GPR) Lok ot ot
= Z/O o | e e 2. /QW 5 Vi (0 85 GV (4 -4 @)
" J3jadsdeds s

><5(w1 — W2 — (,U3)Dj<3j5 (Fl‘*’?‘j;_tDDjija (F1W3q_23+t—1’—) ] (5688)
GPB |Free spectral KB
Iinsert iree spectra ansatz for the Green’s functions, all 27 cancels
| i f P 1 KB for the G ’s I ions, all 2 |
rop the 4th nonconserving delta function and use —w)=—1+ N(w
d he 4th ing delta fi i d N 1+ N
—i —i 1 F(BPh) (ot ot oy [P
- _/ dun 2w, o+ 2w, w? —w? j1j3j4( hod3 04 ")
jads ]4q4+ J3qs i 1 1,
< (Beor =g = @y ) N (DN g ()
(1 = @ g 0y, )Ny g (D) (14 N g (7187
+O(wn + Wy pr — wy, o) (1 + Nj3§+(r1tf)> Nt (mf)) ]GPB (5.689)
| expand the Poisson brackets
h/‘x’ —1 —1
= AT Y
2 Jo 20, gk 2w,
syt jad,t I35 jady”
9 Sph N
X &ulwl—w ‘iju 4,9 37%)‘ %(---3terms---)
(Beh) (gt gt 2
+ V~1 T ijﬂ —q", @, )| Ve (-3 terms - - -) (5.690)
.71 1
0 1 —2 >
|  write ——o— = 3 w; )? and evaluate/ dwq
Owy wi —w? (Wi —w? ., 0
J14qy J19y

0 0
at—JrN (14 Nj,) and o +( + Nj,)Nj, add up
1

| also, Vi Nj(1+ Nj,) and Vi (1 + Nj,)Nj, add up

| rename 3 > 4 and terms
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S(3ph) (ot ot oy |2
h Z “/jljsj4(_q1 143 5 s )‘
T2 2w, 12w, L+
j363+j4§4+ J343 Jaqy
2w, -+ +w; ~+) B
J3d jad S .
wd_ 303 : 4 : 5 <(‘)t+Njﬁf(ﬁtDNj‘“ﬁ<r1tf)>
_ 1
<(wj3§3+ T wj4ff4+) wj1§1+)
dw, -+ —w, -+] o
J3q jag " N
_ 3 5 4 ) 5 <atii_Nqu‘3+(’l“1t1 ) <1 + Nj4<j'4+ (T‘ltl )))
<|Wj3‘737L N wj4‘74+‘ B wj151+>
1
+ |V, (Vi Ny (REDIN o (7))
q 2_ 2 [ERVEY 177%5aq 1
' (wj353+ + wj4ff4+) it ’ o
1
N - 4+ - 4+
R\ Ve e | (Vo N g (FitD) (1 N () )) (5.601)
J3ds Jaq 14y

Second Term of I
1 > o R
- 2wj, g+ /0 dwy [Ejljl (Fwi g ), (5(w1 - wjlq“fr) — 0w + wjl%”) Nii (lelqlﬂf)}cpég)ﬁ%)
19

| expand the Poisson bracket

L[ (OBl ) oM gt
B 2wj, g+ /0 dn { Owi <5(w1 —Wigt) — o+ “’juﬁ)) oty
1

_8Ej1j1 (F1w1§1+t;r) 0
otf Ouwn

+ <V51+Ej1j1 (Flwl(j’1+ti~_)> (5(0.11 — W

(1 = 0,0) = 3o+ w,,00)) N e )

) = 01+ 050 ) - (VN (Pl 6)

+ (Vi Ejujy (Fron@y ) - (V,;; (6 (w1 =) 50) = Olwr +wj, §1+)) N;, (ﬁwlcj’ﬁtf)) } (5.693)
| for 1st term, only the first delta is picked up

| for 2nd, 3rd and 4th term, use product rule of differentiation

_ 1 { 0L, (Muwn @ t]) ONj, (Fwr gy 1)

2wj1§1+ 8wjl(fl+ 8t1+
&0 0 oF;. : (F1W1§+t+) - —
—/0 dw1 8001 < JL1 ati_ L1 (5((4}1 — wj1§1+) — (5(0)1 + wj1§1+)> le (T1w1q1+tii_)
0 62E- i (F1w1§+t+)
J1J1 1 "1 _ _ (= b+
—i—/o dwq Dendtt (5(w1 wj1¢71+) O(w1 + wj1§1+)> Nj, (@ t))

o0

+/ dwi Vi, - ((Vq‘1+Ej1j1 (Flwl‘lertf)) (5(“”1 - wj1¢71+) — 6(w1 + wjltfl*')) Nj; (Flwl(jﬁtf))
OOO

—/ dwy (Vﬁ Ve+ B (Flwﬂffrtf)) (5(W1 —Wjgt) = 0w+ wjlq*l“')) Nj, (Frond; )
0

o0
- /0 dn¥ g (Ve Bjgy (Frendi ) (3wn — wj, ) = 8wn +wj,50) ) N (Frandi 7))
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o0
+/0 dwy (V[;; Vi Ejjy (Flwqurtf)) (5(w1 —Wigt) —O(wi + wj1¢71+)) Nj, (Flwqurtf)}
| for 2nd term, integral limits vanishes

| assume cross derivatives “commute” then 5th and 7th term cancels

1 { anljl (Flwl(j‘frt;r) 8]\[]'1q"1Jr (Fltii_) 82E1j1j1 (Flelq’1+ 671+t1F)

O ot} Qw1 OtF naitl

2W. - o
+ aat J1d,

J14q

+ Vi ((V51+Ej1j1 (Flwlffftf)) Nj, (F1W1ff1+tf))

wi=w,
g1ag

—/0 dwlv(ﬁ . <(VF1 Ej1j1 (F1w1J1+tf)) ((5(&)1 — wjl(ﬁ) - 5(&)1 + O.)jlq»l+)) le (Flwl(jl—i_tii_))}

_ 1 {8 (anljl(F1w1§1+tf)N +(Flt+))
- — . ]

2. - + L J1qy
gt ot awhql+

+ Ve, (Vg Bnp Frondi ) ) Ny (Frendit )

wi=w,
j1a

- /0 deorV g+ (Vi Bjugy (Freon @i 4) (81 = wjg00) = 8w + w000 ) Ny, (Flwlcj'frtf))}
(5.694)

We have a real collision integral here, so it should be physical just like its zeroth order collision integral.
We can see that the third term (V i E)- (Vg le(j'1+) is related to a renormalization of the harmonic
group velocity. Again the other terms do not look like collision terms as they do not have the energy
conservation delta functions. We can probably interprete them as interbranch and intrabranch phonon
mode mixing terms due to spatial (V7 terms) and temporal (% terms) correlations.

5.6.3.3 1V (4h)’ Term*

The self energy in (Fourier transformed) Wigner coordinates is

< /4 o

355, (P g )

—1 (h\? ~ (4ph) ~ (dph)
_ P S o4 o o P B - S
= 277? <Z> Z ‘/;'1]'3]'43‘5(_511 yd3 544 595 )ij‘gjﬁjz(_% » 44 545 44 )
9185 3ady 555" Jedrs
dws dws dwy < 4 o < L L < o o
X / ﬁﬁﬁé(wl — Wy — w3 — cu4)Dj>5j6 (r1w2q5+tf)Dj>3j7(r1w3q3+tf)Dj>4j8 (Frwady )

We work out the principal integral first but since the derivation is very similar to that for V(3ph)2,

try to omit steps here.

p/dw/ Fjljl(Flw/q)l+tl+)

we

2 w1 —w

1 (h\ 7 (4ph) 7+ 24+ 2+ 2+ (4ph) 2t b ot ot
- QW? <2> Z VJ’1j3j4j5(_q1 143 5,44 595 )Vj7jsj6j2(_q3 y =44 =95 541 )
3135 jadyt isdst jedris
dws dws dwy D dw' 6(w' — wo — w3 — wa)
27 27 27 2 w1 —w'
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> > > < e P s
(D]5J6DJJJ7DJ4]8 D]o]6D33]7DJ4]8) (Pwads 1) (Fwsds' t7) (Mwady t7)

dw’ 5w—w2—w3—w4)_ 1 1

| note that 77/

w1 —w' 2w —wy — w3 — Wy
then insert the free spectral KB ansatz for D~ and D<, all 27 cancels

also use identity N(—w) = —(1 + N(w))
and we drop the (7t]) arguments in all distribution functions

~-(4ph) St o o o

+1 [(h 2 )‘/jlj3j4j5(_Q1 43 544 595 )

N 3 ; Z 2w . q+2uk -»+2w~ o4
j3§3+j4§4+j565+ J34s J4qy J595

<1 +Nj3¢j3+> (1+Nj4q~4+> <l +Nj5(j5+> —N. .+N. .+N.

J343 Jaqy J5 §5+

X
Wl — Wi ot — Wi o4 — W =
L™ ®haqst — Yaag,m T “isast
1+N. .+ |)N. .+ (1+N. —N. .+ (1+N. N. .
n ( T Njaggt ) Naagr \B T Nt gaasm \E T Njugt ) Vst
W1 — Wy gt + Wigt T YWisat

N. .+N. .
j Jads ) JadyVisdst

W W ot — W ot —W. =~
1+ G35 Gady" 955"

(1—|—NA,~+><1+N )N.# N. +N, (+N ~+)
J343

Jady J5ds Jad@s Y jadyt J5d5

N, .+ (1+N ~+) (1+N. ~+) - <1+N L
+ 343 Ja9q 754

+
Wi szngJr WJMT+ + w]5q
+stq +Nj4q4 (1 - Nj5q‘5+> - (1 + Njw}*) ( - NJ4§+> Njw}*

witw. - Wi o — W, -
1+ G305 + Gad@y" 955"

(1 + Njgri;) Njgr Nisgr — Njagyr ( + Nm*) (1 + Nj5q*5+>

+
W1 = Wiget T Wit +Wigt

_}_‘Njw}+ (1 + Nj q+) sttTJr - (1 - NJ3¢7+> ]\sz@;+ (1 + NJ5§5+)
w1 + “isgt T Yiag,t Tw Yisgst

+N4 N, N, 4 — <1+Nj3q»3+) <1+Nj4¢j4+) (1+N —»+>

Jads " jaqy " Jsq; J5ds

witw. - w. - w. -
1 Wyt + Whgr T Wiat
— P (Pt
= ij(rlwl% t1)

where the definition of symbol F}, ;, is simply to save writing later.

11
First Term of I

L[> 1 < (i
= - ; dw Wyzjljl(rlwlfh 1)

i -
J1q GPB lfree spectral KB
| insert the self energy expression and then the free spectral KB ansatz

1

| 8 delta functions obtained and the 8th one dropped as it does not conserve energy

| then expand the Poisson brackets

there are 8 delta functions to evaluate & do not expand (1 + N)(1+ N)(1+ N) —

249

(5.695)

NNN

(5.696)

(5.697)

(5.698)
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~1 (h)® dwy 1
e
"3 <z> Z / 2 Aoy i 2o 20

g
ICARTCARLT I3 545

0 4ph N Y
X awlwl_w ‘V]Usjus —q1 593 5494 » G5 )‘ %("'713‘3”1“5'“)
1 77 (4ph) N &
T V@*W Vivgajags "@7 @3 x5 )| - Vi (-7 terms -+
1 ]'1‘71
0 1 —2w o
|  write I ! 5 and evaluate / dwq
w1 wl N wjl(TfL <W% — (},}2 0
]1(11
we drop the (71t]) in the distribution functions
drop the (7t]) in the distribution functi
(4ph) B
1 <n)2 5 /ood ‘X/jlmuo( @54 ds )‘
= — |- w1
s ! J1 53+j4174+j5 ¢T5+ 0 2w]3 q*3+ QWj4 @i 2Wj5 (T;
X o 2( J3q+ +w q +wj5q‘5+) a N N N L
((wj35+ —l—w at +w]5q )2 — wjdq ) at+ Jady" "V jsds
1
. 2| J3q+ +w Jady _wj5§5+| 0 N. 1+ N
(Wygr + Wiagt — 2w )2 \ ot sl et J5ds"
Yisd; Jsds" Jit 1
I o e <8 (14N g ) N +)
_ 2_ 2 2 + Va5t Jady UEL:
(‘szqif Wisgt + Wisqst ‘ wjlq+) ot o
2|—w»~+—|—w +—|—w +] <a
J3ds J5ds
_ N. .+ | N N. .
_ 2,2 )2 +(+ Jg*) jadyt Jq+>
(| Wisgt T Yiat —|—wj5q+| W 51+) ot] 3 ady " s

2| Wit T Wit TW; +] P
33 jaq J5ds"
w2 —w? )2 <(91§Jr (1 * NJS‘?S ) (1 + N94‘T+) Nj5‘75+>
Js

(-w

gy “iad, s 1 1
2|u].7'3‘i’3+ o w]'4‘j4+ - wj5§5+| 6
- — 1+N. .+ ) (1+N. .+
(Jw, ot —w, 4 —w. +]2—w? )2 \otF Ja3ds Jady J5ds
J39q3 Jaqy J595 it 1
2l —w, -+ + Wi, gt +| o
X o Ty <8t+ (L N ) Mg (14 NW))
J— PN —_ —_ o}
w]3q3+ W, gyt w]5q+ wj1q1 1
+|v ! (VAN Ny N,
=+ =+ >+
@ . )2 — 2 T sds T jady C  Jsds )
(wqu ST Wigt T w35q5+) Yigt
+|v ! (Ve (14 Ny ) Ny N,
-+ . L
Q| —w. o . o2 — W2 Jads jad@ Vgsast
| Wisgst +w]4q4+ +w35q5+’ wjufﬁ
+|v ! (VAN g (14 Ny ) N )
‘ler |w h — W o+ Fw. ﬂ+|2_w2' oy JSq ]4q .7‘5‘?5+

J34s Jaqy WELES J1q;
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(5.699)
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+| Var Wyt + Wiyt —le5§5+|2 - ' (vlejscfngjuff (1 + Nf555+)>

* V(T;r | - C’Jj:),q + wj4q‘4+ 1—1— szq + |2 — w]21§1+ ‘ <VF1 (1 + Nj3‘73+> (1 + Nj4‘74+> Nj5‘75+)
| Var |t — Wiy a+ —1wg‘5zi5+\2 — witj’ﬁ . (Vﬁ Njoast (1 + Njﬂf) <1 * Nj5‘75+>)

| Var | =Wyt wj4zf4+1— o wj2'1(f1+ ‘ <VF1 <1 + Nj3‘73+) N (1 T NJ'W?))

(5.700)

For the second term of I, we see that the self energy part is only in the principal integral, thus what
we derived in V3PM? is valid for this case and we simply need to replace F with F'.

Second Term of I

B 1{ ; <8Fjlj1(FIWI§1+tT)N +(7_"1tf)>
+ PR
2wj1q—»l+ 8t1 8wj1§1+ J1d

+ Vi - ((V(T;ij (F1W1§1+tf)> N, (ﬂwuffﬁ))

wi=w,
[t

—/0 dw1V[71+ : ((V;leljl (Flwlcffrt;r)) ((5(&)1 - wjllfl+) - 5(&11 + wjlé‘f)) le (Flwlq_’f“tf))}
(5.701)

We have a real collision integral here. Again the term (VqTrF ) (Vi N j1qj+> appears to be related to
a renormalization of the harmonic group velocity. The other terms seem to look like phonon modes
mixin% terms and the mixing due to Vv (4ph)? appears to be even more complicated than that due to
V (3ph)*

[Contribution:] Here I will state briefly what this contribution of first order collision integrals is
about. Recall that the exact Kadanoff-Baym equations have the following features: time reversibil-
ity (causality) and quantum interactions (collisions and correlations) but the kinetic equations in the
Boltzmann form (or in the form containing only zeroth order collision integrals) have only the collisional
part of interactions. The first order collision integrals restore a large portion of the correlational part
of interactions to the kinetic equations. It is important to consider correlations as, mentioned in Intro-
duction (Chapter 2), phonon transport is semi-coherent in such small systems and it was never clear
how correlations affect transport. Here, explicit expressions are given for various phonon-phonon inter-
actions and some interpretation has been given which is probably not the whole story. The full kinetic
equation with the zeroth and first order terms needs to be solved and the distribution solution can be
compared with that solved without the first order terms. The effects of correlation on the evolution of
the distribution can then be seen. The effects of correlation on other physical quantities are calculated
in section 5.6.4.

5.6.3.4 Discussion on other collision integrals

The trend is the same as that for the zeroth order terms: self consistent self energies with odd numbers
of anharmonic coefficients give rise to imaginary first order collision integrals and self consistent self
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energies with even numbers of anharmonic coefficients give rise to real first order collision integrals. So,
v/ (3ph)? 7 (4ph) Type-1,2,3 self energies give imaginary I and VB gelf energy gives real Ig.

It is obvious that the phonon mixing is going to get more complicated when higher orders of self
consistent self energies are used. VB3P gelf consistent self energy is a vertex term, and the first
order collision integral derived from it will contain phonon mixing due to vertex corrections which is
exceedingly complicated and physically unclear to me.

5.6.4 Applications of QKE on top of BE (for second sound)*

In summary, what QKE (NEGF + Wigner coordinates + gradient expansion + free spectral KB ansatz)
has to offer is a framework that allows the inclusion of higher orders of 3-phonon and 4-phonon collisions
and the inclusion of 3-phonon and 4-phonon correlations. The higher order collision terms are given
by the zeroth order gradient terms of higher self consistent self energies with even numbers of coupling

constants. The correlations are given by first order (and higher orders) gradient terms. 27 can be

included when Iz(efot)h is already included. The other way round is obviously nonsense.

Our interest in this section is a specific discussion to see how QKE modifies the second sound
description given by BE earlier. 28

Recall that we defined 4 hydrodynamic variables and then rewrote BE into these variables to get the
balance equations which are simply the “energy continuity equation” and the “momentum continuity
equation”. Now we turn the logic around. We will use that method of rewriting to turn QKE into
balance equations and define the 4 hydrodynamic variables from them.

The V3ph)° QKE is used to illustrate the case, it is

0 3ph 3ph
<3t+ * (V§1+wj1§1+> 'VF1> Nj1i+(rlt+) - Iz(efot)h + I§ o) (5.702)

By now, there are many hints that I £3p ") should be moved to LHS as it is unrelated to readjustments

(3ph)

in particle distribution due to collisions. We will not need the explicit form of I'°"" but we need these

(3ph) zeroth
P
2 relations of I, .
(3ph) — r(3ph) (3ph
Z hw] "+Izeroth 0 ) Z hql zeroth — Z h zeroth ,U (5703)
]1‘11 jl‘j;r ]1‘11

We write the QKE out, grouping similar terms,

- ——_
9 N L (OEa (gt (At
8751’_ na" T 2w, ow, -+ U

" J1dy
(Bph) ;1 >4+ -4+ -
h 3 v AN, 2w, +wWjq+)
T | J1]3§4( 127 ANASlE jads 2J4q g 2Nj363+(F1tf)Nj4§4 (it
dads adyt Wisdy" “Viad,t (@jygt +Wjugr)* = wjlql+)
4w, -+ 4|
jsdst — “Yiad,t n n
+ N. (Tlt ) (1 =+ N. ~+(7”1t ))
_ 2 _ 2 2"V jads Jady 1
(’“)9361+ “isg,t +| wjlq*fr) : !

2In writing down a QKE, a first order gradient term of a partlcular self energy can only be included if the corresponding

zeroth order gradient term is already included. Example, I 1(25

28Tt turns out that the discussion here will be similar to the discussion of QKE on H-theorem in the NEGF chapter.
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1 L L
i {(V 7Yt )leql (Fit}) = 2w, <<v§1+Ejljl (lelqﬁﬁ)) le(rlwqurtf)) -
i It
(3ph) St ot o
h Vi (=@t @ @) 1
N Z V.+ N, q+<7?1t+)N. _.+(F1t+)
q 2 _ 2 734 1777 5aq 1
2 G35 Jady" 2w Jr20‘13444 ' (sztfg+ + wj4§4+) wj1§1+ ’ ’
12V, . N (th) (14 N g (1))
q _ 2 _ 2 VEL: Jaq,
' |szq wj4éf4+‘ Yiat o o

1 & L L
/0 dwrV g+ - ((VﬁEjljl (@ 7)) ((5(w1 —w, §+) — 0w +w; i )) Nj, (lelql"'tf))

hAScd (5.704)

zeroth

For the energy balance equation, we multiply Vhw it and sum Z g+ on both sides of the QKE.
Use Z]1q+ hw Z(Sfofi)h = 0 and we get

Qe 0™t (Fl tf ) ycorr (=

Tl + VFIJ (Tlti—)

+7 " d Y Ve ( 7 By (Fand 1)) (5(w1 — W) = 0w +wﬂq+)) Nj, (Flwufftf))
jlql

_0 (5.705)

The third term on LHS vanishes as it is a surface term in wave-vector space, giving

deorr (7 1)

o+ VA JO (7)) = 0 (5.706)
1

with the “correlated” energy density €™ defined as

ECOrr(Fltil»)
+
1 1 aEhh(er +Q1 t )
= 17 E hw, -+ {N t — ( N. ~+(771t1~')
714 J1q hd
Vv P 147 19 2wj1§’1+ awjufl 19
|V(3ph =g+, @t a2 Nw, o+ +w. +)
+E E s (08 0 I3 Jady N, o+ (Pt )N, oo (Fit])
2?2 )2 e jad,
2 it 2("}33(1”*2“]4@* ((szq*3+ + wj4§4+) wj1§1+) 3q3 4,
4‘(,(}. o — W ‘
.73‘13 ]4q oo N
(|wj3q+ wogr — 2 —57 Vg (it} (1+Nj4(j4+(r1t1 )) (5.707)
qul

and the “correlated” energy current Jorr defined as
fcorr(Fl til—)

1 .
V Z hwjlfffr { (Vquwjlql ) letffr (rltl )

jlq#fL
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1 B 7, hong —
2w, o <(v§1+Ej1j1(r1w1q1+tT)> le(T1w1q1+tf)>

jlql

7(3ph) (ot ot o
h |V;'1j3j4( 41 593 >4y )2 1 +
-5 2 at 2 oyt (M) N gy (Mat])
2 335" jady" 2w 35" 2w34‘7+ ' (wj3§+ + j4‘74+) i e "
+2 | V.+ ! N. ~+(771ti’-) ( + N, ~+(T1tf)> (5.708)
@ ‘wqu*; — Wt 2 w32'1q”1+ 33 jad

For the momentum balance equation, we multiply %h((j’f)al and sum » . -+ on both sides of the
QKE. Use

. 3ph 3ph
Z h(q1+)a1[z(efot)}1 = Z h(q )allz(efot)hU (5709)
jlq_‘l+ jlq)l+
We get,
8 Pcorr Z Gzolr;Q
Oray

_1_7 dw ZZ (@ )en
0

jltj+ a2 ] + a(Ql )ag
% <(V Eju (M@ 7)) <5<w1 — Wiy git) — 0w+ “’jlq‘l*)) le(Flwl(Tl+tIL)>

. (3ph
ia Z h + 0‘1 zerpotilU (5710)

qul

with the “correlated” momentum density P defined as

P it
" +
1 1 OFj j, (le +Q1 t )
= V h(Q]_ )Oél {leq»1+ - 2% . ( aw . Nj1§1+ (Tlt]_ )
" J1qy J
(Bph) (=4 -+
h ‘V]IJI;]4( ql 7q3 7q4 )| 2(w]3(f+ +wj4q‘4+) N . N Lo
+§ Z 2W. 420, 4 ((w +w. )2 — 2 )2 Jadst (7“1751 ) jadyt (7‘1751 )
335" jady" J3ds" " Jady Wisq;t jady hat
4|w 4 ‘
33‘1 ]4q +
o —w, P -2 +)2Nj3q-';( 1) (1 + Ny, g (Pt )) (5.711)
]dq

Ja q J14y

and the “correlated” momentum flux tensor Gg}, defined as,

Gcorr ( ltii-)

ajag
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1

- 4+ -
x (v +Ck)]1q1 >062 Nj161+ (Tltl) 2(4)

< <v(fl+ Eiin (Flwliﬁtf)) s Nj (Flwqurtf))

j1¢?'1+ wl—wj L4+
3ph) — — 4

h Z |‘/;(1]€]4( q1+’ q3+’q4 )| v 1 (T )N (T t )
) B a" 2 _ 2 dadst VLML) Y ag TN

2 j3§3+j4174+ 2w.73q3+ 2w; Q4+ ! (wj3§3+ + wj4q4+) wj1§1+ oo ’ !

2 ! N tH(1+N ity 5.712
+ at o —w P —a? . jadst +(71t] ) ( + j4¢4+(7‘1 1 )) (5.712)

1343 1449y Jq o

But there is an extra term on LHS! I am unsure if this extra term could have the meaning of source/sink
of momentum. All I can show is that at least in an isotropic solid (wave-vectors are orthogonal and
equal in length) and in the regime of low temperature (where second sound can occur and isotropic
Debye dispersion w = v|¢ | can be used as an approximation), the extra term vanishes.

Extra term on LHS

-y e DO

j1§+ a2 qul

% ((V E]Ul (lelql t+)) Qo <5(w1 B wjlq_'fr) - 5(“1 + lelffr)) Nj1 (Flwlqiﬁ_ti_))

| use the product rule of dlfferentiation

- [T

'ﬂ+ a9

(@) L o
" ( i (VFIEjljl (7“1w1q1+ti"))a2 <(5(w1 o wjltfﬁ) — (w1 + wjlq'lJr)) Ny (""IWICI1+t1~_)

W,
]1q1

ho[>® 0 7 ey
_Wo dwlzz<(—»+ @) )

(1" )as Wigt

% (VB Frandi 1) ., (8wn = wj,50) = 8w +wj00) ) Ny (Fren @ 6)) - (5.713)
| first line vanishes as surface term in wave-vector space

ql )041 (V*er

= —— dwl Z Z o - o2

qu )

0 jlq—>+ [e %>} ]lql jlq_’lJr
x ((vflEjljl(ﬁwj;q))w (5(w1 —wj i) — 0w +w q+)) N, (R @t )) (5.714)
O41042 ]lq ( ) ( )
- [mry z
0 gt @2 qdy*
X ((VﬁEju’l (Flwqurtf))@ <5(w1 — Wi +) — O(wr + w, +)> Nj, (Fran @ t] )) (5.715)

9
= 0 (5.716)

| use the isotropic Debye dispersion Wi g+ = = v|q,| with v = (V +leq+)
4 1 /a

Thus the correlations/mixing are (most reasonably) defined to be corrections to the 4 hydrodynamic
variables, although we should note that the extra term in the momentum balance equation vanishes
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only under certain conditions.
We could push the calculation further by defining a “correlated” thermal conductivity RO via the
Fourier’s law (in steady state)

j‘corr(T—,»l) = _Woorr (V;lT(Fl)) (5.717)

Finally we want to mention that in most of the second sound discussion earlier, the starting point
was the use of the linearized drift distribution as an ansatz in the balance equations, so QKE does not
seem to affect that discussion. Probably different effects will be seen when applying both QKE and BE
in describing the evolution of an initial distribution to the drift distribution.

[Contribution:] Here I will state briefly what this contribution is about. These expressions given
here are physical quantities with correlation included. They can only be evaluated with the distribution
function solved from the kinetic equations with zeroth and first order collision integrals. Especially
relevant for this thesis is the energy current. In fact, comparing the energy current J (solved with
distribution containing only zeroth order collision integrals) and the correlated energy current Jeorr
(solved with distribution containing zeroth and first order collision integrals) will show clearly the
effects of correlations on the energy current on top of collsional effects.



Chapter 6

Electron-Phonon Interaction

[Chapter Introduction and Roadmap:] We enumerate this introduction for easy reading.

1. The main aim of this chapter is to show that electron-phonon interaction has also been written
into Hedin-like equations. This is done in the last section of the chapter. Recall that such a set
of equations should generate conserving self energy approximations.

2. The first part of the chapter is standard treatment of deriving electron-phonon interaction Hamilto-
nian from the Hamiltonian of the solid. Then some phenomenological electron-phonon interaction
Hamiltonians are discussed to indicate how the coupling constant can be chosen to fit a particular
type of solid of interest. This is needed because electron-phonon interaction varies widely with
the type of solid.

3. Then with regards to the 3 transport related developments, we discuss the kinetic theory first.
The standard Boltzmann theory is given then QKE is given and the full quantum theory turns
the kinetic equation into a non-Markovian one with intra-collisional field effect built in. Linear
response theory is very briefly mentioned and Landauer-like theory is not mentioned at all.

6.1 General form of the electron-phonon interaction Hamiltonian

We are continuing the theoretical developments after Born-Oppenheimer adiabatic decoupling has
“seperated” the electronic and ionic problems. Here, we will consider how the electrons interact with
the ions but do not forget the uncontrolled double counting problem! There is already electronic con-
tribution in the effective inter-ionic potential ® (and hence in the phonon frequencies w;z), now we
are considering their interaction via W which makes the contribution of electrons coming in twice.
Nevertheless, we will just carry on with this usual way of treating electron-ion interaction until we
discuss van-Leeuwen’s method of deriving electron-phonon Hedin-like equations where we will bypass
the adiabatic decoupling.

In the section on Born-Oppenheimer adiabatic decoupling, we noted that if we make an expansion
of WeH about the equilibrium positions ﬁ?, we can perturbatively treat the electron-ion interaction.

W = N V(- Ry (6.1)
il

= Y V(- R — @) (6.2)
il

= Y V(H—R) =D iV V(- R) + (6.3)
i il =i

257
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We make some remarks at this point

1. Note that the first term >, V(7 — R?) is the term that is usually retained in calculating the
effective ion-ion potential (from first principles).

2. The Hamiltonian terms T° + YoaViE — E?) can be further approximated to represent non-
interacting electrons in a periodic potential. The solutions are Bloch functions.

3. The Hamiltonian terms

T+ WL V(7 - RY) (6.4)
il

is usually further approximated by treating electrons as Coulomb-screened electrons in a periodic
potential.

4. The second term H(c!=Ph) = — YotV EZV(f; - R})‘ , is called the electron-phonon interac-

Ri=R}
tion Hamiltonian. We shall assume that electron-photon interaction causes electronic interband
transitions and that electron-phonon interaction does not. Thus in writing the second quantized

form for the electrons, we exclude electronic interband transitions.

We want to write H(€~Ph) into second quantized form for field theoretic calculations. First, Fourier
transform V(7 — RY)

N — ]. ,L'H, P 0
V(i =R = 5 ) Vet D (6.5)
3
~ S 1 .3 ik-(7— RO
AL GRS P NZ(—zk:)VEe ke(ri— By (6.6)
3

The Hamiltonian is now

e~ S )y (z k) iR ©.7)
I i i
| insert the second quantized form of displacement,’

h id- R0

o Z . R T a

| @= — \| 2pV quTE(j(j)e l (aj’_‘7+ajq>
34

- AEEE g (00 ) () 4R (T ) o9
Lk oJd i

H(el=Ph) can be seen as an electronic one-point function and we need to write it into the (fermionic)
second quantized form. “Second quantizing” a one-point function in (real space) fermionic field operators

!The factor for displacement is usually , / W For theories in the long wavelength approximation, we will write
Ja
MN = pV and so the factor is , /Wh. We consider a monoatomic solid here.
Ja
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is simply done using the (real space) density ¢ f1.

Zeiﬁ-ﬁ-
= Z / dre™ T} (7)o (7) (6.9)

o ., 1 iy t . .
| write in momentum space form ! _(7) = Wi Z e "2 TUZEQ (F)anW and hermitian conjugate
ko

= PO X [ar I @ Ol e, (6.10)

no kle

| take the long wavelength approximation,?

1
—»zk+k1 k2 )7 g% i(k+k—k2): * - (7
| / U (MU N§ e Vceu/v i’ (F)U,; (7)

cell

| :Z5k2,k+k1+gv/ dith . (MU, g, (7)

ceH

Z Z Z (/ d’r‘_u* (F)u (_>> 5E2’E+EI+JCLEQUCHE10 (611)
ccH

no k1k2 g

Q

| evaluate the ky sum

_ 70 . t
- Z Z Z </ n k+k1+g (T)Ungl (m> Cn,l;:'-i,-];l-t,-g‘ﬁcnl;lo (6.12)

The Hamiltonian written completely in second quantized (momentum variables) representation is,

H = LEESEET ([, M) | (905)

qna"

Rt t
XVEe( F)- L Ei Rt ko (a.7 q.—l—ajq) (6.13)

. 0
| write Z (q=k)-R) Z 0j 715 and combine the sum over g
l

| evaluate the k sum and rename ki as k

= PEEE T ([, s 0) | g, 00+

— —

iq¢ no

T T
X VIT+§Cn@+;;+g~,UCnEo (aj,_q + aﬁ) (6.14)

| the general form of the interaction Hamiltonian can be written as

- Z Z Z Z iqk ,g,na n q+k+g o Crko (at,—q'—i_ a]@) (6'15)

J q no

2The approximation is that if kis small, the wavelength > size of the unit cell and so the phase over one cell is esentially
constant i.e. el(FHRi—F2)7 o giF+k1—k2)-R°  Dhe volume integral can then be approximated by a product of a one-cell
integral and its constant phase factor and then sum over all cells.

The notation 6,;27,; R4 G where G is a reciprocal space translation vector, is to remind us that the vectors are

mapped back to the first Brillouin zone.
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We note a few features; electron numbers are conserved since the electron number operator appears in
the expression whereas phonon numbers are not conserved; momentum conservation is also explicit in
the expression and the appearance of €- ¢ indicates that only longitudinal modes contribute to electron-
phonon interaction. The physical explanation is that, in longitudinal vibrations, compressions and
rarefactions cause local ionic charge inhomogenity which couples to the electrons.

6.1.1 Some Phenomenological Electron-Phonon Interaction Hamiltonians

Electron-phonon interaction is very different in different types of solids, sometimes even new excitations
such as polarons form, thus to model electron-phonon interaction for a particular material we need to
model the coupling matrix M according to that material. Here we discuss some typical models. We
follow [Mahan2000].

6.1.1.1 Frolich Hamiltonian

Electrons couple to strong E fields set up by LO vibrations and we work in the long wavelength
limit where we can work with linear and homogenous material Maxwell’s equations. The interaction
Hamiltonian is defined as the coupling of the electron density with the scalar potential associated with
the E field created by LO vibrations.

HFrolich(elfLO) — _e/dfn(f*)(bllo(f) (616)

where n(7) is the electron density and ¢*© is that scalar potential. We will determine ¢*© () and then
write the Hamiltonian in second quantized form. Since there are no free charges in the crystal, the
material Maxwell equation is

. Lo . 1 -
V-D:O:>V~<60E+P):O:>E:—6—P (6.17)
0

Now we assume that the material polarization vector P is proportional to the amplitude of the LO
vibrations.

P x @ = P = Fg'© (6.18)

where F is a proportionality constant and #“© means

at© = (6.19)
set wjg = w] O and e, (§§) = \%:l (longitudinal)
We absorb all factors into F' and write the second quantized version of @ as
ZF IT ( Lot _qu+aé’oei‘7"7> (6.20)
q

Note that in this interaction, only one branch j = LO is involved. The electric field is then

5 1 q ( Lot - LO ig#
E=——-SN"F 7( e~ 4 oL em) 6.21
=Y P (621
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The scalar potential ¢£0 is related by E = —V¢LO () which can be solved by

E = —V¢ro(p) (6.22)
W SR W 2

7 7 7
—igog° = Eg (6.24)
Fo° = iq- By (6.25)

LO _ q- ﬁq”
7 R (6.26)
We get for the scalar potential

¢LO _ _72 |(j| ( LOt, i@f+a§oeifj-w?) (6.27)

The interaction Hamiltonian is now,
HFrolich(el—LO) - _ /drn( )¢LO( ) (6.28)

= /drn F) ZF |‘ﬂ (— LOt —iq7 | aqéoei‘ﬁ> (6.29)

write the electromc art into second quantized form
p q

| there are no interband or spin flip transitions

a1 i(Ri—Fa)7y ¢ [ t

| n(r) = v Z Z eHTITU (MU, (manQUan10

no Elle
use the long wavelength approximation,

g g pp

| /dﬂ(kl kﬁﬂﬁu* AGLSAGE Z kz,k1:|:Q+9V drtd . (MU, (7)

Veen

Lot LOT 1

X (aq anQUcnk105k2,k1+q+g ag an2gcnk’10'6k2,k1 q+g) (6.30)

| evaluate kg sum and then rename k1 as k
_ LO N LO .t
- SPIEXTA @KU 7@Mwwwq%mwmg

cel

* 2 (7)) L0t
The constant F' (not calculated here, see [Mahan2000] equation (1.278)) is
Pler?) == - (6.32)
' 2V \e(x)  «(0)

where €,(00) is the screening due to electrons and €,(0) is the screening due to electrons and optical
phonons. We can see that the general form of the interaction Hamiltonian is the same. The difference
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is essentially in the coupling constant.

6.1.1.2 Deformation Potential

This is the most generic type of electron-phonon interaction where a local change in ionic charge density
interacts with the (charged) electrons. Here we consider a particular form of deformation of the lattice
(that creates a change in local ionic charge density), namely a hydrostatic strain which retains crystal
symmetry though the volume of the unit cell changes. Essentially, the deformation is diagonal in strain.
Define the deformation (scalar) potential as A(7),

—\

A(T) = €+ ey +es (6.33)
gy, OUg, >
_l_ - —Z

0%oy  O0Tq,

1
| recall that strain is defined as €4,q, = 3 (

Ouy  Ouy  Ou,
_ .34
Oz + oy + 0z (6:34)

= Vi (6.35)

The deformation results in a variation of the local ion density and couples to the local electron density
n(r) via the deformation (scalar) potential. The divergence of displacement is related to longitudinal
acoustic (LA) vibrations. The electron-phonon Hamiltonian can be defined as

Hdeform(el—LA) _ /an(’F)CA(F) (636)

where C' is called the deformation constant. It simply remains to write the Hamiltonian into the second
quantized form. For the phonon part,

AW = Vel 67
| insert the second quantized form for @
b o g
= VL i, U (4] -+ aia) (6.38)
) h . i (4
= i) a3, (D De (af + as2) (6.39)
iq

| the dot product €- ¢ implies only pure longitudinal modes contribute
| since we assume one atom per cell, the mode is LA

| for longwavelength description, we write M N = total mass = density x volume = pV’

. h LA -\ g7 ( LA A
= i) |y VLA (G- @) et (thj +ag ) (6.40)
Jq q
The Hamiltonian is of the form,
A L
Hdeform(el—LA) _ ZC\/dFTL(F) Z ZPVWLA (gq@A . Cf) T (affl;” 4 aqéA) (641)
i7 7

|  write the electronic part into second quantized form

| there are no interband or spin flip transitions
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ZZG k'l kz Tu* (F‘)Z/{ iy (F) - nk:la

no kl k‘Q

| use the long wavelength approximation

v / dre BB QLS Z PR e V/ W, ()

Veell

- VELES i @0 (s m0)

jq no k}lkg Veen

t LAt | LA
XéEQ,El-‘rtf—l—éCnEQJanla (aftj’ +aq_’ ) (6.42)

| evaluate the ko sum and rename k; as k

iICN _, S
- FEIEEE g @0 ([, g 9)

ﬂ

q no cell
1 ( LAt LA)
xe' - ~ cz a”% az 6.43
nk+q+G,o nho \"—q +ag (6.43)

Finally we make a quick order of magnitude estimate of constant C by using the free electron approxi-
mation. Recall the free electron Fermi energy,

h? (372N, 2/3
= 44
°r 2me ( V ) (6.44)
The deformation gives the fractional change in volume, ie A(7) = V- () = 2%, so variation of the

free electron Fermi energy with respect to the variation of volume gives,

B o (2 153
bep = 5 (8TN.) <—3>v 5V (6.45)
2 o0V
g _— —_— '4
AT (6.46)
- —geFA(F) (6.47)

So this gives C ~ —%EF.

6.1.1.3 Piezoelectric Interaction

In some crystals, (external) strain causes electric polarization, the resulting internal electric field couples
to the electron density. The Hamiltonian can thus be defined as,

Hpiezo(elfph) = —e / an(F)gbpieZO(F) (6.48)
We assume that the dielectric constant € is isotropic and so the internal electric field is given by

1
= - Z Casazal Casas (649)

Q203
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. . . . . ou ou
where eqya3a, 18 the piezoelectric tensor and €y,q, is the strain tensor, €4 0, = % ( s T+ ﬁ) We
@ @l

take the piezoelectric tensor to be symmetric €n,a50; = €asasa; SO that the strain tensor simplifies.

Oug
Eal = - Z 0420430618 2 (650)

1120(3

| insert the second quantized form of @

h . i g
| e = Z QPijlTEQ(]@ <a"“f€zqr o) g m)
Jq

no - o
_ 72 3 Cosasan s (0o | 57 ( @7 —al e W’“) (6.51)
j§ azas

The scalar potential @7 is related to the field by E = —V¢Pe? and so we solve it by the earlier

i GEy
formula qﬁ?ezo = 11

zZ

. Go oy a3 (J7) i
¢p1e o _ 72 Z Canasar (o) a1_2013 2pvw]q (CL g€ iq-r —|—CLT q@ 1q 7‘) (652)

Jq a1oo0s q

The full electron-phonon interaction Hamiltonian is now,

Jgpiezo(el—ph)  _ /drn F)Z Z Casasar QaQQQl_Egas(]q_)

jG§ a1azas q

T+ ol e (6.53
(o) (65

| write the electronic part into second quantized form

| there are no interband or spin flip transitions

k k * — T
| Z Z o 2) Tu ( )unk1 ( _‘)Cnl_ﬂ‘gcrcnlaa
no klkg

| use the long wavelength approximation

1 = i(k1—F: T % N * =
| / are R DY (WU, () = 30 iy |, U, (W, (7)
G

Veen

S Y Y T Y S et 0 [

Jj§ mazaz no pg, g 1

* (R A LS. L . T T LS. L ~
. </V dmnl;z (F)u”kl (T)) <ajqcnﬁgacnk105k2,k1+§+0 + a'»—fTCnEzacnklﬂékz,h—tT‘i‘G)
cell

| evaluate ko sum and rename k; as k

= Z Z Z: Z €azazon o qa1;a3 U vaw]q

]q no q

— t
[ +g<r>unk<r>) ) g1
(/ dﬁ,{* (")L{ ~(F)> a;r}—ticilﬁ_(ﬂgpcnl?o} (6.54)

cell

Again it is the same form but with a different coupling matrix.
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6.2 Kinetic Theory: Boltzmann Equation (BE)

6.2.1 Full Collision Integral
The electron-phonon interaction Hamiltonian is of the general form
l—ph) _ T T
Hlel=ph) _ Z MEj(TCE+q_’70—cEU (%’7_@"" aﬁ) (6.55)
kojq
The Golden Rule for transition rate is

Wios = o (|| 1) o0y~ B (6.56)

of:

The collision integral is with respect to the electronic distribution of momentum /2, ie. 3fFl . Note

coll
that because in the interaction Hamiltonian, we labelled the electron annihilation operator with index

E, it seems as if the Hamiltonian only creates out-scattering from k. This is of course not true and the
in-scattering (into fE) terms appear when we relabel CE — ca It is just a matter of labelling.

Wit (scatters out of f7)

T h <Z ’Mk‘jq‘cmqacﬁo% —q*’ f>’ O(€yq T Mwig — ) (6.57)
27 d
- E Mqu‘ ’<Z k’-l—qa ko .79 )f>‘ k+§'+ ﬁw ) (658)

| use bosonic ladder relation a;iqﬂ\quﬁ =+/Nj¢g+1|N;z+1)

| use fermionic ladder relations (see [Das2006] pg 78)

| sza\f;ﬁ:\/?;;\l—f;ﬁ cek i) = 1= Fea L= Frg)
_ (M 21— fe ) (Njg+ Dd(eg, o+ hwjg — ) (6.59)

Now we relabel the indices so that it represents in-scattering into f;. The easiest way to understand
the relabelling is to see that the out-scattering case can be represented by the diagram on the left and
so the in-scattering case can be represented by the diagram on the right.

k+q k
-q q
k k+q

Figure 6.1: FElectron-phonon interaction diagrams (emission of phonon diagrams). Left: out-scattering
from fp. Right: in-scattering into f;.

Wist (scatters into fz) = ’< ’ ki kd Clitg ol ]q’f>’ +77qu'—€;g+q») (6.60)
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| use the earlier mentioned ladder operator relations

2
fE+§(1 — f];’)(qu”"F 1)(5(61‘5 + th(T— €% _.) (661)

2T
- ‘Mﬁjq” +q

2 more rate terms with respect to phonon absorption are calculated:

2m /. 2
Wana (scatters out of f;;) = - ‘<z )ngqc£+qachaj5‘ f>‘ 5(6E+q. — hwjg — €;) (6.62)
| use bosonic ladder relation a;g/Njq) = \/Njg|Njg — 1)

| use also the earlier fermionic ladder relations

2
fE(l - fE+§)NJ§5(6E+J - hqu’— EE) (663)

27
= % Mg

Now we relabel the indices so that it represents in-scattering into fz. Again the diagrammatic way is
the easiest way to understand. The out-scattering case can by represent by the diagram on the left and
so the in-scattering case can be represented by the diagram on the right.

Figure 6.2: Electron-phonon interaction diagrams (absorption of phonon diagrams). Left: out-scattering
from fr. Right: in-scattering into f;.

. 27 /. 2
Waona (scatters into fr) = - ’<z ‘ngqﬂc%aclaq:gaj,_@‘ f>’ 6(ep — hwjg — €x) (6.64)
| use the earlier mentioned ladder relations
2m 2
= M| iyl - FONi e — B — e, ) (6.65)

Recall the delta function relation, d(a) = d(—a) and assign a negative sign to out-scattering terms
and a positive sign to in-scattering terms. The collision integral is

I(el—ph) [f]}] aé];l; (6.66)
coll
27 2
= 5 Z ‘Mqu‘ [5(€E+q' — e T hwjg) <f;;+q~(1 = S Njg = fr(L = fr ) (Njg + 1))
jqo

(e g o = ong) (Fagll = F)Wig+ 1) = fe(1 = f INig) | (6.67)
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6.2.2 Linearized Collision Integral

We linearize the electron distribution and the phonon distribution according to 3

Njg ~ N+ NN+ 1)y (6.68)
fr o~ FH - (6.69)

We linearize each term in the collision integral.

Q

Q

Q

Part of first term in collision integral (retain only to first order in y)

FeedX = ) Njg (6.70)
(Fe0 4 720 0= 12 Jwgyg) (1= 720 = FE700 = 20 (N?ﬂ + NN+ 1)yjq) (6.71)
eq o _ €4 gediq _ req _ req _ eq eq eq .

(£ 1= FE0) = F0 200 = PN+ (L= £ (= 2 e, ) N5k + NN + D)
€q (1 _ €9\ nred eq (1 _ peq eq .
flSJr(j(l fE )eri+fk'+(j(1 fk )Naq (N +1)qu
eq req eq €q, _ reqy req _ req eq
_f,;+q—f,; (1- f,; )qu”y}g +(1 P >f];+(j(1 f,;+q~)quyk+q (6.72)
the equilibrium first term (with other 3 terms) makes the collision integral zero, we drop it first
= SN (N5 Dy = T+ (= 2 ] (6.73)

From (part of) the first term of the collision integral, it is clear that the other 3 terms follow a pattern.
We can simply write down the other 3 (partial) terms.

Part of second term in collision integral (retain only to first order in y)

= f’;(l — fﬁ+§)(Nj§+ 1) (6.74)
= SO NG 1) [Nitia — f vpa g+ (= £ (6.75)

| use the explicit BE and FD distribution function and the energy delta function to get

eqr1 _ req eq /1 _ reqy req areq
| E<1 E+5>(Njf7+1)_(1 E)fﬂ N

E+q Jd
= fgiq(l_fngqu[ Tl U ,;%k} (6.76)

Part of third term in collision integral (retain only to first order in y)

= Jerdl = ) (Njg + 1) (6.77)
~ S (= NG ) [Notia = ffe+ (U= 2 g w} (6.78)

Part of fourth term in collision integral (retain only to first order in y)

= fil— fi o) Nig (6.79)
ST PN (NG g = I8 g (L= ] (650

| use the explicit BE and FD distribution function and the energy delta function to get
| FE NG = (1 fE (NS 1)

k+q

3Here, we choose to label the electron distribution deviation function and the phonon distribution deviation function
with the same symbol y. The indices in y should be clear enough which deviation function is being referred to.
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= (1= fEOFE (N +1) (52 1)y — 1 Vi (L= Fy; (6.81)
The linearized collision integral is

AP ] = Z ‘ b

jgo

+o(eg, g — e — hwjg) (Njg + D(=yjg — Ui + Vi g) (6.82)

f;q) 5(6k+q — €y + hw]q) (y]q Yi + yE+q')

6.2.3 Relaxation Time Approximation

Assume the (electron distribution) relaxation time approximation for the electron-phonon collision in-
tegral,

of. i 1
U _ ko (6.83)
8t coll (el ph)
k
Substitute in the linearized distribution and the linearized collision integral expressions
A1 — fSDyz
Aqtel=ph) = Tk o Tk TR (= J v (6.84)
(el—ph) )
T
k
The explicit expression for the electron-phonon relaxation time is
! INGE2 659)
I (S AT |
o Wid = Vg T Yy
- Z ’ ( Hq [5(6,;+ — e+ hu N TE T
Y%
jqo
(=g — Vi + Yiry)
q
(e~ g — hwig) (N2 + 1) e (6.86)

We specialise to the single mode relaxation time (SMRT) case which means all the phonon modes are
in equilibrium (y;7 = 0) and all other electron modes are in equilibrium (y;; = 0). Thus the SMRT is

2 [

1 k+ e e
(el=ph) - Z ) q {5(6’2 —G T hw]q) q T 6( v kT hwﬁ)(Njg i 1*6'87)
L Jjqo

6.3 Kinetic Theory: Quantum Kinetic Equation (QKE)

Here we follow section 10.5 in [Haug2007]. We construct a constant E, steady state and homogenous
QKE for our discussion of the electron-phonon interaction. For LHS of QKE, we set B = 0, drop 7
and drop t7.

LHS = —¢E - V" (p) (6.88)
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In constructing the RHS, we choose the full collision integral (for homogenous systems) and further
impose the steady state condition by dropping ¢+

I(ptf) = / dtsX (5 + qE, —ts, 3t + $ta)Y (F+ qE%  ts, 311 + $ta) (6.89)

= 1) = [ dnX(@+oBY )Y 5+ aEG. 1) (6.90)
with XY = »RG< 4+ 2G4 - Ghu< - g<x4 (6.91)
$(GNDRGGN< | s2(GD<G(GNA _ (GDRy(GD< _ (GD<x(GNA (6.92)

We also need to construct the matching GKB ansatz for RHS. We simply set B =0 and drop 7 to
get the constant F, homogenous and steady state GKB ansatz.

GDS(Gty) = iA@Y 7+ 3eEl ) (6.93)
GE>(par) = =A@ ) (1= 17 @+ JaBli ) (6.94)
Finally for the electron-phonon interaction, we choose the self-energy to be in the Born approximation.

Sk, 1) = Z’M‘ G(k — q,71,72)DO(q, 71, 72) (6.95)

We need components ¥ (= %(GD>) and ¥<(= X(¢D<) and so we apply Langreth’s theorem for this
parallel multiplication case.

OOk ty,ty) = iy |Mg|? GEDS(E — G t1,12) DO (G, 11, ) (6.96)

transform to Wigner time notation
SOEDS(E 7)) = i |Mg]? GODE(k - g,t7) DO (G 17) (6.97)
q

The equilibrium phonon Green’s functions are

DO<(qt7) = —i [( i 1) ewat” 4 N;qe—iwat‘} (6.98)

DO>(gt7) = —i [( 2+ 1) e~rt” 4 Ng-qeiwfftf} (6.99)
We will now insert all these expressions into RHS, 4

1(p)
_ /OO dts (E(GI)RG(GIK L R(@N<GENA _ GG Ry(GH< _ G(GI)<2(GI)A>

x(7+ 3aEts, —t3)(F + 3qE1s, 1) (6.100)
| recall that a retarded quantity has the relation C = 4(t)(C~ — C<)
| recall that an advanced quantity has the relation C*4 = 6(—t)(C< — C™)

00 0o oo 0
| note also/ dt30(t3):/ dts and/ dt39(—t3):/ dts
—00 0 —00 —00

“Note that the negative sign in [Haug2007] eqn (10.100) came from LHS. See [Haug2007] eqn (10.96)
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0 0
_ {/ dts (E(G1)> _ E(GI)<) aGN< +/ dts5(G1< (G(GI)< _ G(GI)>>

— 00 —00

0 0
_/ dts (G(GI)> _ G(GI)<) $(GD< _/ dt5G(ED< (Z(G1)< _ E(G’I)>)]

—00
X (F+ sqBts, —t3)(F+ sqEts, t3) (6.101)
| 4 terms cancel pariwise

0
— / dts {2(G1)>G(G1)< _ E(GI)<G(GI)> _ G(GI)>E(GI)< + G(GI)<E(GI)>]

—0o
x(F+ 3qEts, —t3) (0 + 39Ets, t3) (6.102)
| insert the expression for self-energy

0

x |Gten> (p+2th3 7. ~t3) DO (7, ~t3)G D= (7 + 39Lts, 13)

~GUN (5 + LqEts — §,—t3) DO<(§, —t3)GCD> (5 + qEts, t3)

~GOD>(5+ LqEts, —t3)GCED<(5 + 1qEts — ,t3)DO<(q, t3)

+GED< 5+ YqBty, —t5)GOD> (7 + YqBts - G,t5) DO (7 ts)| (6.103)

| insert GKB ansatz

0
_ / dtgz'z M)

< [AG+ JaBts — g, —ts) (1= 1V 5+ JaBlts] = ) DO (0. ~ts) A + 3aEt, ta) " (5+ SaBlts))
—AP+ YqEts — ¢, —t3) fV (5 + LqE|ts] — YDO<(F, —t3) AP+ SqEts, t3) (1 -+ %qﬁ\t3|)>
— A+ $aBta, ~ta) (1= 1V 5+ SaBltal) ) A+ 3aBts — 3.1) " (5+ SaBlts| - DDO= (G 1s)
+AG+ aBts, 1) /Y (5 + SaBlta) AG+ SaBts — 4, t5) (1= 1V (5 + SaBlta] — ) DO> (7, 15)]
| note DWZ(g,—t7) = DOS(g,¢7)
| note also A(p'+ %qﬁtg —q,—t3) = A*(p+ %qﬁtg — q,t3)
| recall that the distribution function f" is real (but not positive definite)
_ /0 atsi Y |01,
T q
X [A*(ﬁ+ LaEts — q,t3)A(F+ $qEts, t3) DO<(q, t3) (1 — V(P + LqEts| - J)) Y5+ SqElts))
—A*(p'+ LqEts — G, t3) A(F + SqEts, t3) D> (q, t3) ( - (E+ ng|f3\)) Y (F+ LqE|ts| - @)
—A*(F+ LqEts, t3) A(F + SqEts — 4,t3) DO<(, t3) (1 Y+ qE!t:aD) Y (F+ LqE|ts| — @)
FA 5+ SaBts, ts) AT+ aBts — 7,t) DO (3, t3) (1= /Y (5 + SaElts] — D)) 7 (5 + SaElts)
| note that <1D( )s (q,t3)> = iD©Z(q,t3)
| so, Ist line & 4th line , 2nd line & 3rd line are like z + 2™ = 2R(2)



CHAPTER 6. ELECTRON-PHONON INTERACTION 271

_ /(; dts Y | Mg)?
7
x |20 {45+ JaBts — @, ta) A5+ SaEits, 12)iDO< (G 15) }
% (1= 1V G+ §aBltal = D) £ 5+ SaBltal)
—2R { A" (5 + JaBta, ts) A5+ JaBts - 3,13)iDO<(q t3) |
x (1= £V G+ aBlta)) £ 5+ Sakltsl — @) (6.104)

The final QKE (after including LHS) is thus,
~aE-Vof" ) = [y |y
o 7

x |20 {45+ SaBts — 4, t) A5+ ity 13)iDO< (G 1) |
% (1= 1Y 5+ 3aBltsl = D) 1Y 5+ SaEltal)
—2R { A%+ YaFty, t3) A5 + SaBits — 4,13)iDO< (3.13) }
< (1= Y@+ JaBltal)) £ (5+ SaBlts] - D) (6.105)

which is eqn (10.101) in [Haug2007]. In this QKE, we see the usual quantum effects; intracollisional
field effect and non-Markovian integrals.

We recover the Boltzmann equation (for homogenous systems in steady state condition) by setting
E =0 and substituting free spectral functions into the collision integral, then we get the usual energy
conserving delta functions. ( Equivalently, we can start with the zeroth order collision integral, use KB
ansatz and substitute free spectral functions.) Here we will take a particular approximation where we
take the spectral function of a single particle under the influence of a constant force, F= qﬁ.

il eq—y FPGT)? Cif e g dPIE2ET)3
A(ﬁ,t_) —e n(Ept + ) — e h(fpt + 24m ) (6.106)
The QKE becomes
—qE - VY (p)

0
—0 7

) 272 ) 272

i a°|E|” .3 i a°|E|” .3

ﬁ(e“ Btg/2—qt3 T 21 t3) ’ﬁ(ﬁr” Big/2t8t 21 t3). o
2% {6 P+qEt3/2—q m e P+qEts/ m ZD(O)<(q,t3)

X

< (1= Y5+ SaBlts| = ) 1V (5 + SaBlta))
qQ\E\Q q2‘*‘2

i _ 3) _i - El% .3
_2%{6;& (Eﬁ+th3/2t3+ 24m ts)e n (€ﬁ+th3/27(ft3+ 24m ts) iD(0)<((f, tg)}

% (1= 1"+ SaBlis))) 1Y 5+ SaElts| - @) | (6.107)
recall that iD0<(g, t5) = (Nqﬁq + 1)etwats 4 quqe_iwtiti’»
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| and actually the force terms in the spectral functions cancel

| the real parts are the cosine terms
0
2
= 2 / dts » | My
. —
q

< { (c08 ((eppaiaog — Gpratiy o T widts) (N5'+1)

oo ((Eﬁﬂﬁtsﬂ—a_ prqbts/2 wi)tS) §q) (1 — Y (F+ $qElts| - cj)) Y5+ LqE|t))

- <COS ((fmqﬁts/z ~ prabts/2—q ‘*"f')t?’) <N 7t 1)

+ cos ((eﬁJrthg/2 ~ €arqBts/2—5 w(j)t3> Nqﬁq) (1 _ fW(ﬁ+ %qﬁ\tﬂ)) fW(ﬁ+ %qﬁ\t3| B ®}
(6.108)

This is the equation (10.102) in [Haug2007] and is known as the Barker-Ferry equation.

6.4 Perturbative Approach: Linear Response Treatment (Holstein’s
Formula)

I am unaware of very extensive calculations of thermal conductivity renormalized by electron-phonon
interaction, hence I shall briefly mention here for completeness, the results of electrical conductivity
which have been renormalized to a very sophisticated form by phonon ladder vertices.

This renormalized electrical conductivity formula is called the Holstein’s formula and is derived in
the famous article in [Holstein1964]. A shorter derivation is seen in [Mahan2000]. The result is equation
(8.235) in [Mahan2000].

6.5 Functional Derivative Approach: Electron-Phonon Hedin-like Equa-
tions

In this section, we describe Robert van Leeuwen’s ([Leeuwen2004]) derivation of self consistent Hedin-like
equations for electron-phonon interaction. His derivation is an improvement over a previous derivation
in [Hedin1970]. The previous derivation started from Born-Oppenheimer adiabatic decoupling and the
uncontrolled double counting problem is therefore an unsatisfactory feature of the theory.

Robert van Leeuwen managed to choose a body frame (and impose Eckart conditions) and derived
the equations circumventing the Born-Oppenheimer approximation.®

°Tt is important to see that he has done such a general derivation that it should really be called the Hedin-like equations
of the solid! Coulomb Hedin-like equations is a special case of his theory as shown in the appendix at the end of the thesis.
I believe, that if an expansion about ionic equilibrium is done, the phonon Hedin-like equations should also be a special
case of his theory!
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6.5.1 Preliminaries

[The Hamiltonian] The electron-ion (solid) Hamiltonian is the sum of these terms. 6 7

N, B2 ,
T, = Z(—M> v (6.109)

=1
N,
e h2
T, = (—2m> Vi (6.110)
i=1 ¢
N,
1 oS 2,7
Wan = 5D, 152 (6.111)
l1#£ls Rll RZQ
N,
G|
Wee = 53 == (6.112)
iy 1 — 75|
Ne Np 7
Wen = =Y > (6.113)
=1 1=1 |7y — Ry

[Body Fixed Frame + Eckart Condition] &

5The notation is slightly different from that in the introduction chapter. This is because we are following notation
closer to that used by van Leeuwen.

"A notational reminder: I,11,ls... indices denote sites for monoatomic solids or denote cells for polyatomic solids
(k, k1, ka2, ... indices label the atoms in each cell), cartesian components are denoted by a, a1, a2, .. ..

8Search Wikipedia under “Eckart Conditions” and it gives a good article!
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Body frame

electron i) w

Inertial frame

Figure 6.3: The transformation to the (instantaneous) nuclear center of mass body frame.

Define the (instaneous) center of mass of the nuclei.

1 Np, 1 Np,
Roux = 57— ) MiF = S MR, (6.114)
l

nuc Nn

> Mi

l

We will proceed to transform the electronic coordinates and nuclear coordinates to the body fixed frame
(with origin at Rowmn) as follows,

75— 75 = R(ap) (7 — Romn) (6.115)
él — R; = R(Ozﬁﬁ/)(ﬁl - ECMN) (6.116)

where R(af7) is the Euler Rotation matrix which will be given explicitly later.
We use 2 conditions (which we call “Eckart conditions”) to fix the coordinates such that they will
minimize the coupling of rotational and vibrational motion. They are,

Np,
1. Z MlRleq = 0 is the equilibrium center of mass condition where the equilibrium position param-

I
eter qu is fixed from Born-Oppenheimer adiabatic decoupling. This condition means that when

all the ions are “frozen” in ﬁfq, the body fixed frame is the principal axis frame or in other words,

the nuclear inertia tensor is diagonal under R;?.

Np, Nn,
2. 0= ZMlﬁfq x R} = ZMlﬁleq X R(a37)(R; — Roun) gives 3 conditions to fix the Euler angles.
l

l
So the Euler angles are a function of the nuclear coordinates.

[Reminder on Euler Angles and Some Identities] We now recall some basic facts of body
frame and Euler angles in Classical Dynamics. The rotation matrix and Euler angles in the so-called
“y-convention (Classical Mechanics (3rd Edition), Herbert Goldstein, Charles Poole and John Safko



CHAPTER 6. ELECTRON-PHONON INTERACTION 275

(Addison Wesley 2001) pg 601):

R(aBy) = R:(V)Ry(a)R=(8) (6.117)
—sinysin 8+ cosacos Scosy sin-ycosf + cosasinfcosy — cos-ysina
= —cosysin 8 —cosacos Bsiny cosycosfS —cosasinfBsiny  sinysina
sin a cos 7y sin o sin 7y cos

Denote the column vectors of this rotation matrix by €y, €,, and €,, and the matrix elements Rq,a,
can be written as

ROHOCQ = (éaz)al (6.118)
as we can see from here
. . : Ru ng R13
R = gal 6@42 é'o@ = Ra1 Ros Rog (6.119)
: : : R31 Rs2 Raz

and for example Ro3 = (€a;3)a,- They are related to the angular velocity vectors by ©

o
ggl = &y X Wa (6.120)
o
;;1 = Eay X Wg (6.121)
o
;31 = G X w, (6.122)
and the angular velocity vectors are defined as
sin vy —sina cosy 0
wq = | cosvy , wg= sin o siny , wy=10 (6.123)
0 coS @ 1

Recall that the Eckart choice of the body fixed frame says that all Euler angles depend on nuclear
coordinates R;. Then consider the expression, where chain rule is used,
8(%2)@1 _ 8(5a2)a1 Oa + 8(5042)041 66 + 8(‘?@2)0&1 87 (6.124)
8R11a3 oo 8Rlla3 8[3 8R11a3 87 8R11a3
| use the relations with angular velocity vectors

| then write (€ny X Wa B~)a; = Z €arasas (€az)as(Wa,By)as
g0

| where € is the antisymmetric tensor

Ja B Oy

l

‘ deﬁne Q()}g,ag = (wa)a5m + (wﬁ)af)m =+ (wy)%m

= Z €ajoyas (6062)044Qf;y15a3 (6.125)

QqQ5

9The reader may take the explicit expressions of R and wa,s,, and check backwards.
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It will be shown in the appendix to this chapter that since a8~ are invariant under translations of all
Ry, , we get a sum rule,

Ny

doak, =0 (6.126)
=1

From above, recall that Rao,a, = (€ay)ay, We can immediately derive

OR a0

l
aRhag = Z 60&10440457?'01401290}5@3 (6'127)

405

Now we define rotated electronic and nuclear coordinates,

T;IIOCI = ZRalerilOQ (6.128)
az
RE/IOCI = ZRalathaz (6.129)
az
then we derive
8r;;a1 8Ra1a2
= T 6.130
ORI,04 %2: ORpay ( )
- Z Z 6°V10‘40‘5ROK4062Qlo‘?50¢370i16v2 (6.131)
ay aqas
= E 60{1014045701‘10@92’5043 (6.132)
agas
and
a‘REIIOZI <8ch1a2 8Rl
= Rija, + R 1”) 6.133
ORI;04 OCZ2 ORI,04 12 feBxe) ORiy0, ( )
= Z (Ra1a25l1135a2a3 + Z €a1a4a5Ra4azgg5a3Rl1az> (6~134)
a2 [a7¥a %1
= Raiaz0ni; + Z €a1a4a5R;/1a4QS5a3 (6.135)

aqas
which will be used in the appendix to this chapter.

[Transformed Hamiltonian] The old and new wavefunctions in the Schrodinger equation are related
by

Do (75 ... 7%, B1-. BN,) = ®pew(7i.. "N, By Ry )= Ppew(Fi ... 7N, R ... Ry, )(6.136)

and recall that 7; is a function of 7§ and él and ﬁ; is a function of Rl so we can write @y as if the

independent variables are 7; and ﬁl. However, one must not forget that variables ﬁl are “inside” 7;.
The term by term transformed Hamiltonian (which is taken to be acting on ®Ppew (71 ... 7n,, R1 ... Rn,))
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is,
Nﬂ/
T, = — 1
Z 5 Mz (6.137)
N, 5/ 2
n h2 aRll 87_';
= LV 3, — V7 6.138
Z2Ml lz 8Rl VRll Z vz ( )
1
| take it to be acting on Ppew (71 ... 7N, R;... R)Nn)
2
= - Skl v 1
ZQMZ( i, EijaRlW) (6.139)
h2
| add and subtract — Z TMV%
N, 2
" R oF; _—
Ne hg )
T, = — 2. 141
; 2me vrz (6 )
N, 2
< R? (9Rl ori,
= - S (Z Vi Z Vm) (6.142)
i=1
OR, oF;, . . . :
|  we have o = =0 and o = dii, since R(af7) is a function of nuclear coordinates
T T
N,
e h2 9
= — = .14
Z S V7 (6.143)
i=1
Wi is obviously unchanged under the transformation by direct substituition.
W, = Z (6.144)
z;ézl "y |
N,
1 = 1
= > - - (6.145)
2 iz, |[R7I7 + Rovn — R, — Romn
= .14
gm Toe (0:140)
magnitude of vectors is unchanged by rotation
1oy 1
- = 6.147
P (o147

ii
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and lastly for W,

Wen = Z Z (6.148)
=5 R 1n+RCMN—Rl)
| magnitude is unchanged by rotations, so we can multiply by R
Ne Ny, 7
= -y 2l (6.149)
i=11=1 [li + R (RCMN - Rl) ‘

> Z = Z 3 wZ_l - (6.150)

so W, is a N, nuclei potential and a one-electron potential.
The Hamiltonian is now,

H:Hn+He+TMPC+Wen (6151)
where
N, 2
_ o o7 :
Tupc = <—21> (vﬁll +) aévfz) -V (6.152)
=1 i l
N, N,
e h? 1 1
o _ R N 6.153
= Y () B (6:133)
1=1 171
N, N,
i K2 1 ZiZ
= 3 (o) V3 6159
=1 ! L [ — Ry,
N. N,
e n _Z
Wen = L - (6.155)
=1 1=1 ‘R(aﬁv) (Rz - RCMN) — 7

In the appendix at the end of the chapter, Thspc will be shown to be written as
Tvypc =Typ+1Tc (6.156)

and Tyrp (MP - Mass Polarization) is neglected since we are considering a solid and it is not negligible for
small systems, T¢: ( C - Coriolis) is neglected due to Eckart conditions.!® The approximated Hamiltonian
is then

H=H,+H,+W,, (6.157)

We have achieved what looks like the result of adiabatic decoupling but in a more rigorous and controlled
manner.

1980 for finite systems, the term Thsp is not negligible and it is worth investigating its role in nanosystems!
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6.5.2 Derivation of Electron-Phonon Hedin-like Equations

To cater for a field theoretic description, we go over to the (real space) second quantized representation.
Both electronic coordinates and nuclear coordinates have been written in second quantized form.

H = H,+H.+ W, (6.158)
= Tn + Te + Wnn + Wee + Wen (6159)

1. = 3 [V (6.160)
W = 53 / dr, / A7 (P )0l (71 )b, (71 oy (P20 (72, 7) (6.161)

0102

Notice that R(ﬁa — ECMN) is made up of N, nuclei terms so we need a N, nuclear particle density
operator, I'(R; - - - Ry, ), to write its second quantized expression. It is explicitly,

D(Ri---RBy,) = > b (B¢l (BN,)boy, (Bn,) - 6o (Br1) (6.163)

Ul.“o.N7L

where index o represents all the nuclear quantum numbers and the volume element dV = dﬁl e dﬁNn.
Note that we do not have to assume the statistics of these nuclear operators. We only require that ¢
and ¢! commutes with any operator that depends only on electronic coordinates.

We define a potential operator

N,
. . n Z
= [av T Re) Y (6.164)
1=1 ‘R (Rz - RCMN) - 77’
and define a nuclear density operator (refer to Electrostatics)
1
N = —VV, (P (6.165)
a7
Np,
- /dV T(R - Bxn,) Y 26 (F— R (Rl - RCMN>) (6.166)

=1

The electronic density is the usual expression
n(F) =Y b (F)ee () (6.167)
g
Define a total density,

p(7) = n(7) — N(7) (6.168)

and W,,, can be written as

Wep = — / 37 / dﬁm (6.169)
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which we quickly check backwards

W, = /d?’*/ FUDINE) (6.170)
-
_ N(R
= - / FFdPRY Pl (7)o (7) (#) (6.171)
~ 7 R‘
Nn, 7
_ / d3rd3RZsz (7)o (7) / AVT(R, --- Ry o5 (R ~R(Ra — RCMN()S.172)
a=1 7?_ R
Ny, _z
= /d3fd3RZ¢g(F)¢U(F)/dVF(Rl---RNn)Z —— (6.173)
o a=1 =R (Ra - RCMN) ’
Indeed.
The final expression of the Hamiltonian is then,
H(t) = Tp+ Wy, — /drsz (P) V4o (7) /drldrg >l (7)o (721, (F1 )0 (71, 7
0102
N
/d3 Fd> R (F) S ) /d3rp(F)g0(Ft) (6.174)
-R

where a time-dependent source term, ¢(7t) is added for the functional derivative approach. !
Define the Heisenberg operator,

Y (Fot) = V(L to) (Fote)V (L, to) (6.175)

where V(ta,t1) = Te ilil #H® (6.176)

where H (t) is time-dependent since it contains the time-dependent source term (7).
Now we want to write the equations of motion for the Green’s function. This means we need the
Heisenberg equations of motion for the field operators first.

L0 }
ih s i (Fot) = [V (7o), Hin(t)) (6.177)

Note that we will use the assumption that ¢y (7ot) commutes with all nuclear operators. We carry
out the commutator term by term.

RHS = [¢Yu(Fot), Hy(t)]_ (6.178)

RHS first term = [y (7Fot), (Trn + Whn) g (6.179)
= (o), To+ W] ), (6.180)

=0 (6.181)

RHS second term

1 The notation for the source term is J in other chapters. Here we follow van Leeuwen’s notation.



CHAPTER 6. ELECTRON-PHONON INTERACTION 281

N oo " " " " -
= wH(rat),2/dr1dr2 ZwL(rlaltWL(rgagt)wH(rgagt)wH(malt)w(m,rg)] (6.182)
0102 —_
= L [anar Fot), Wl (Fot)l (Faost Paoat ) (Front)w(7, 7 6.183
5 | drdr Y (rot), Y (Moit)Yy (Taoat) | Yu(raoet)m(Moit)w(r, 72) (6.183)
o102
| change commutators to anti-commutators using the identity [A,CD]_ = —C[D, A], +[C, A] . D

= /dﬁdrz Z < Pl (Font) ¢L(77202t),¢1{(770t)}+ + [¢}1(F101t),¢H(770t)}+¢L(F202t))

0102

XwH(F202t)¢H(771(71t) (71,72) (6.184)
- / Ay diy Z — b (Fo1t)8(Fy — 7)Oppe + 0(F1 — f)ac,w@z}}{(@@t))
XwH(Tzﬂzt)wH(hcﬁt) (71,72) (6.185)
= /drlnH m1t) Yy (Fot)w(r, 7) /drgnH 7o) (Fot)w(F, 7s) (6.186)
= /dflnH(Flt)w(Fl,F)@bH(Fat) (6.187)
RHS third term = [sz (Fot), / &7 / ol Tlt Ng ‘(Rt) (6.188)
7“1
_ / & / &R [y (Fort), ngr (Fit)] : H(Ri) (6.189)
mn—R
=~ [@ni [ wmat),Zwmet)wH(aalt)] N (B 6 190)
o1 _|Mm—R

| use the identity to change commutators to anti-commutators

/ Tl/dSRZ ¢H 7"10115) le(TUt):| ¢H(T101t) NH(Rt) (6.191)
T —
/ d3F / d3RZ(5 7)o, Y (FLo1t) (Rﬁ)‘ (6.192)
R
_ / d3]§]‘VH(Rf‘)wH(Fat) (6.193)
7—R

RHS fourth term = [¢H(Fat),/d3F1pH(F1t)g0(F1t)] (6.194)
= / 37 [y (Fot), ng (7it)]_ p(7it) (6.195)

| this commutator is done in RHS third term, equals Z (™ — 7)oy Yu (Frot)

o1

= () (Fot) (6.196)
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Zﬁ;wﬂ(f‘at) = (—;V2+¢(Ft)+/d3~ Tfl(TltDwH( . (6.197)

take the Hermitian conjugate on both sides

0
note that, g and V is anti-Hermitian

note that, ¢ is real and p is Hermitian, we get

mi%(%ﬂ = (—;VQ—i—cp(Ft) / &7 Tﬁ’mt?)%( t) (6.198)

The next step requires the equation of motion of the time-ordered function. This is defined as

T <¢H(F0t)¢}{(7?10'1t1)) = 0t - t1)¢H(FUt)¢L(F101t1) —0(t1 — t)qu(ﬁdlh)ﬂ)}[(f‘bt) (6.199)

Consider the action on the time-ordered function, (0; = %)
1
<mat +5V2 - gp(Ft)) T (sz(fatw}I(ﬁaltl)) (6.200)
and we work out each term seperately
First term
1
_ <mat +5V2- @(Ft)) (0t = t1)pu (Fot)ply (Frot) (6.201)

= ih6(t — 0 (Fot)yl (Froity) + 0(t — t1) (((mat + %v? - cp(Ft)) wH(Fat)> Pl (Fioty)

—HﬂH(FUt) (ihat + %VQ — @(Ft)) ¢L(F101t1)> (6.202)
= ih6(t — t1)u (Fot)dl (Foit)
+O(t — t1) [ / &7 ﬁf o)y (Fotydly (Frouts) + b (Fot) / 7 ’Wm%mmm} (6.203)

— 7] |71 — 75|

Second term
- - <mat + %v2 - go(f't)) (0t = )l (Frort)yon (7o) (6.204)
= ih(ty — ) (Frovt))Yu (Fot)

Ot — 1) U &7y W%jwh,(naltl)w}[(rat) +¢H(nolt1)/d3* pu(rot) oy )@6 205)

|71 |7 — 75|

3 (m@t + %VQ - <p(ft)> T (wH(fat)¢L(Flaltl))

— ind( 1) [pu (o) oh o)+ [ & o (prFvn (v, (i) )6.200)

— Ot — £)0p0,0(F — T1) + / B T(pH(Flt)wH(Fat)wL(Flaltl)) (6.207)

|7 — 7|
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Now we will denote the Hamiltonian H(¢) into the form,
H(t) = Ho + Hin + / EFp(F)p ()
and the Green’s function is defined as

G(1,1) = (T (va(el 1))

T (Ut — inB, )T (vn (D, (1))
Tr (U(to — ih3, to))
where, U(to — i, to) = Tendo  HH®

283

(6.208)

(6.209)

(6.210)

(6.211)

So note that I defined the interacting but equilibrium Green’s function for this problem because the
main interest here is to turn the interacting problem into a set a functional differential equations. Source
field ¢ is used as a mathematical device and will be set to zero at the end. Of course, an immediate

extension is to work with non-equilibrium Green’s functions.
First we need to know the variation of the evolution operator.

Vita,t1) = Te S AH() _ rpo— J2 dtHo+ Hinet [ d*Fo(7)p (i)
which is
oV (ta, t1) 1 R
—_— = —— to —t1)V(ta, t V(ts,t
5(Fats) hsgn( 2 — t1)V(ta, t1)p(73)V (t3, 1)
where t3 is between t; and t3. Otherwise % = 0. Now we work out
0 (1) )
= ——V{(tg,t V(t1,t
5@(3) 5@(3) ( 0 1)¢ ( 1 0)
(5V(t0,t1) 5V(t17t0)
= ———=YV(t1,t V(tg,t _—
5(/)(3) ¢ ( 1 0) + ( 0 1)¢ (5(,0(3)
i R
= —ﬁsgn(to — 1)V (to, t3)p(73)V (t3, 1)V (t1,t0)
i o
—ﬁsgn(tl — to)V(to, t1)¢V(t1,t3)p(T3)V(t3, to)

= o)) — +on()pu(3)
— %9@3 —t)pa(3)r (1) — %e(tl —t3)Yu(1)pu(3)

Now we can work out the numerator of the Green’s function,

Uty — B, )T (v ()0 (2))

dp(3)
30U (tg — ihB, to) , oT (wﬂ(l)wL@))
_ 05¢(3) 0)rp (¢H(1)¢}{(2)) + Ul(to — ihB, to) 503)

= —%Sgn(to —ihB —to)U(to — ihf,t3)p(73)U (t3, t0)T (¢H(1)¢}L{(2))

(6.212)

(6.213)

(6.214)

(6.215)

(6.216)
(6.217)

(6.218)

(6.219)
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fU(to — ihB, o) 5;3) (00t = t2)wn (V) (2) + 6t — t1)0], 20 (1)  (6220)
= ~U(to—ihB,t0)pu(3)T (v ()v}(2)
T
U (to — ihB, t0)0(t1 — to) (‘é’g((;; W) + wmﬂﬁgg)) )
LUty — ihB, 0)6(ts — m&;@w}{@)wu) (6.221)

| working the terms in the 2nd line round brackets:
i

|5 (0 = 1)pr (B (e} (2) - 00t — ta)wu(V)pu(3)e) (2)

| 40t — t2)Yr (1) pr(3)¢i(2) — 0(t2 — t3)¢H(1)¢L(2)PH(3)>

| the first line takes into account t3 > t1,t2 so we have

= 2 Ut~ B, t0)T (o (31 (1)} (2) (6.222)

Now we work out the denominator of the Green’s function which is simply the first term in the numer-
ator.

5U (to — ihB,to) i |
50 (3) = 7U(to — ihB,to)pr (3) (6.223)

So now we can take the functional derivative of the Green’s function.

a2 o T (Uto—ing )T (va(v]2)) .
5p(3)  dp(3) Tr (U (to — ihB, to)) (6.224)

i T (Utto — ing, )T (i (3)0 ()0} (2)) )

h Tr (U(to - ’ihﬁ,to))
§ T (Ut — 8, to)prr(3) T (U0 = 8. 10)T (v (1], (2)) )
“h Tr(U(to —ihB, o)) Tr (U(to — ik, to))

- % <T (pH(?’WH(l)‘Z’L@)» —G(1,2) {pu(3)) (6.226)

(6.225)

We go back to the equation of motion and take the statistical average so as to link it to the Green’s
function.

(ih&t + %V2 - w(ﬁf)> T (wH(FUt)¢L(F101t1)) = ihd(ty — )50, 6(F — 71)

L1 L L L
+ / d37'1 |F— Fl‘T <pH(Tlt)wH(T’O't)ib}_I(TlUltl))

| Multiply both sides by —%U(to — B, to)

| then take trace on both sides
| divide both sides by TrU (to — ihf3)

0G
| replace the time-ordered 3 terms by 50
¥
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. 1 R
(matl AL gp(rltl)> (T (vu(WV}y@)) = dned(1-2)
. ot o, 0G0y (1,2
—i—/d’l‘gdtgw(?"ltf,’l“gtg)(;(pzi())))
/ drydtsw(Fits, Fats) (pi(3)) Goroy (1, 216.227)

0Gs,0,(1,2

) 228)

1
<ih8t1 + iv,% - V(1)> Goi105(1,2) = 05,0,0(1 —2) + /d3w(ﬁtf,3)

where V(1) = (1) + [ d3w(1,3) (pr(3)). So V(1) corresponds to the external potential and the Hartree
(time-local) potential due to the electronic and nuclear charge distributions.

Now we relate the earlier equation to the self energy so that we can have a relation of self energy in
terms of functional derivatives. We define the self energy, > based on the Dyson’s equation.

. 1 . o, o oL
(Zhat + §V72:»1 — V(Tltl)) Gglg2 (T’ltlT’QtQ) = 5g1025(T1 — 7’2)(5(t1 — tQ)
/d?"gdtg Z 20103 T‘ltl’l“gtg)GggUQ (7“3t37“27f2)

o3

(6.229)

Thus to relate the self energy to the functional derivatives, we need to define the inverse Green’s
function.

Z / d3G o105 (1,3)G L (3,2) = 05y0,0(1 — 2) (6.230)

and take the functional derivative with respect to ¢(3)

) 0
— [ d4 oo (LDGZE (4,2) = ———6,,0,0(1 —2) (6.231
) S Goin(1 06530, (02 = 5l —2) (6201
6GU o 6G- L
/d4z 1o4( 14 Gl (4,2) + /d4GUIJ4(1,4)"4"2() =0 (6.232)
- ¢ (3)
X [ d2Ggy05(2,5) on both sides
5G0’ o4(1,4 5Gala ( )
/d4d26:0(4())Ga402( 2)G0205(2a5) = _/d4d2G0104(174)%G0205(2’5) (6233)
use the inverse Green’s function relation,
G105 (1, 5) / 0G5 105 (4,2)
———= = — [ d4d2 Gy0,(1,4 #GU 05(2,5 6.234
e 3 Grioa(14) =30 (29) (6.234)
| rename 2 <> 5
0Go10,(1,2) / 0G5 (4,5)
———— = — [ d4d5 Goioy(1,4)—245 2 G . (5,2 6.235

0405
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Substituting this back to the RHS of the equation of motion, we get

RHS of equation of motion

1
—_ / d3w (71t} 7ats) <— / dads ) 00104(1,4)%@502(5,2)) (6.236)

0405

comparing with the RHS of Dyson’s equation = [d33_, Y5 05(1,3)Goy0,(3,2) and we get an exact
formal expression for self energy.
6G, L (4,2)

EUIUQ(L 2) = —i/d3d4Zw(Flt;rF3t3)Go_10_4(1’ 4) 0409

e (6.237)

04

Now we define a dielectric function € and a screened (renormalized) interaction W as follows,

1,2 = ?;((21)) (6.238)
— §(1-2)+ / d3w(Fiti 73ts) <§Z(<§))> (6.239)
and, W(1,2) = / d3w (7 t175t3)e (2, 3) (6.240)

Note that it contains both changes in electronic and nuclear charge densities. We now try to seperate

them. We define the electronic polarization as the electronic charge response due to the effective field
V.

P.(1,2) 5{;3((2; (6.241)

where the electronic charge density is the diagonal of the Green’s function

(n(3)) = —iZGam (Fytaists) (6.242)
= P.(1,2) = ZZ 5G"1"1 ”tmtl) (6.243)

| use the inverse Green’s function relation
— _Z‘Z (— / d3d4g;4Golgs(l,3)(5(;‘?‘;4((?;’4)610401(4,771t{r)) (6.244)
- Z/d3d4z Goros(1,3)Goyo, (4, Fit] )‘SGS{;‘E()) (6.245)

o304
Define the vertex function I' by

Fy0,(34,2) = M (6.246)

IV (2)

and we get the first Hedin’s equation,

P==iY / 304G, (1, 3) Clogors (4 Fot T s (34, 2) (6.247)
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Recall the definition of self energy and use product rule to derive the second Hedin’s equation,

oG,
So0y(1,2) = —i / d3d4zw(Fltffgtg)Galg4(1,4)‘:;;é)) (6.248)
04
0G5, (4,2) 6V (5)

= —i [ d3d4d5 Pt st3) Goyoy (1,4) —2222 6.249
[ asisis S wtiet )G 005G VTG 20

| use the definition of I' and W
= / d4d5 Y " G0y (1, )W (Fit] ,5)C 0,0, (42, 5) (6.250)

o4
The third Hedin’s equation follows from the definition of the vertex function.
(5G !

F0102(12’3) = 2-1‘;2(()) (6251)

| we relate self energy to G~! using the Dyson’s equation

. 1
| <mat1 +5V% - V(1)> Goros(1,2) = 010,0(1 — 2) + /d3z D10 (1, 3) Goson (3,2)
g3

| xG5L (2,4) from the right and /d2z to get,

0204

. 1
(00 4+ 575 = VD) brirsdl1 = 4) = Gl (1.4) 4 (1,4

0G5, (1,4)  6%4,0,(1,4)
3V (5) 3V (5)

(5V5( 5 to get —0p,0,0(1 —4)0(1 —5) =
0Y0,0,(1,2)

IV (3)
| use chain rule of functional derivatives

Y100 (1,2) 4,
= 0510,0(1 —2)8(1 — 3) /d4d5 > gG(’m i 5Gg4‘j5<() ) (6.253)
105 0'405

| use deﬁnition of G and definition of T' to write the third Hedin’s equation

| //G‘SG 1G:—//GGF

= 501025( 5(1—3)

= 0p0,0(1 —2)6(1 —3) + (6.252)

08000 (1,2
+ / dadsd6d7 Y WGWG(A;,6)G(,705(7,5)r06(,7(67,3) (6.254)
0405 )

04050607

Now we proceed to seperate the nuclear density which we can call it the “phonon part”. We start
with the definition of W.

W(1,2) = /d3w(F1t1F3t3) ~1(2,3) (6.255)
= /d3w(F1t1F3t3) ((55::((5)) (6.256)

| s V(2) = pl2) + [ diu(24)(pu(4)



CHAPTER 6. ELECTRON-PHONON INTERACTION 288

_ (pm (4))
= w(1,2)+/d3d4w(1,3)w(2,4)W (6.257)
| note that w(2,4) = w(4,2)
. Sl @)
~ w(1,2)+ / asatn(1,3) = (.2 (6.258)
| split (pm) into the nuclear part and electronic part & use chain rule
W w(1 3y @) oV (E) o w1 3 Nu@)
= w(l,2)+ /d3d4d5 (1,3) VE 500 (4,2) /d3d4 (1,3) 53] (4,2)
| use the definition of P, and W
= w w - w 7<NH(4)>w
= w(1,2)+ /d4d5W(1,5)Pe(4, 5)w(4, 2) /d3d4 (1375 w(d:2) (6.259)
We look at the last term in more detail.
CON() 5 Tr(Ulto— ih8)Na(4)
5(3) 503 T (U — ih) (6:260
| recall the earlier results
= —(T(puB)Nu(4))) + (Nu(4)){pu(3)) (6.261)

0t — ta) ((pr (3N (4))) — 0t — ta) (Nur(4)ps (3))) + (Nu(4)) (o (3))  (6.262)
add and subtract the same term

—0(ts — ta) (((pu (3)Nu(4))) — (pr (3))(Nu(4)) + (pu(3))(Nu(4)) — (pu(3))(Nu(4)))
—0(ta — t3) (Nu(4)pu(3))) — (Nu(4))(pr (3)) + (Nu(4))(pu(3)) — (Nu(4))(pu(3)))
| define py(3) — (pu(3)) = Apu(3) and so on

= —0(ts —t4) ((Apu(3) AN (4))) — 0(ts — t3) (ANH(4)Apr (3))) (6.263)
— (T (ANg(9)Apr(3) (6.261)
| recall that p=n—N

= +(T(ANu(4)ANu(3))) — (T (ANg(4)Ang(3))) (6.265)

Since the term —% (T (AN (4)ANg(3))) represents nuclear desnity fluctuations correlation, we shall

define this as the phonon-like Green’s function.
D(1,2) = 4 (T (ANy(1)ANu (2)) (6.266)

We want this term to be in Hedin’s equations, so according to Schwinger’s variational principle, we
add another source term into the Hamiltonian.

Hy = — / ABN(B)J(R. 1) (6.267)

Recall the earlier relation, —2¢ 7%?)) = L(T' (ANg(2)App(1))) and now we will calculate

6;{);[2(;[; ) | deduce from (;;, only that Ng expressions are produced
(T (Nu(2)pu(1))) — (Nu(2)){pu(1)) (6.268)

we will add and subtract terms and we get the a similar expression
(T'(ANH(2)Apu(1))) (6.269)
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Comparing gives
opr(1)) _ 0(Nu(2))
— _ 2
5J(2) do(1) (6:270)
We further rewrite the LHS
6.J(2)) 6J(2)) 0.J(2)) '
| for the second term, 5J(5(2) gives Ny, and so (NgNg) ~ D
d(nu (1))
= D(1,2 —_ 272
(1.2)+ s (6.272)
| use chain rule
d(nu (1)) 0V(3)
= D(1,2 d 2
0.2+ [ B 5o (6:27)
S(na (1))
I ———— = P.(1,
| reca V) (1,3)
| use chain rule again
4
= D(1,2) + /d3d4ZPe(1,3 OV(3) {pu()) (6.274)
. Son®) 6J(2)
| use the explicit expression, V(3 )+ [ ddw(3 (4))
= D(1,2) + /d3d4ZP (1,3)w(3,4) < ((;» (6.275)
04
So this integral equation can be iterated and solved. Symbolically, the solution is
o(pr (1)) _ -1 __0{Nu(2))
o= [(11 Pow) D} (1.2) = =255 (6.276)
which we insert into this earlier equation
Ny (4
W(1,2) =w(1,2) + /d4d5W(1 5)P.(4,5)w(4,2) — /d3d4w(1,2)<h(r§))>w(4, 2) (6.277)
We get (symbolically),
W = w+WPw+w(— Pw) ' Dw (6.278)
| define the electronic part of the screened interaction W, as W, = w(I — Pow) ™!
W-WPw = w+ W.Dw (6.279)
W = w(l-Pw) 4+ W.Dw( — Paw)™! (6.280)
= We+ W.DW, (6.281)
W1,2) = W.1,2)+ / d3dAW,(1,3)D(3, 4)W,(4, 2) (6.282)
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The derivation of Hedin’s equations is complete. We summarize the set of Hedin’s equations here.

Doy (1,2) = % / d3d4 " ooy (1, 3)W (Fit} , ) 0y, (32,4) (6.283)
o3
W(1,2) = W6(1,2)+/d3d4We(1,3)D(3,4)W6(4,2) (6.284)
where W, = w(l— Paw)™! (6.285)
P(1,2) = —iy_ / d3d4 Y " Goy04(1,3)Goyoy (4, )lgs0,(34,2) (6.286)
o1 0304

I5,0,(12,3) = d5,0,0(1 —2)5(1 —3)

6 o105 (1,2
+ / dadsd6d7 Y mam(mm,6)G(,705(7,5)r0607(67,3) (6.287)
0405 9

04050607

A diagramatic representation is shown in

Wzﬂvwmwzwwmm+wvw@wm4
We:WWVWVV\l:WM—F

F—%—o—}—%‘%

Figure 6.4: The diagrammatic representation of the electron-phonon Hedin-like equations. From
[Leeuwen2004].

\ ]

If we put D = 0 which means there are no nuclear fluctuations or “frozen nuclei” then we obtain
the usual Hedin’s equations for Coulomb interaction. This is shown in the appendix for electrons.
6.5.3 Appendix: General Form for the Coriolis & Mass Polarisation Terms

Recall the transformation made
Ty = R(apfy) (ffl - ECMN) (6.288)

Or Tijay = ZRO‘IC‘@ (Ffl—RCMN> (6.289)

a2
a2
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Recall that the old and the new wavefunctions are related by
(I)old(Fi: e f?\fev ﬁl e EN,L) = @new(ﬁ e FNe, E& . R‘?\fn) = (I)new(Fl .. .FNe,El . éNn)<6290)

and the Hamiltonian is acting on the last wavefunction. Now we work out an identity,

arilal 8Ra1a2 8-RCMN as
— § : e _R o) — Roy gy ——2 6.291
IR0 (aRlsag (s = Hoanes) = Renes (6291

a2

e 0 X" MR
= Z (Z EozlocwsRawlea;,ag ( Tiias — RCMN,az) — Raiaz OR, : Vi - 4a2( .292)
3a3 nuc

(e aqas
M,
l I3
= Z €Caragas ZR(X4(X2 (T’L'elag - RCMN,QQ) Q£5a3 - RO(IO[?)Mi (6.293)
[e%Ye5:3 a9 nuc
_ I M,
= Z €a1a4a5ri1a49a35a3 - Ralcngi (6.294)
agas nuc

Then differentiating the wavefunction gives,

od o0
old — new (6295)
ORI;04 ORI,
| recall that <I>new is the rightmost wavefunction stated above
_ 0w ~ Oisoy 0Pnew (6.296)

8R13a3 6R13a3 87“24(14

o= 114 1

OTiyos
= Prew 6.297
(aleéS az_:l 242:1 8Rl30t3 87"14044 > ( )

. . T
| use the earlier identity for —2*%
ORI;04
M 0
_ k3 k3
= 8R -+ Z Z Z €a4a5aﬁrk4a59a6a3 - Ra4a3 Mi 9 q)ncw
lg as s k4 asae nuc /rk4014
8 ks Zng a
= OR - Z Z L€agayas Qa6a3rk4a5 a —1 Z M Ra4a3aT7 (I)new
lsag csasos kg ks nuc kaay
| note that €ngayas = —€agasay
B GO B B DUV EO O o B
- agQ 4 — - 403 new
6Rl3a3 oo 693 K aTk4 Mnuc o a’f’k4a4
ag
= N 0
| define angular momentum L¢ = —i Z Thy X =5—
o 0T,
. Se . 0
| define total electronic momentum P°¢ = —i Z -
- 0Tk,
4

d My
= |77 —iy QL8 — iy " Rayas Pl | Puew (6.298)
lzaz a6 nuc g
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We now recall the kinetic energy operator

Np 2
Twre = > (- i + Z 8”2 Vi, ) - V2 (6.299)
MPC = oM, Vi, P i, .

l1=1

h2
V2 and use the above expression
2Ml1 Rll p

recall that T, = — Z

l1

2
0 l e Mll e

1=1 [e73} Oy

2
Note that T, term cancels with ~ <8Ra ) and Tyipc can be split as Tyvpe = Twvp + Tc. Tvp is the
.30‘5

mass polarisation term (which involves P¢) and T is the Coriolis term (which involves L¢). There are
8 terms left in the expression, we expand them all symbolically

(Trrpe + Tn) Poew
~ ((,z% _iZQLe—iZRP8> <8<I>new ZQL Dpey — zZRP (I)new>

82(I>new . 0 QLD ey . O(RP (I)new eaq)new eLEP
= aRQ —227( OR )—127( ZQL ZZQQLL new

— Z Z ORLEP® oy — Z RPe Puew Z Z ROPCLED oy — Z Z RRPCP® o,

The first term cancels T,, as mentioned above. The second term is related to Tc. The third term is
related to Tyyp. The fourth term is related to T¢. The fifth term is related to 1. The sixth term is
zero since L¢ and P¢ are perpendicular 2. The seventh term is related to Tyrp. The eighth term is zero
since L¢ and P¢ are perpendicular 3. The ninth term is related to Typ. Thus we can write

Tvee = Twp +Tc (6.301)
3 t
0 0
= - R Y Pe
%1: 2Mnuc Zl QZQ < (e3Re%] 8R11a2> + (’L a1 8Rllo¢2> a1
h2 N
+ Z > M, Z Ragas Rasas PS, PE,
a3y nuc l _1
Q- l f 1 0
Q 1 Q 1 Le
* %: llzzl 2Ml1 ; ( aroz aRl a2> (l a2 8R11a2> a1
+ Z Z 2M ZQg3a5Ql&4a5Lg3Lg4 (6302)
agay l1=1 h as
So if we define
3 3
Tap = D (hy + 10 Po + Y Basas PSP, (6.303)
al 30y

121 am not very sure about it
13T am not very sure about it
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3 3
Te = Z(Vll + vay ) LS, + Z Qagas LS, LE, (6.304)
o Q304
We can identify
oo 0
= iRajas 55— 6.305
h? /
= — P nuclear momentum in body fixed frame (6.306)
2MHHC !
hQ Nn, 3
Sasos = g2 2 Mis D RasesRasas (6.307)
1=1 as
Nn
| note that Z M, = Myyc and use orthonormality in the second factor
=1
= Jeses (6.308)
2MI’IUC
v = 6.309
o1 Z Z 041042 3Rl -, ( )

ll—l
Np 3

h2
Oéa3a4 = Z Z 04304591015044 (6310)

l11

6.5.4 Appendix: Explicit Form of the Corolis Term in the Eckart Frame

Now we further evaluate v,, and aq,q, in the Eckart frame to show that the Coriolis terms are negligible
in the Eckart frame. This justifies the choice that the Eckart frame is a suitable choice that seperates
the “internal motions” and the “external motions” as much as possible.

Recall the Eckart conditions (condition 2):

Ny
0 = > M,E?xR(apy) (Rzl - RCMN) (6.311)
=1
Np Nn
take condition 1, 0 = Z MllRlelq cross with RRcnN to get 0 = Z MllRlelq X R(aBv)RcovN
I1=1 I1=1

Ny

0 = > MR xR(apy)R, (6.312)
=1

We now calculate the angular velocity vectors Qlo}l a,- First we get a relation by differentiating the

Eckart conditions with respect to ﬁll. Denote Rl = RRZ.

a 1
0 = OR;,, Z Z Mlleaalalee:lqa1Rlla2 (6.313)
0

1 a2

| R;’, is constant in differentiation
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= Y My caaian R Ry, (6.314)
l 1 a1 lloél 8Rl .
1 102
/!
| use identity from preliminaries section for —has
ORja,
_ eq 1 l
- Z Z Mlleamalelal (Z 60&2063044R11a39a4a0 + Ra2a05”1> (6’315)
1 araz Q304

‘ use § €aaiaz€asazay = 5010436011044 - 5040445041043

= Z MZGQ’OCIOQRlalROQOCO + Z MllRlelalRlla a1QaQ Z Mll llal RllolelaOlo (6316)

[6 %Yo %} Lot liag
= d\o - Z Jaar % o (6.317)
where
aixoa = Z Mleaa1a2RleglRa2ao (6318)
3N

| recall that Raya, = (€ag)as
- M (ﬁfq X 5a0> (6.319)
Joa(®) = Y M, (ﬁff R Gy — RMRM) (6.320)

For J (ﬁeq), it is the inertia tensor and it is diagonal. Writing the above as a symbolic matrix
equation, we manipulate

0 = a—J'Q:Q—J*- (6.321)
a1a2 Z 061043 043042 Z 041043 agag (6.322)

With this expression, we can check a relation, by summing over all sites I,

Z QO!IOQ = Z 011043 Z a’agag (6323)

= Z > My(B}7 % €ay)as (6.324)
az |

note that Z Mlﬁfq = 0 is condition 1
l
= 0 indeed (6.325)

Now we carry out the main line of calculation in this appendix to evaluate the Coriolis terms, We start
with aq,a,

Np, 3

h2
Gogay = ) oo ZQW?,QZM (6.326)
h= 1 az=1
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| then we use the above equation for €2 to get
= Z 2Ml Z Z a1a4 043044 Z 042045 043045 (6327)
a3 Qg
| note that Zaa3a4 Aazas Z Z My, €ag0607 ), l1a6 Razas Z My, €asasan By o Ragas
as a3 agQar agog
’ now use ZRCY?CYSRCXQCXB = 5a7a9 and Z CagasarCasagar = 60!40155&6&8 - 6014&85&6015
az
| we get Z aa3a4 a3a5 Z MllRllaG Qa0 Ml1Rl1a5Rle1qoz4
:Z Zjljl S MER[ R Sa,05 — MR}, Ry (6.328)
2]\4[1 [e5Re7RgyeDTe%:] 1" Y06 M ag a0 1 a5 oy :
a40s Qg
| note Z (MZIRZQ : ﬁff5a4a5 — MllRffa4Rlefa5> = Jusas (R®) = Iy, a5 (B%9)
I
= ot Tosas (RO) T30, (6.329)
| ertlng in matrix form
h2 —// 3 —//
- [J—l(R V(R TR (6.330)
2 ajon
Since J(R) = J(R + @) then we translate @ = —RRcun
JR) = JR —RRoun) (6.331)
= J(R(R - Reun)) (6.332)
= J(R) (6.333)
SO Qlayan = %2 J‘l(ﬁ’)I(ﬁO)J_l(R’)] . Finally, we need an explicit form for the operator v,, in the
[e5Ke%
Coriolis term. e
Vo, = (6.334)
v K, S
N,
= B2 0
= i) o D Jaiesaan 5 (6.335)
=1 ll asas lion
| use the explicit form of aaw s
2 Nn o
€
— z— > ame%m%lemRasaQW (6.336)
l1 1 agazasas lio
n? -1 7N
= -3 D Jaras L, (6.337)
as
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where LY is defined as the vibrational angular momentum of the nuclei,

B
R,

Np,
IN=—i> RxR (6.338)

l1=1

If R = R then Qlaya 1S diagonal and inversely proportional to the diagonal elements of the inertia
tensor. 14, is similarly inversely proportional to the diagonal elements of the inertia tensor. The
diagonal elements of the inertia tensor is related to the total mass of the system, thus these 2 quantities
are small when the system is large.

We close by mentioning that the subsequent developments are (a) the development of normal modes
in the body-fixed frame and (b) the development of phonon-induced effective electron-electron interac-
tion which are covered in [Leeuwen2004].

Development (a) of normal modes becomes very rigorous because internal and external degrees of
freedom have been “seperated” in a rigorous way. Typically in solid state physics, external degrees of
freedom ( 3 translations and 3 rotations) are simply ignored and normal modes (phonons) are developed.

Development (b) would also be a more rigorous look at the formation of Cooper pairs and therefore
superconductivity. The usual Cooper instability theory was all developed under the umbrella of Born-
Oppenheimer adiabatic decoupling approximation.



Chapter 7

Disordered Systems

[Chapter Introduction and Roadmap:] We enumerate this introduction for easy reading.

1. This chapter aims to treat transport in high concentrations of disorder in systems. The key phrase
here is “high concentration” because it is easy to reach high concentrations of disorder due to the
smaller number of particles in small systems.

2. Throughout the whole chapter, we will deal with binary disorder. The host atoms are labelled as
A with concentration ¢4 and the defect atoms are labelled as B with concentration c¢g. There are
4 types of disorder associated with a lattice of atoms.

(a)

(d)

Diagonal disorder. This disorder is due to a substitution of atoms of different masses in the
lattice. All other parameters, such as force constants, are unchanged. This could happen if
the substitution is by isotopes of the host. Since only single sites are involved, it is “diagonal”
in the sense of lattice sites.

Off Diagonal disorder. This is essentially the first model but taking into account changes
in force constants due to the fact that different types of atoms creates different interatomic
potentials. As the force constants involve neighbouring sites, it is “off diagonal” in the sense
of lattice sites.

Environmental disorder. There should be no excitations when the whole disordered solid is
translated (i.e. this means translational invariance). This is taken into account by enforcing
the force constant sum rule in the theory i.e. &y = —37,; @y where I" are the neighbouring
sites to [.!

Short Range Order (SRO). This is the effect that the defect sites could affect the occupancy
of nearby sites.

3. The key difficulty in dealing with disorder theory is how to calculate the configurational average of
physical quantities. There are simply too many configurations to average! These configurationally
averaged quantities are the ones that can be compared to experiments. ? The main physical
quantities to calculate in this chapter are the configurational averaged 1-particle and 2-particle
Green’s functions. The different theories presented in this chapter are simply various ways of
approximating the configurational average.

You may call this the “Newton’s first law” of lattice dynamics. Such a sum rule does not exist for disordered electronic

systems.

2Here, I can give a simple high school math example. In a factory that makes light bulbs, to determine the lifetime
of the bulbs, a good experimentalist will have to draw samples (which represents different configurations) and determine
their lifetime and make a statistical claim of the lifetime. This statistical claim is the configurational averaged lifetime.

297
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4. Firstly, we show simple examples of one-configuration-disorder theory to guide us through some
physics of disordered systems. This gives us physical intuition to interprete the complicated
theories that follow.

5. Secondly, with regards to the 3 transport related developments, the kinetic theory is presented for
mass disorder is given. Linear response theory for mass and force constant disorder is then briefly
mentioned.

6. Thirdly, for Landauer-like theory, we found that it works perfectly with the most powerful ap-
proximation for mass disordered systems, the CPA. The resulting publication is [NIMLL2011].

7. We also supply 3 derivations for CPA because the subsequent generalized theories are all inspired
by 1 of the 3 derivations.

8. The subsequent generalized theories are meant to handle 2 types of disorder: mass and force
constant disorder. Well, this is simply because only mass disorder in a system is somewhat
artificial. We present 4 such theories. We hope to investigate which of these theories is suitable
to describe (disordered) finite systems numerically. 3

7.1 Simple but Exact Examples for Illustration:

7.1.1 1D Chain with 1 Mass Impurity

Theories that assume low concentrations of impurities are classified as “old theories of disorder”. Al-
though these theories may be somewhat outdated, they actually allow the physics of disordered systems
to be clearly exhibited. Thus it is worthwhile spending the first section discussing the one impurity
problem. We will only mention some very good review articles covering these old theories. They are
[Maradudin1958], [Maradudin1965], [Bell1972], [Maradudin1966] and [Maradudin1967].

For the 1 mass impurity problem, we follow [Enns1969]. The problem is described by the following
diagram. The impurity atom with mass My is at [ = 0. M is the mass of the host atom. All force

Figure 7.1: Setup for the 1D chain, 1 mass impurity problem.

constants are that of the host, denoted by ®. Considering only nearest neighbour interactions, the
equations of motion are,

For [ 75 0 M’dl = -0 (2ul —Uj—1 — ul+1) (71)
Forl=0 Moﬁo = -0 (QUO —U-1 — ul) (72)

We can combine both equations into the form

Miy + @ (2w —w—1 —w41) = 6o(M — My)iig (7.3)

3Unfortunately, my fellow group member graduated before she can carry out the numerical investigations.
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Denote wfnax LA = % and Fourier transform to the frequency domain using u;(t) =

we get,

& p=iwty; (w) and

1
—w?u 4 ~whaena Qu — w1 —w) = —dp w g (7.4)

4

Note that we do not have space translational invariance but we are still going to perform normal mode
transformation and use the host normal coordinates as the basis. The normal coordinates are

_ L w(w e—iqla
Quw) = m? 1(w) (7.5)

The normal component of the equation is

Q) + Johia (2= T ) Qule) =~ S Bl (76)
l
M — M,
Q) + e (2= 2e0s(qa)) Q) = ——= T o) (7)
~2Qu() + e (5) Q) = =T Ru(w) (79)

2 .2 (99 2
denote w? .. 1.4 sin (;) wy, |

Qqlw) = —H& (7.9)

Use the inverse normal mode transform,

M — DMy 1 w?
M N w2—wg
q

u(w) = g (w)ede (7.10)

A self consistent condition is that at [ = 0, up(w) on LHS and ug(w) on RHS must be the same. This
implies the assumption that the impurity atom has a non-zero vibrational amplitude (ug # 0). We set
=0 to get

M — My 1 wr oo
ug(w) = N mew (7.11)
q
M — DMy 1 w?
L= = vXlw—w (7.12)
q q
1 w? M
N;wz—wg - M — M, (7.13)

=W
M
M,

Let f(w?) = 4 ‘ w;"fiﬂ which is of degree N and thus has N solutions. The intersections of f(w?)
q

and the line 47 gives the vibrational frequencies of the 1 impurity 1D chain.

e Case where 0 < My < M. The impurity is lighter than the host atoms. The frequencies are
shifted slightly upwards. An additional frequency is higher than the band. This is the localized
mode. We can infer that when there are more impurity atoms, a band of localized modes will
form.
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for line with 0 <My <M

><

for line with M, < 0
(not physical)
A

for line with My > M

max LA

Figure 7.2: Schematic plot of the self consistent condition in the 1D 1 mass impurity problem. The
crosses mark the frequencies of the disordered system.

e Case where My > M. The impurity is heavier than the host. The frequencies are shifted down-
wards (unevenly). There are no localized modes. Due to the uneven shift, a resonance is created
where the density of states (DOS) within the band is enhanced somewhere within the band.

Finally, note that the ordered chain has a w = 0 solution which does not appear here. This is due to
the lack of space translational invariance in this system. For systems with more than one atom per unit
cell, the localized mode may appear between the acoustic and optical branches or above the optical
branch.
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7.1.2 3D Solid with 1 Mass Impurity

Here we follow the same reference [Enns1969]. The impurity has mass My and is at position vector
R;—o. The host atoms have mass M each and all force constants are that of the host. Each unit cell is
taken to be monoatomic for simplicity. The equations of motion are,

For 1 #0 Mi = —» Palatia (7.14)

oy

For [ =0 Moiiga = — Y Poatiartian (7.15)

lioy
We combine both equations into,
Miig + > PiatyaiUie; = Ooa(M — Mp)iiga (7.16)
lian
Fourier transform to frequency domain,
Z [—w2M5”15aa1 + q)lallal} Uy = —510w2(M — Mo)’u,oa (717)
lho

We will use the host normal coordinates for the discussion but we will carry out the derivation in a
slightly different way. This derivation is more in the spirit of the Green’s function approach.
Define the matrices,

L?(;)lsltoq( 2) = w2M6ZZ15aO¢1 - (blahoq (718)
0Liatyon (W) = —81061,0000, (M — Mo)w? (7.19)

The equation of motion in matrix form is then
(Lhost n 6L) u=0 (7.20)

We seek the inverse of L' which is defined through

ZL?Sleall( 2)L%1100§§l2a2(w2) = 5ll25aa2 (721)

lhaa

This is carried out in normal coordinates. The spring constant matrix in normal coordinates is

Diniia, = Paa, (I — — Z (JD)€ay jd)w 7 (=h) (7.22)
Thus the normal component of LSt ig
host _ 2 2
L7 = Mw” - Mwj; (7.23)
And so the normal component of the inverse is
1 1
thst—l - (724)

J9q M w2 — W2,
J
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Take the inverse normal mode transform,

1 1 . o i (1
Ll = NMZ T €& (jD)€ay ()T H) (7.25)

Solve the (matrix) equation of motion using Lhst—1

(Lhost v 6L> w = 0 (7.26)
Lhostfl % (Lhost +5L) u = 0 (727)
<1 n Lhost—laL) u = 0 (7.28)
Z 5”26‘10‘2 + Z L}lo(z)lsfalldl’llallzaz Uhay = 0 (729)
laag Lo
(% Z Z L?c(v)ifml —01,00150001 05 (M — MO)W2) Ulyay = 0 (7.30)
lha laas
Ui + ZL?SS&I My — M)w?uga, = 0 (7.31)
My — M 1 (,u2 . o

Uia + Z 0 W%(J@Eal(ﬂf)ez“wal =0 (7.32)

iq iq

If we further assume that the defect site has cubic or tetrahedral symmetry, the cartesian directions are
orthogonal and it is nonvanishing when a; = a.

My—M 1 w? 2 il

U + a7 o2 |€a(3®‘
iq .7

N U = 0 (7.33)
J

Following the earlier section on the 1D chain, the self consistent condition is obtained by setting [ = 0
and assuming u, # 0, we thus get a very similar result.

M — My 1 w2

1 = a— e .34

Thus we can make similar conclusions to that for a 1D chain. For a light impurity (Mo < M), there is
a localized mode above the band. For a heavy impurity (My > M), we do not have localized modes.
However we may have resonance (enhanced DOS) within the band.

7.2 Mass Disorder: Boltzmann Treatment

7.2.1 Mass Difference Scattering: Full Collision Integral

Here we want to derive the full collision integral for mass difference scattering in the solid. We follow
[Srivastaval990] section 6.2.1.
We start with the Hamiltonian of the solid with randomly distributed mass impurities in the har-
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monic approximation. The force constants are assumed to be that of the host.

H = Z Mlula + — Z Z (I)lalloqulaullal

lav 1101

_ 1
| define average mass per unit cell M = cqaMy + cgMp = N ZMZ

| and we split the Hamiltonian as follows

= Z Mula Z Mula Z Mlula+ Zz®lalla1ulaulla1

la liay
1 -
= Z Mula + - Z Z (I)lallalulauhoq + (Z §(Ml — M)u%a>
la lhon lo

| define the unperturbed Hamiltonian Hy = Z Mula + = Z Z Doty 0q UiaUly o

lao lhoq

1 _
| define the mass difference perturbation Hamiltonian HMP = Z i(Ml — M),

la

= Ho+ Hp"

int

Write HMP into second quantized form before we substitute it into the Golden Rule.

int

1 .
my - Y Lo -,
la

| use the second quantized form of u;, according to the above H

h g
| we = Z W—wﬁea(@ (a;ﬁq"’" aj@) el
Jiq

t

. . Iy TR L T — oWjiq
| recall the harmonic solutions a4 (t) = €19 %a;, 4 and ay ; - (f) = e“nn

1 _ h — Wi 7 Wan
= - (M — M) — LT BE (E(1G1) - (jodp))
2 ; 2.2 ANM [0, Whs

J1q1 j232

T L T L i(q1+a2)-1
% <ajl,*il T %ia ) \ Yo, —qp ~ Y@z ) ©
. o d &l QN g o
| rename ¢» — —@a, SO Wiy, gy —F Wjpgy AN €(j2, —q2) = € (j2G2)

S 3) ) DU AT LN FY ARENS)

J1q1 j2q2 1
T —a. [ i(q1—q2)-1
X <a’j1,7(j’1 @jrq1 ) \ Qg — Y2, —G2 ) ©

| define the “coupling constant” Mgz = Z(Ml — M)el(@—a@)
!

= Y M IR (1(5,3) - & (i)

J1q1 j2 2

1 LR | , D | .
X (ajl,—q’lajzzjg @51 —q Y2~ — @1 Yy g, + 4509,

303

(7.35)

(7.36)

(7.37)

(7.38)

(7.39)

J1G1

(7.40)

(7.41)

(7.42)

Although there are 4 terms in the interaction Hamiltonian, the first and the last term do not conserve
energy. We drop these 2 terms. The remaining 2 terms represent in-scattering and out-scattering with
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respect to a reference state and we proceed to calculate their Golden Rule transition rates. The Golden

Rule is

2
Wi<—>f = E

I¢

The reference state is chosen to be j1q; so the collision integral is written as IMP =

Wiesyp 1st term

2
% Z ‘Mtﬁtﬁ}

J2q2

2
2 W), 1 Wings
16N2M?

| use identity d(ax) =

@) - & (723))” [(iaf, -

[Hat”| 1) 5By -

int Ez) (743)

8N]1q1

ot coll

f f>‘2 5(hwj1tf1 - hijtTQ)

q1 aj2,—¢f2

1
5 (z) and the ladder relations

‘ aj27—§2’f V ]2@‘ JeGa — and a ”1 =V ]1Q1 ’ st
2 TW;. gy Wi - /s -
- Z ‘Mﬁqz Wé(uﬁuﬁ - wj2672) (€ (]1(]1) "€ (JQQQ)) (leéfl + 1) Njy g, (7.44)

J2G2
scatters into j1q1

Win 2nd term

E | Mg

J2@2

2 h2wj1171 (’ijzlfz
16 N2M2

| use identity d(ax) = —d(x) and

1
|al
=/ Njyip + UNjpg, +1)
2 Wi g1 Wia g
T o,

‘ 32Q2

Z} 7]

J2q2
scatters out of ji1q}

The collision integral is

ONji g
ot
Wiy 1st term —
Z ‘M‘TND

J2q2

<[

We need to further rewrite ‘

IMD

coll

8N

Njg +1) N;

il

@) - & (728))? | (i anzal g

2 m"}qulequ 5

2
f>‘ 5(710.)]-1(71 - hw]é@) (7.45)

the ladder relations
and aJl‘l1|f \% qu1‘ Jiqr —
— wig) (EL@) - € (23))° Njyay (Nj2q~2 +1) (7.46)
(7.47)
Wiesr 2nd term 7.48)
2772 (wjlfﬁ - wj2¢72) (g(]lfﬁ) : E*(]’Q(TQ))Z (7.49)
2i2 — Ny (Njoiot)] (7.50)

so that we can bring in the experimental parameters of host

concentration c4 and impurity concentration cg.

2

Z(Mll _ M)ei(é’lffié)'ll
I

Z(Mll

l1l2

~ 30)(3, — 3D)c"

(7.51)

q1—q2)-(l1—12)

(7.52)
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= > (M, — M)+ Y (M, — M)(M,, — M)e@- %) (1=k) (7.53)
3} la(F#l1)

| assume that the impurities are distributed randomly

| so the 2nd term averages to zero due to isotropy

= ) (M, — M) (7.54)
51

| recall the single site average Z M;, = NM = N(caMa + cgMp) = N Z cmnMom,

I m
= N cm(My — M)? (7.55)
m

The collision integral becomes

o _ Nig (7.56)
ot coll
M, 2w o Wi e N ks o
- Z Zcm (Mm - 1) jlg}vijm 5(%‘16’1 - szziz) (€q1) - € (J2Q2))2
JoGa ™
X [(letfl + 1) szlTQ - N]’llﬁ (Nj2§2+)] (7‘57)
M 2
| define TMP = Zcm (]\7_7 — 1)
m
7TFMD 5
= Z SN wjl@le2§25(wj1§1 - wj252) (6(]1(]1) : 6*(32612)) [(letﬁ + 1) sz(fz - letfl (Nj2¢72+)]
Jo o
MD [ MD Y o s SN2
I :Z SN wj1¢71wj21726(wj1§'1 - ijéé) (€U1q1) - € (j22)) [(Njufl + 1) sztfz - letﬁ (Nj2t72+)]
J2G2
(7.58)

Which is our final full mass-difference collision integral.

[Checking energy conservation] We quickly digress to show that this collision integral conserves
energy as expected. This is done by checking

ON; -~
> hwpg =0 (7.59)
1 coll

ON.: -
Zm}jl‘fl ajthl

J1q1

7 MD e N ks o
= hz Z 87Nw?1§1wj2525(wj1§1 - ij@z) (6(]1(]1) € (,72(]2))2 [(ledi + 1) szq_'z - letﬁ (Nj2§2+)]

J1G1 j2G2

coll

L s@)

| in 2nd term, rename ji1q1 <> joG> and use d(ax) = al
a
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7.‘_]_-\MD
= hzz SN (5(&)]'1@‘1 - ijffz) (Njuﬁ + 1) Nj2§2
J1q1 J2G2
X [wjzltﬁwjzfﬁ (€l1qr) - E*(j2§)2))2 — Wi Wi qy (€(j232) - E*(Jl(fl))Q] (7.60)
| in 2nd term, ¢ — —¢ and §1 — —@1
| only polarization vectors are affected €(j2ga) — € (j2g2) and €*(j141) — €(j1q1)
aMDP L L2 2 2
- hzz SN 0(wjq; — Wjrg) (letfl + 1) Nj,q, (€051G1) - € (5232)) [wjltiiwjzfﬁ - wjg(igwjﬂﬁK?ﬁl)
J1q1 j2@2
| use the delta function

= 0

7.2.2 Mass Difference Scattering: Linearized Collision Integral

The standard expression for the linearized distribution is defined to be of the form

+ N5 (NS 4 1) g (7.62)

N - ~ N °q, ;
Jiq1 J191

J1q1 1q

and we substitute it into the collision integral to get the linearized collision integral.

AIMD
7TFMD . s o 2
= Z 87ij1§1wj2§25(wj1!71 - wjztfz) (6(]1‘]1) € (]26_12))
J2G2
eq eq eq . €q €q €q -
x [(1 T leﬁ T letﬁ (lelfl T 1) yﬁ‘h> (NJ'Q@Q T szlfz (NJ'MTQ + 1) y]QQz)
eq eq eq . eq eq €q .
N (letii T le(ﬁ (letﬁ - 1) le‘ZI) <1 + Nj2ti'2 - sz(fz <Nj2ffz - 1) y32‘12>} (7.63)
| expand and keep only up to 1st order in y
7TFMD VI e = 2
Aoy SN Wra¥in@dWiha — Wie) (€101 - € (26))

J2@2
eq eq eq eq eq . eq eq eq .
x [(1 T Njuﬁ) ijfz T (1 + Njuﬁ) (sztfz (szﬁfz T 1) yJ?‘”) + szszNjuﬁ (letﬁ T 1) Yna

€eq €q €q €eq €q Lo €eq €eq €eq -
_le(ﬁ (1 + Nj2§2> - Nj1€71 Nj2¢72 (Nj2tf2 + 1) Y22 (1 + Nj2672> leil (letfl + 1) yjlql} (7'64)

|  the terms (1 + N:L ) NSl — NP9 <1 + N:L ) = 0 using BE distribution and delta function
J1q1 J2q2 J1q1 J2q2

| using BE distribution and delta function we rewrite (1 + N7 ) NS = N7, (1 + N, )

J1q1) " j2G2 Jid J2 @2
MD
= Z %wﬁtﬁw]’z@z(s(whqﬁ - wjzlfz) (€<]1‘71) : ?(]26’2))2
J2d2
[t (L i) (V5 + 1) s + (14 N ) NS0 N
_NJ€1qd'1 N]quE (N;thiz + 1) Yoo — (1 + szq@) N;Iq(jl (N]‘elq,jl+> yjlq‘l} (7.65)

7 MD e g
— Z SN *wjlfiiwjztfz(s(wjuﬁ - wj2t72) (€1q1) - € (J2@2)) N;ﬁﬁ (1 + N;;JQ) (yj2§2 — yjuﬁ) (7.66)
J2q2
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Z&IA[D —

7T11A41)

VR L N2
Z 87ij1§1wj2@25(wjlq’1 — wj2§2) (€1q1) - € (J2@2)) leql (1 + N]e2qq2> (yqué - yjlq’l)

Jo o

(7.67)

which is the final result of the linearized (in distribution) mass difference collision integral.

7.2.3 Mass Difference Scattering: Relaxation Time Approximation

A further simplification is to impose the relaxation time approximation. We equate the linearized
collision integral to the relaxation time form. This definition defines the relaxation time itself.

lenhll)

N.:

J1q1

— N9

_Dna T Via (7.68)

eq
J1q1

MD
Tia

eq eq -
| insert Njan = N31q1 + NJ1q1 (leth + 1) Yia

€q -
leql + 1) Yiq1 (7.69)

731D
J1q1

AIMD

€q
Ji1q1

J2 @2

(letn + 1) Yna
nMP o N Ly
- _Z SN w]1Q1w12Q25(w31tI1 o‘)J2t]2) (G(Jlfh) € (]2Q2)) S22

(7.70)

J2q2 Yirqa
2 (7.71)
J1q1 +1 Yina

This form is actually still too difficult to handle. Further specialise to the single mode relaxation time
(SMRT) by setting y;,4, = 0. This means that only the reference state is out of equilibrium, the other
states are all in equilibrium.

1 [ MD o N+
MD — Z Sijlilwhé'zé(wjuﬁ - ij(TQ) (6(JIQI) € (]QQQ)) Njeizq2 (7-72)
Tha Jodo nq
We can make further approximations to get an order of magnitude estimate for Tjj\l/{z ? .
1 aDMD L o N 1
MD = Zgijlqawqu’g5(wa'1cﬁ — Wirg) (EG1T1) - € (J22)) NJLH (7.73)
Tha Joda Jiq1
] Z — | d@»@ using spherical coordinates in reciprocal space (7.74)
[7p)
| use Debye approximation Wiydy = Vja @2 (7.75)
WFMD qu Y o\ ks o QN‘eq*+1
~ Z/ quz : 15(%’16‘1 — Whg) (€(1q1) - € (j232)) % (7.76)
N {1
1
| change /dcj'g = U/dwj2q~2 (7.77)
ﬂ'FMD ?qwjlfh . ¢ QNjeq(j’ +1
= =N /dwgzqz 22 53 — (€51q1) - € (J242)) 7]\7@2112 - 15(wj1(71 —Wj,q) (7.78)

J2 J2 Ji1q1
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N +1
| evaluate the delta function and so —22—— =1 (7.79)
N +1
g1
TP (@) - € (i) 4
- T = Wt (7.80)
J2 J2

This is the famous Rayleigh-Klemens scattering where TM% o w?. This result tells us that at low

temperatures, where only low energy (small w) phonons exists, the relaxation time is large. This means
point defect scattering is rare at small T

7.3 Mass Disorder: Linear Response Treatment (Hardy Energy Cur-
rent Operators)

We follow Hardy in [Hardy1963] section 4. Mass at each site is a (binomial) random variable. The force
constant is that of the host. The disordered harmonic Hamiltonian is

H = Z Mlula—i— Z Ul Ul (7.81)

lal1a1

| deﬁne the ion momentum p;, = My,

P
— 2]1\} + — Z @lallalulaullal (7.82)
! lal1a1

| Writ61:1<M) ! (1—1+M> 1<1—]Wl_]w>
2M;  2M \ M, oM M, 2M M,

|  where M is some nonrandom mass parameter

| which could be M = M = caMy + cgMp or M = Mu

| but we need not specify M for this derivation

p 1 Ml -M
Z 2;\2 + - Z (blal1a1ulaul1a1 - m lz: Tlpl%x (783)
(0%

la lal1a1

Looking at the Hamiltonian, we are going to carry out the following substitution into Hardy’s energy
current operator formula.

Diy 7 1 1 M, — M 1 1 My — M
— aft hich, =—(1—-—F- — - — 7.84
M, — Y7 after which, use — AR ( Y7 ="M i (7.84)
. 1
V(Til) — Whar = 5 Z élal1a1ulaulla1 (785)
alion

The splitting of M% allows the current to be split into the harmonic part and the mass disorder (MD)
part. This is somewhat different from the usual usage of Hardy’s formula because the “perturbation”
enters through the kinetic term rather than the potential term!

Also, as in the harmonic current operator section, 7 is treated as the equilibrium position of the
ion, i.e. 7 — ﬁff and 77, is the displaced position, so the displacement vector is 4;, = 7, — ﬁff and

- - o - Eq eq
T, — Ty = U, — U, + Rl1 — ng .
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Hardy’s current operator for mass disorder now looks like,

—

T 1 ﬁ har 1 ﬁl? har
T = & ZMZ<2MZ+V +%ull i, + R — Ry D13 Vl2

+h.c.  (7.86)

1 e ar Se 1 1 o ar
- W Z M, 2M, plpl2 + Mplvh + Z ul1 Ulg +R - R q) hQM {plf,vh :|7 + h.c.

lil2

1 1 1 M — M

‘ use M M — M Ml
| 1 1 1 1M-M 1 1 M —M\ 1 1 M —MzM+M)
o, T\ M M, J\om T oM M, )T MM M2 M?

1 1 1 1 o . — S B |
= 5 Z DI} Mprlhar + Z(uzl —y, + R - R — [pll,Vhar] + h.c.

2V M 2M ih 2M
l1l2
1 My—M3M~+M)_, o, 1M~-M__,
1 se2 LM =My
QV{ Ve M np; + M j2A%

- = — — 1 1 Ml - M h T
+ ;:(uh i+ R = R s 52 v b e (7.87)
162
The first line is simply J " which was treated in Chapter 1. The second line is Hardy’s equation (4.17)

in [Hardy1963] which is the mass disorder contribution to energy current.

. 1 M, — M 3(M; + M) 1 M—M
MD _ l 2 ! > 52 LA = 1 rhar
T =gy {Z M2 Mz PPUT N T pivi (7.88)
1 _ L M — M1
— § i, — i, + R — RV ——— [*2 Vhﬂ h.c. 7.89
+2M - (ull ul2 + 11 12) Ml h ph’ _ + C ( )

We do not proceed further as this is not the main approach of the thesis. The main aim is only to
write an (operator) expression of current in terms of phonon operators. The subsequent calculation of
thermal conductivity using this current operator will follow the receipe mentioned in Chapter 1.

Finally, we just want to note that for force constant disorder, the “perturbation potential” is of the
form,

1

Vv Cc _ C

lF = 9 E (I)Fozllalulauhoq (790)
alioaq

which means its contribution to energy current is similar to Vlhar with a different “coupling constant”.
So its calculation follows that of Vlhar in Chapter 1.
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7.4 Mass Disorder : Coherent Potential Mean Field Approximation
(CPA)

[Literature] The first paper (on phonons) is [Taylor1967]. Three comprehensive review articles are
[Yonezawal973|, [Elliott1974] and [Matsubaral982]. A very comprehensive numerical work is found in
[Dean1972]. Our published work on the application of CPA vertex corrections to thermal transport is
[NIMLL2011].

7.4.1 3 Ways to Derive CPA

The coherent potential approximation (CPA) is the best method in handling diagonal disorder. Elec-
trons (in tight binding form), phonons, excitons and magnons have similar forms of disordered Hamilto-
nian, so CPA applies to all these systems. Here we use it on phonons, particularly on phonon transport.
We show 3 derivations in great detail. The effective medium derivation gives the complete CPA theory
for the calculation of (configurationally averaged) 1-particle Green’s function and 2-particle Transmis-
sion coefficient. The diagrammatic derivation shows that in CPA, almost all possible diagrams are
summed, justifying its position as the best diagonal disorder theory. The locator derivation is given
to prepare for the generalization to theories with both mass and force constant disorder. The first 2
derivations also prepare the reader for the generalization in the subsequent sections.

7.4.1.1 Effective Medium Derivation

7.4.1.1.1 [Configurational Average of the 1-Particle Green’s function] We essentially follow
this [Velicky1969] in this whole section. As standard in this chapter, we work at the level of harmonic
approximation and the mass disordered solid is a monoatomic lattice 4. The Hamiltonian is,

1 . 1
H = 5 IE Ml/UlQa + 5 E E Do o Ui Uy o (791)
a

i oo

where M| is the mass random variable at site .
We define the time-ordered displacement-displacement thermal Green’s function with the harmonic
(random) Hamiltonian as the 1-particle quantity to calculate.
i 1 _

Diarer(t) = % Tye—BH ¥ (e s (ula(t>ul’a’(0))) (7.92)
where 8 = kB%T and T is the (equilibrium) temperature of the disordered solid. The aim of this section
is to calculate the configuration averaged Green’s function in an approximate way using CPA. We start
with the equation of motion

d2
_Ml,@Dlal’o/ (t) = 2775(t)5aoz’5ll’ + Z q)lath Dl10611/0/ (t) (793)

liag

Fourier transform to frequency domain,

Z (M{w?Saa, 01ty — Piatior) Diaarar (W) = Sirae (7.94)

lion

“We specialise to the monatomic case for the sake of a less complicated notation. There should be no loss in generality.
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Writing in (Cartesian) matrix form and we perform symbolic manipulations.

Dy(w) = (MjwT—oy)"" (7.95)
| seperate out the host and the impurity part
— (M1 — &y) — M1) ™ (7.96)
| where the inner bracket is the inverse Green’s function of the host, D)1
N1 ~ \-1
_ (Dl(l/) . ”,) (7.97)

where the random variable M; takes on the values

0 { = atom A
My = {MA—MB | = atom B (7.98)

Manipulate to get a Dyson equation.
D=DWW 4+ pAYD (7.99)

We introduce an effective medium mean field X°PA(w) and add and subtract it to the Green’s function.

Dp(w) = (MW — &y — NP4 (w) — M+ 2PA (w)) ™ (7.100)
| define DGFA (w) = MAWT — &y — BPA (W)
| define —V; = —Mw?I + P4 (w)
—1
= (DFPMw) V) (7.101)

Again we manipulate it into a Dyson equation and then into a scattering equation,

D = DCPA L DPAYD (7.102)
Dy(w) = D w)+ D™ (w)Vi, Diyrr (@) (7.103)
I

| iterate it into a scattering equation

_ DCPA + DCPAVDCPA + DCPAVDCPAVDCPA 4. (7104)

= DA 4 DOPAY (DOPA 4 DOPAYDOPA 4. (7.105)

| sum the infinite geometric progression

CPA CPA DA
V
| define the scattering T-matrix, T = =V CPA
= DA 4 pOPATDOPA (7.107)

Note that V is diagonal in | so we can take the inverse on either side of DPA. Now we take the
configuration average represented by the notation (---).. All the random variables are only in 7', and
so we get,

(D). = DEPA | DCPA(T DCPA (7.108)

We shall choose a physical condition to fix XPA. Tt turns out that by doing this, we actually get a
self consistent condition as well. The physical condition is that we assume the mean field results in an
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effective medium that has no scattering on average, i.e.
(T)e=0 (7.109)
This gives a simple approximation for the (exact) configuration averaged Green’s function.
(D), = DA (7.110)

However, the condition (7). = 0 is still not tractable. We need further approximations. We start by
defining the single site t-matrix.
Vi Vi

t = = 7.111
l 1 — WDCPA 1— ‘/ZDZ(ZJPA(W) ( )

since DPA multiplying the diagonal V; would only involve the diagonal elements of DCFPA.
We write an identity

Vi = t -t DM w)W (7.112)

which is substituted into the Dyson equation and iterated.

A A A
Dy(w) = DG (w)+ Z DFPMw) (t, — t, DETM W) Vi, ) DEEA (w) (7.113)
| iterate D and Vi
= DGFA + Z DEM 4, DEA + > DM, DM, DA 4 - (7.114)
l,l2(#h)

When we compare with the scattering equation

D = DPA 4 pCPATDCPA (7.115)
we get,
T = > tu+ > tuDi My, 4 (7.116)
1 l1,l2(#l)
| take configuration average
(T)e = > (tn)et > (tuDE My)e+ -+ (7.117)
l l1,l2(#11)

| assume sites to be independent and decouple the averages
this is known as the “Single Site Approximation” (SSA)

~ Y (et Y (t)eDEMty)e + (7.118)

Il Iy,l2(#11)

From the CPA condition, (7). = 0, we can now further approximate (reasonably) (¢;). = 0. This single
site average is simple to evaluate: (t;). = cata + cptp.

Vi
t = _—- = 0
recall —V; = — Mjw?l + ECPA(w), soVy=0-—3PA and Vg = (M4 — MB)wQJI — nCPA ]
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_ECPA (MA _ MB)WQ _ ECPA
CA +cB 0
1+ Y CPA HCPA 1— ((MA _ MB)w2 _ ECPA) DCPA
The set of self consistent CPA equations is,
_y»CPA M — Mnr)w? — YCPA
0=cy +cp (M = Mp)w (7.119)
1+ 1. CPA HCPA 1— ((MA _ MB)w2 _ ZCPA) DCPA
DOPA = (Maw® — By — P2 (w)) ™" (7.120)

»CPA and DCPA are solved self consistently and (D), = DCPA

tion averaged 1-particle Green’s function.

under CPA gives the required configura-

7.4.1.1.2 [CPA — Virtual Crystal Approximation (VCA) limit] Take the CPA equation and
write as it a single fraction. (We drop the CPA superscript in the first line to fit it to the page.)

—caX(1 — (My — MB)w?D + ¥D) + (cg(My — Mp)w? — cgX)(1 4+ £D)
(1+3D)(1 - (M4 — Mp)w?D + %D)
_CAZCPA toea(My— MB)w2ECPADCPA _ CAECPAQDCPA
tep(Ma — Mp)w?® — cgSPA 4 cp(My — Mp)w?SCPADCPA _ g CPA* DCPA - — o (7.122)
recall that c4 +cp =1 |
—NOPA 4 (M — Mp)w?SCPADCPA _ wCPA* DCPA | o o(My — Mp)w? = 0 (7.123)

= 0 (7.121)

Now we invoke the physics of VCA, which states that the isotopes are very similar to the host atoms
thus implying M4 — Mp — small and the Green’s function DCPA — (MAw2 — P — ECPA)’l is similar
to the host’s Green’s function, i.e. DPA ~ D(A) g0 SCPA 5 small. We then only retain the “largest”
terms, which are the first and last terms at the LHS of the above equation.

_yCPA +ep(My — MB)wZ ~ 0 (7.124)
SCPA = ep(My — Mp)w? (7.125)
DCPA ~ M 2 P, — Mi— M 2\ —1
s0, ~ (Maw w — ca(May B)w?) (7.126)
| usel—cp=cy
— ((caMa + cgMp)w? — By) ™" (7.127)
| define average mass M = cs My + cgpMp
= (Mw? =3y (7.128)
= pVoA (7.129)

VCA is mentioned in the diagrammatic derivation and the reader can check that the expressions are
exactly the same.

7.4.1.1.3 [Configurational Average of a 2-Particle Quantity (Vertex Corrections)]* In
general, the calculation of transport coefficients require 2-particle functions of the form DI'DI to be
evaluated °. For disordered systems, we need the configuration average of such quantities i.e. (DT'DT)...
Such averages are calculated in terms of the averaged Green’s functions, (D)., and we get corrections
between the 2 Green’s functions which are called (impurity) vertex corrections. We will use the Caroli

®An electronic version can be seen in [Ke2008].
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formula as the example in calculating an approximate configuration averaged 2-particle quantity. The
approximation is done in the same spirit as CPA. (Recall that the superscripts (R) and (L) refers to
the right lead and the left lead respectively. The superscripts R and A denotes a retarded quantity and
an advanced quantity respectively.)

(T)e

Tr(DRTE) pAPE)), (7.130)
recall D = DPA 1 DPATDCPA 56 under CPA, (D). = DP4,

we can write D = (D). + (D) T(D). which we substitute into the Caroli formula

Te (((DR) + (DP)TDR)) T (DY), + (D) T4 (D)) T(H) (7.131)
expand and 2 terms vanish due to (T4). = 0 = (T'F),

Tr ((DR>CF(R)<DA>CF(L)) +Tr ((DR)C <TR<DR>CF(R)<DA>CTA>C <DA>CP(L)) (7.132)

define Q = <TR<DR>CF(R) (DA)CTA>

c

Tr ((DR>CF(R)<DA>CF(L)> +Tr ((DR)CQ(DA)CF(L)) (7.133)

Although we have achieved some simplification with the CPA condition and it is now reduced to solving

Q= (T*(D%).T

(B)(DM.T A>C, it is still difficult to evaluate the average. Thus we will further expand

Q and insert the CPA condition to further simplify the problem.
We start by rewriting the full T-matrix.

So,

T - 1_‘/% (7.134)
| numerator is diagonal so we can write on left or right
= (1-vD) 'y (7.135)
= V4 VDPAT (7.136)
= > Vi(1+ D) (7.137)

l
| write DPA = (D),

= > V(1 +(D).T) (7.138)
= > Q (7.139)
l
Q = Vi(l+(D).T) (7.140)
= Vi[1+(D).> @, (7.141)
Iy
= Vi |1+ (D)eQi+ (D) > Qu (7.142)
Li(#)
(1-ViD))Qi = Vi D). Y Qy (7.143)

11 (#£1)
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Q = (1 - VZ<D>C)71 Vi (1 + <D>c Z Qll) (7.144)
L(#)
recall the definition of ¢;

= ( be Y Qh) (7.145)

11 (#1)

Take transpose on both sides of the equation and since Q; is diagonal, Q7 = @ and the averaged Green’s

function has (site) translational symmetry, so (D)? = (D).. We get

Q = (1+ > Qu(D ) (7.146)

1 (1)

And insert it into 2.
0 = <TR<DR>CF(R)<DA>CTA> (7.147)

= Y (QD™.r @D, Q) (7.148)

l1ls

— Z<t{f (1 e Y le) (B) (DAY, <1+ > QDY ) g> (7.149)

lila I3(#£0) la(#l2)
We bring in the SSA

SSA
(), = (), (i), F 0 (7.150)

And we expect <thA> to be non-zero and we keep only terms where [; = l5 and denote the approximate
Q by QCPA,

QPA - = Z<tﬁ<(1+ (DF)e Y Ql) (D™ LR (DAY, <1+ > QDY )> tﬁ> (7.151)

l1 l2(#l1) I3(#11)

C

| note, Q1 =1 ( +(DF)e Y Qz) Q1) = (t)e (1 +(DMe Y <Qzl>c) o

11 (#1) L1 (#)
| then we expand the average in the middle

| (de= <<DR>cT(R)<DA>c+<DR>c > QDM (DY),
la(#l1)

‘ <DR r® DA Z ng DA <DR>c Z Q£<DR>CF(R) <DA>c Z Qé <DA>c>
l3(#l) la(#) l3(#h) ¢
| middle 2 terms vanish because of (Q;).

= Y (HDHr (D)

I
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+<tll (D 2 37 (QEDHI®(DY.Q1 ) (DA>th1‘> (7.152)
l2(#l) l3(#1) c

| recall Q= Z <Qﬁ<DR>cF(R)<DA>cQ£> and Q°PA is the site diagonal version
C
lila
| so, QCPA — Z <QR<DR> T(R)(pAy QA> ZQCPA
I
| we approximate by keeping the site diagonal part of the 2nd term

Y D> REQm) e D (QFQn). = Y ot

la(#11) l3(#£h) la(#h) la(#£l)
- Z<tﬁ<DR>CP<R><DA>Ctﬁ> <th (DM, > "M (DY). tl1> (7.153)
I la(#h) ¢
QoPA - = <t{f(DR>CF(R><DA)Ctﬁ> <t,1 (DR, 3 afPA (DY) Ctll> (7.154)
Io(#£l1)

Finally we need to solve for Q€A explicitly to complete the calculation of the configuration averaged

transmission coefficient. We will take a linear algebra approach.
Note that since t# and t* are (site) disgonal, the contribution of the matrix, (D), L) (DAY, is
only from its diagonal, which we denote by

§u = [(DR>CT(R)<DA>C] ; (7.155)

So,

QA = (gt + <t{‘f (D). Y "M (D). tf}> (7.156)
l2(#l) Ly
| recall a single site average is explicitly (V}). = caVa + cgVp

C

= > emtiunts, + Y _cmtf [ (D) Z QPP = i (DM | i (7.157)
m m Ll
| define wy, = Z cmtﬁtﬁ
m
= wi, ity + Y w (DYt (1= 815, ) (D) e 1o, 2 (7.158)

| define X135, = (D)1, (1 = 6150, /(DY) e oy
= Y wn XL (7.159)

l2

We symbolically solve for QCPA,

QCPA = cw + wyQCPA (7.160)

(1—wy) QP = cw (7.161)
QCPA = 1 —wy) tew (7.162)
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|  &w commute as they are (site) diagonal

= (wl-x) "¢ (7.163)

o = > [(uﬁ1 = ><)_1Lll2 €ty (7.164)
l2

= Y=, (PRI ®DN] (7.165)

la

So finally, the 2-particle quantity can be written explicitly with vertex corrections which is approximated
in the spirit of CPA.

(T)e = Tr (<DR> ) (pAy, 1 ) +Tr( F(L>) (7.166)
~ Tr (<DR> (R (pAy F<L>) +Tr< (DR QCPA(D A>CF(L)> (7.167)
- <<DR> (B DAy, T ) + Tr( be (wt = x) " <DR>CF<R><DA>C<DA>CF<L))7.168)

| use trace cyclicity on the second term

- Tr ((DR>CF(R)<DA>CF(L)> +Tr [<DA>CF<L> (DR), (w™" = x) " (DR D) (DA>C](7.169)

(Te = Tr <<DR>CF(R)<DA>CF(L)) +Tr [<DA>CF<L><DR>C (w™' = x) " (DR) B (DA>C} (7.170)

[Contribution:] Here I will briefly state what this contribution is about. Previously, CPA vertex
corrections for linear response theory has been calculated and is well known. This contribution simply
carries out a very similar derivation for the Caroli formula (or Landauer transmission formula). The
physical implications in this case is different: high concentrations of mass disorder in a ballistic system
is being investigated in contrast to the literature where (low) concentration is a perturbation parameter
for disordered ballistic systems. In [NiIMLL2011], it is shown that high mass disorder has a gradual
effect on suppressing ballistic transport though it does not really result in diffusive transport. This
contribution is also a step towards calculating vertex corrections for high concentrations of mass &
force constant disorder which is more realistic.

7.4.1.1.4 [CPA is a ®-Derivable Conserving Approximation] Recall Baym’s conserving con-
dition (written in site indices here)

081, (W) 0%y, (w1)

= 7.171
5Di,(2) 5D, (e) )
In CPA, we have a (site) diagonal theory so we have (almost) trivial equality.
520PA w 5zCPA
L, (@) s (1) (7.172)

SDE A (wa) wg}jA( wo)

Now we will check this equality explicitly. First we rewrite the CPA equation for easier functional
differentiation. We start with the expression,

—XOPA L (M4 — Mp)w?SPADcpy — SCPA’DOPA | (M, — Mp)w? = 0 (7.173)
SETA(w1) (1= (Ma — Mp)wiDEA (wi) + S04 (wi) DEPA (w1)) = ep(Ma — Mp)w?
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Note that there is no sum over sites because all matrices here are diagonal. Differentiate on both sides
with 5/5DggA(w2).

ISR
0 = wésA <1 (Ms — Mp)wd DSFA (1) + 57 1) DETA (1)
l3l3
SE N (wi)
l(iiA — Mp) W15( — w2)011, + wépliA()Dz?iA( )‘1'21111( 1)6(w1 — wa)diy1,
l3l3
5EIC§)A (w1)
0 = 5DC1F1’A )(1 (M4 — Mp)wiD{TA (wr) + 25004 (w1) DEFA (wh))
l3l3
=S5 W) (Ma — Mp)wi — 2173 (w1)) 6(wr — wo)dr,i, (7.175)
SEETA (wr) SETA (w1) (Ma — Mp)w? — S (w1))

- S(wi — wa)dyy1 (7.176)
SDEPA(wg) 1 — (Ma — Mp)wiDEPA (wr) + 25504 (wi) DEFA (w) v

It should be obvious that if we relabel the indices and redo the differentiation, we get

%‘A(g) ) Eﬁ,ZA( 2) (M — Mp)w3 — ngA(wz)) 8wy — w1)dpy,  (7.177)
SDPA (w) 1— (Ma — Mp)w3 DEYA (wa) + 2500 (wa) DEFA (ws) o

Due to the delta functions, the equality is satisfied and CPA is thus a ®-derivable conserving approxi-
mation.

Finally we shall deduce the ® diagrams that gives us the conserving CPA self energy diagrams. The
definition of self energy from & is

0P

SDFTA (w1)

S (w) = (7.178)

which in diagrammatic language is (roughly speaking) “remove a DT line (denoted by a double line
here) from a ® diagram and we get a YCPA diagram”. We reverse it and so closing a X¢F4 diagram
with a double line, we get a ® diagram. The ® diagrams (from [Leath1970] figure 5 which he calls them
the “wagon-wheel diagrams”) associated with CPA (with the correct weights) are,

—_ 1 1 1
_‘+2‘+3‘+4‘+ .....

Figure 7.3: ® diagrams that give the (conserving) CPA self energy diagrams.
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7.4.1.2 Diagrammatic Derivation
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Here we follow [Leath1970] and [Nolting2009] Chapter 4. As mentioned earlier, the objective of this
derivation is to show why CPA is the best single site approximation. As we will see, CPA is made up

of the sum of a huge number of diagrams which is as many as one could possibly sum.
Recall the the Dyson equation,

D”/(w) = (MAO.)QH — (I)ll’ — lez]l)_l

_ (A4)-1 5\t

= (o =)

| multiply out to get the form of Dyson equation
‘ zz/ ) + Z Dzzl w)Vi, Dy, (w)

| 1terate on the right side

A) (A)
= zz/ )+ ZDll w)Vi, D l z' IEDY Dm 112( Wi, Dyl (w) +
Iz
| conﬁguratlon average both sides only V is random
A
(D (w))e = Dl(l,)(w)—i— Z < ”, +ZD”1 1112 )Dl(Ql/)( )<Vl1Vlz>
llD(A)(w) l1lo

iy

where we recall that f/l = Mw?l with M; = 0 when | = A and M; = M4 — Mg when | = B.

We take sites to be independent (SSA),

. {(f@c for Iy = I3

<V12>z for l2 7& l3
= 5l2l3 <‘72§>C + (1 - 5l213)<%2>2

We want to pick out (irreducible/proper) self energy terms for the Dyson equation.
(D))e = DW(w)+DWE(D(w)).

Now we assign diagrammatic rules for the (impurity) diagrams.

(7.179)
(7.180)

-{7.181)

+-(7.182)

(7.183)

(7.184)

(7.185)
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<Dzz' (w)>c =

Dz(zfl) (w) =

~

l!

~

l'

n lines

Figure 7.4: Diagram rules for impurity scattering.

Note that the last 2 rules are single site averages which are easy to calculate, i.e. <‘7l”>c =c A‘N/X +
ceVg.
Based on the iterated Dyson equation above, we recognise these (irreducible) self energy diagrams,

Z - + 1st and 2" order
+ + X 3rd order
PO Syl iyt Sl g
4t order
X A X
+ ...

Figure 7.5: Irreducible (impurity) self energy diagrams.
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Now we run through 5 known approximations where we will progressively sum more and more
diagrams, ending with CPA. We will evaluate the configuration averaged Green’s function for each case.

[(a) Virtual Crystal Approximation] Only the first (irreducible) self energy term is included.

gvea - Xh

Figure 7.6: Self energy in Virtual Crystal Approximation (VCA)

A)
(Dur@) = Dp’w) + Z D (@){(Viye(Digrr (@) (7.186)
| recall <V12>C = caVa + cgVi = c40w® + cp(My — MB)w2
= D (w) + ep(Ma — Mp)w? > DY (Dy,r) YA (7.187)
l2
| manipulate (D)YCA to be the subject symbolically to get
~1
(D)VCA (1 —en(Ma — MB)w2D(A)> DA (7.188)
~1
= <D(A)_l — CB(MA — MB)W2) (7'189)
= (Maw? — &y — cp(Ma — Mp)w?) ™ (7.190)
| recall 1 —cp = c4 and the definition of average mass M = caMy + cgMp
= (Mw? =3y (7.191)

This is a simple but very crude approximation. The disordered solid is simply treated as if it is a perfect
lattice with a mass M at each site. This is valid when the mass of the defect atom is very close to that
of the host. It does imply a low defect concentration approximation.

[(b) Single Site Approximation] We take into account this set of diagrams.

X [ xl xl xl
FSSA = TRy T o+ Ty

Figure 7.7: Self energy in Single Site Approximation (SSA)

S8R = (V) + D) @){(Vid)e + Dipp) (@) Diip) () (Vi) e + - - (7.192)

w)
recall the standard single site average (V Ve = cg(Ma — Mp)"w™
= ep(Ma — Mp)w? (1+ DMy — Mp)w? + (DD (Mg — Mp)e?)? 4+ ) (7.193)
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1
= Ma — Mp)w? 7.194

corlia = M (1 — D(M; — MB>w2> (719
The configuration averaged Green’s function is simply obtained by substituting 554 into the Dyson
equation.

(DYSSA - = 1 (7.195)

¢ T pD(A)-1 _ %SSA

[(c) Modified Propagator Method (MPM)] This is simply the self consistent version of SSA. We
simply replace the host Green’s function D) with the “full” Green’s function (D)e.

X 12 ,X\lz XlZ Xlz

sMPM - Ty TR TR TR

Figure 7.8: Self energy in Modified Propagator Method (MPM)

So the result for YMPM ig immediate.

cp(My — MB)w2

S MPM
1 — (My — Mp)w?(Dy(w))MPM

(7.196)

and

1
MPM
(D)) = SwT oW (7.197)

Note that in this approximation, certain 4th order diagrams are not included, eg

,’/' //' \‘\\ '\‘\
Figure 7.9: Diagram not included in MPM.

[(d) Average T-matrix Approximation] This approximation is simply SSA with multiple counting
corrections. This is called “multiple occupancy corrections” in the literature.

To see why such corrections are needed, we give an example of counting error in SSA. Consider this
diagram in SSA which appears when we iterate the first (irreducible) self energy diagram in the Dyson

equation.
When [; =I5, the expression becomes

A -, A A
> D @)(V)2Df) (@) D) () (7.198)
I

which is incorrect. The correct diagram and expression is
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|1, N _
X =Y o) )7 b
ZM, 1t2 ‘ )
l, -
Loy D (@)D (@D ()7}
IW, 1 c

The correct counting would then require subtracting the diagram from the self energy.

il i’ = \2
X = p

S lfz,)(w)<l I >

! ’ ! C

We tabulate all these corrections,

15t column 2nd colu_mn 3rd column
(correction column) | (correction column)
X I
Xll x|, x1,
R N R U U/
);(ll ,Xl1
+ ... — —

Figure 7.10: Self energy diagrams and multiple occupancy corrections in ATA. See Fig 9 of [Elliott1974]
for an extended tabulation.
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1st column sums to 2554 as was done earlier

cp(My — Mp)w?
1— DA(M4 — Mp)o?

Ist column sum = 594 = (7.199)

2nd column contains diagrams that can be severed by cutting one D) line. There are 2 irreducible
parts and we treat them as corrected irreducible parts so they sum to the result we want, SATA. The
2nd column sums to,

2nd column sum = EATADZ( l)( JDATA (7.200)
161
Similarly, the 3rd column sums to,
3rd column sum = EATAD( )EATAD( )EATA (7.201)

EATA( D! BZATA> (7.202)

The nth column sum is,

n—1

nth column sum = XATA (Dl(fl? EATA> (7.203)
We can write a self consistent equation for the self energy
PATA 1st column sum — 2nd column sum — 3rd column sum — - - - (7.204)
n
= ¥SSA _ yATA Z (D) w)=A™) (7.205)
| sum the 1nﬁn1te geometmc progression
n
— ySSA | yATA _ yATA Z ( l1l1 )EATA) (7.206)
n=0
-1
0 — XSSA_ yATA (1 — D (w )EATA) (7.207)
ESSA
PATA - - (7.208)
1+ 28SA D) (w)
and the averaged Green’s function is the usual expression,
1
(DYATA - — (7.209)

¢ D(A)-1 _ $ATA

[(e) Coherent Potential Approximation (CPA)] This is the final and the only obvious improve-
ment left. This approximation is essentially the self consistent version of ATA or the “multiple occupancy
corrected” version of MPM.

An example of a diagram that is included in this approximation is this nested diagram.
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Figure 7.11: Nested Diagram included in CPA.

We tabulate the terms to sum up and their corresponding “mutiple occupancy corrections”.

4t column | 2™ column 3rd column 4" column
(correction column)| (correction column) | (correction column)
x 1
+
Xl‘ Xll x1,
+ .7 - %
xll — Xll ,Xll );(ll Xll Xll Xll
o T T =
);(ll x/,
3 /, ‘\\
+ ..... —_ e — e — e

Figure 7.12: Self energy diagrams and multiple occupancy corrections in CPA. See Fig 11 of [Elliott197/]
for an extended tabulation. The same table will be used for calculating the renormalized locator o in the

next section.

1st column sum is simply LMPM

My — Mp)w?
$MPM  _ cp(Ma B 7.210
1-— (MA — MB)UJ2<Dll>c ( )

The 2nd column is made up of one irreducible part with all possible insertions “inside”. To pick
out all these terms, we use a trick. First, define and denote the usual self energy as a functional of its
internal propagator.
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Z[(D >C]E X12+ N S

Figure 7.13: Defining the self energy as a functional of its internal propagator.

In simple terms, the functional argument of ¥ represents what that “line” in the diagram is made
up of. With that, we can now define self energy diagrams with self energy diagrams inserted into its
“line”. Define

S To] = (D)o + (DYEITo](Dhe + (D) STl (DYS Lol (D)o + - = % L_é?o]@} (7.211)

So X[(D).] represents self energy diagrams with no insertions and X[I'g] represents self energy diagrams
with all possible insertions (including no insertions). The 2nd column sum is over all diagrams with all
possible insertions, which is thus

2nd column sum = X[I'y| — X[(D).] (7.212)

From the 3rd column onwards, it is just like in ATA but the self energy to use is X[I'g] which has
all possible insertions (including no insertions),

3rd column sum = X[[g](D).X[Lg] (7.213)
The nth column sum is
nth column sum = X[Tg] ((D)X[Cg])™ 2 (7.214)

Again, we treat terms from 2nd column onwards as corrected terms, we can write a self consistent
equation of the quantity we want to solve

ECPA = E[<D>C] = 2[FO”no insertions (7215)
»CPA - — S[(D),] (7.216)
= 1st column sum — 2nd column sum — 3rd column sum — - - - (7.217)
= SMPM %) + 2[(D)e] - £[To] Y ((D)eS[To))" (7.218)
n=1
0 = SMM_S[Tg]+ To] — B[] i (D)eX[To))" (7.219)
n=0

_ [To]
0 = xMPM_ T%OE[H)] (7.220)
S[Mo] = R (7.221)

1+ XMPM(D),

| substitute in the explicit expression of ZMFM

and recall cy =1 —c¢p
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CB(MA — MB)OJ2

= 7.222
1—ca(My — Mp)w?(D). ( )
<l)>C :| CB(MA—MB w2
Y| = 7.223
[1 — X[Co)(D). 1 —ca(Ma — Mp)w*(D). (7:223)
D).
| to get 2[(D),] = XCPA transform (D). — 1+<22D>c
My — Mp)w?
S(D)] = cn(Ma = My );J o (7.224)
| now we can write the self energy as »nOPA
- M 2
ECPA — CB(MA B)w ) (7225)
1— CA(MA — MB)W2WAC<'%
A ZCPAWQ
YOPA _ ey (Ma — MB)(D)e— i = cp(Ma— Mp)w? (7.226)

“1+ XCPA(D),
| write XCPA = ¢y nOPA 4 pnCPA
CPA ROPAL2 CPA
CAE P —CA(MA —MB)<D>CW = CB(MA_MB>W2 —CBE (7227)
C

caXCPA(1 + SPAD),) — ca(Ma — Mp) (D) SPAw?

1+ xCPA(D), = cp(Ma - Mp)w® — cpXA (7.228)
CPA CPA 2
 —— 1 -£D2]>CCJPA<(éW>1: Ma) D) _ cp(Ma — Mp)w® — cpZ™ (7.229)
CAECPA (MA _ MB)w2 _ ZCPA
T+ xCPADY, — BT (Ms— Mp)w?(D). + SPA(D),
(7.230)

which is indeed the CPA equation and the averaged Green’s function is solved by

1
(D). = D(A)—1 _ 3,CPA (7.231)
which is indeed the same as that derived using effective medium method when we identify (D), = DA,
7.4.1.3 Locator Derivation
Recall the equation of motion of the harmonic disordered lattice in frequency domain.
D (Miw?Saa by — Pratiar) Diasrar (W) = Saarbur (7.232)
lhot
From here we carry out a locator expansion. Define the site diagonal locator dj
Ay = Miw?da0r — Prater (7.233)
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Now we write the equation of motion in terms of d; as matrices in Cartesian indices. Note that the
random variable is only in d;.

dy'Dy(w) — > @y, Dyy(w) =Téy (7.234)
11 (#)
| xdy on both sides
Dy(w) = dydw +dy Y Py, Dyyy(w) (7.235)
11(#0)

| iterate and take configurational average

(D (w))e = {du)cbur + (duPyrdyyr)e + Z (du®y,diy, @ dpy)e + - - (7.236)
L(#D)

We can again assume site independence and assign diagrammatic rules for the above expansion.

Figure 7.14: Locator expansion in terms of diagrams.

We will now renormalize the locator d, and the interactor ®. In the end, we will show that this
renormalized theory is the same as CPA. Denote

o = renormalized d (7.237)
U = renormalized ® (7.238)

The diagrams for the renormalized quantities are,

X
0) ii

i
C
1
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The expansion of the configuration averaged Green’s function can now be rewritten in the renor-

malized form.

x!l x1 X' + xl XL xI'
(o)= +
o o ®,0 ocbodo

o= = o+ : + R

d d U, d dudud |/

® P0d GOBOD

Figure 7.15: Renormalized locator expansion in terms of diagrams.

Now we will derive some equations relating these quantities. These are Dyson-like equations.

(DYe=04+0P0c+0PoPo+--=0+0P(c+0Po+---)=0+0P(D), (7.239)
U=+ 0P+ PoPo®+ - =04+ P(0+0Pc+---)> =P+ P(D) P (7.240)
o = (d+ dUyd + dUydUyd + - - - >C = (d+ dUllO’>c (7.241)

| or,
= <d(1—|—Ulld+UlldUlld—|— )>c (7.242)
_ <d (1- U”d)*1> (7.243)

where Uj; denotes the (site) diagonal part of U. Use the first 2 equations to get rid of ® and we get,

(D)e = o0+4+0®(D), (7.244)
=& = o '((D)e—0)D); =071 — (D) ! (7.245)
U = &+9(D).® (7.246)
— o (D) (o = (D)) (D) (o — (D)) (7.247)

| expand and cancel terms
= o YD)eo Tt -5t (7.248)

Now we carry out multiple occupancy corrections for o. As usual, the first column are the diagrams
that we sum for renormalization and subsequent columns are corrections to the renormalization. In
fact, due to the way the diagrams are defined, the table of corrections are exactly the same as in CPA in
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Fig 8.12 (but recall that the double line here represents the renormalized interactor U and for o, there
is an overall configuration average).

1st column sum = (dy + dyUydy + - - - >c (7.249)
du >
} 7.250
<1 —Updy /. ( )
We sum the correction columns using the trick used in CPA. We simply translate the result over.
2[Lo]
YD) = ¥MPM L 3[(D),] 7.251
(D)) (D) = Ty STF (7.251)
du o[¢o]
=o|Uy] = - —o|U, 7.252
o[Uu] <1—Uzzdu>c <1—U[¢0]Uu o[Uu] (7.252)
where ¢g = %. We solve it in the same way.
(=thar)
O'[(bo] = dllll U/ (7253)
1+ <1—Uzzdu >c u
U,
| use the inverse transform U; — TgUu = ¢

dy
1—¢pdu /.

olUy] = y (7.254)
/ 1l
L+ <1*¢6dll >c
| note that only dj; is a random quantity, the rest are averaged quantities

| denote o[Uy] as o

(i)
> “%odun /. (7.255)

(=)
1—¢pdu /.

o N
<1_¢6dll>c B <1—¢6dll>c (7256)

0 = <%>C (7.257)
| dh—
0 — <(d1u_—(<zlzl(1_‘;)0(glll) >C (7.258)
| drop the non-zero (and non-random) factor (1 + oU)
' <1 - (dlji” o)Un >c - <1 - (dul a)Uu >c (7:259)
which we now need to solve <m>c seperately. We start from
0 = <1 - (chl_—if) i > (7.260)

multiply by —Uy
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So,

_ —(dy — o)Uy
0= <1— (du —U)Uu>c

add and subtract 1 in the numerator
0 — <1_(dll_U)Ull_1>
1—(dy—o)Un /.
then note (1) =ca+cp=1
1

0 = 1_<1_(dll—U)Ull>c

<1 - (dul— o)Uu >c

now use the diagonal of U = 6 1 (D)oo ! —07 ' = Uy =07 2Dy)e — ot

<1 — (du — o) (012(Du>c —o 1) >c

1
< 1-— dllU_2<Dll>c + dllO'_l + 0_1<Dll>c -1 >C
divide o on both sides and divide dj; in numerator and denominator

()
1-— (0_1 — dl_ll) <Dll>c .
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(7.261)

(7.262)

(7.263)

(7.264)

(7.265)

(7.266)

(7.267)

Finally, we shall relate c~! and dl_l1 to V; and X°PA to complete the derivation of CPA equations
from the locator expansion. We achieve that by comparing their definitions.

recall, (D). = (MAUJ2 — Oy — ECPA)i1
-1
= (MAw2 = @y — Py — ZCPA) = DA
_ -1
recall, (D). = (07" = Qyqun)

S0, oV = Myw?—d, — »CPA
recall, d;' = Mw®—®; (where M/ = My, ifl= A and M/ = My if | = B)
recall, V; = Muw? -3 (where M; =0ifl= A and M; = M4 — Mg if | = B)7.273
SO, dﬁl = MAOJ2 - le2 - (I)ll

so, o1 — dﬁl

where

MAOJQ _ W _ ECPA _ (I)ll
Vi

V- _ZCPA I=A
D70 (Mg—Mp)w?—3CPA =B

Finally we will subsitute o~ — dﬁl = V; and show that it becomes the CPA equation.

1‘<1—vll<Du>c>

(7.278)
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<%> - <1—vll<m,>> (7.279)

1-1+ Vl<Dll>c>
0 = 7.280
< 1 = Vi{Du)e ( )
Vi{Du)e >
0 = —_— 7.281
<1 — Vi{Du)e (7.281)
| drop the non-zero (and non-random) factor (Dy).
o)
0 = —_— 7.282
<1 — Vi{Du)e (7.282)
_yCPA Ma — Mnr)w? — 2CPA
0 = ca +cp (M = Mp)w (7.283)
1 + ECPA<D”>C 1-— ((MA — MB)UJQ — ECPA)<D”>C

which is precisely the CPA equation.

7.4.2 Discussion on Localization

No discussion of disorder is complete without a discussion of localization. This is because disorder
scattering typically is not phase breaking and so constructive or destructive superposition of waves
plays a part. However the scope of this topic is large and I do not know much about this topic and the
results for phonon localization are somewhat more confusing than that for electrons. Thus here we will
only state some basic facts and go through some literature. First we mention 4 references that introduce
this topic. [Kramer1993] is a readable review article though it is for electron localization. Introductory
literature for phonon localization can be found at [Vollhardt1987], [Singh1990] and [Sheng2006].

[Phonon Weak Localization] Weak localization is where coherent backscattering is taken into ac-
count. Coherent backscattering is a constructive superposition between the forward scattering path
and its time reversed path. This means that the backscattering amplitude is enhanced. In terms of
transport, the weak localization correction to conductivity is negative but have different forms in differ-

ent dimensions. Rayleigh-Klemens scattering relation (see section on Boltzmann treatment) - ¢ w

Jaq
shows that at low temperature (w is small), the mass defect scattering time 7P is large and the prob-
ability of mass defect scattering is low, thus the probability of backscattering is negligible, so we may
conclude that the weak localization correction to phonon transport is negligible. Note that for electrons
in metal, transport involves a small energy window around the Fermi level, so localization effects on
electron transport are more dramatic and more important.

The backscattering correction to transport (2-particle quantity) is calculated by summing the max-
imally crossed (Cooperon) diagrams. These diagrams represent backscattering because they include
interactions (crossed lines) of ¢ (forward) and —¢ (backward) scattering.

There is far less literature on theoretical calculations of phonon weak localization. I mention some
references that I found. [Jackle1981] discusses the experimental possibility of observing phonon local-
ization. [John1983] followed the electronic case and used a nonlinear o model (continuum field theory)
to calculate quantities related to localization such as the mobility edge. [Polishchuk1997] and [Chul988]
applied the self consistent method to calculate phonon weak localization corrections. [Akkermans1985]
considers phonon weak localization with anharmonicity to see how the anharmonic-modified spectrum
affects the mobility edge.

[Phonon Strong Localization] Strong localization is where there is such a large amount of disorder
that the superposition of waves is almost random and could result in complete localization resulting in
the formation of an insulator. We can visualize this by imagining that the mobility edge goes down
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towards w = 0 as disorder increases. When the mobility edge is at w = 0 i.e. all states are localized,
we get an insulator. This is called Anderson transition. Analytical work on the Anderson transition
for phonons is not conclusive, so the favorite method of dealing phonon strong localization is by using
numerical methods.

[Numerical Work on Phonon Localization] Numerical work can only be done on finite systems
and so bulk properties are deduced by working out the asymptotic limit of the numerical results.
Typically the numerical work is done on 1D systems and there is huge controversy (in 1D) on the
exponent in the expression J ~ m where J is the current through the disordered chain and N is
the number of particles in the chain. Due to the large amount of literature making various claims, we
will not make any stand, we will only state some of the more prominent literature.5

The original literature that started the argument are the following: [O’Connorl974],
[Casher1971], [Rubin1971], [Matsudal970], [Ishiil973] and [Visscher1971].

Some recent follow-up literature are: [Chaudhuri2010], [Dhar2001],
[Likhachev2006], [Livi2003], [Lepril998] and [Lepri2003].

7.5 Mass & Force Constant Disorder : Blackman, Esterling and Beck
(BEB) Theory

[Literature] The main references are [Esterling1975] and [Blackman1971]. Reference [Katayamal978]
accounts for the force constant sum rule. References [Gonis1977] and [Koepernik1998] follow up on its
mathematical properties and its applications.

Now the force constant matrix is random and is associated with neighboring sites so the randomness
is now (site) off-diagonal.

We will use projection operators so that we can “consolidate” the randomness in them. They are
defined as

1 ifl=A
xl—l—yl—{o ifl=nB (7.284)
with the (defining) properties,
ai=a, Y=y, ww=0, (@)e=ca, (Y)e=cn (7.285)

For the disordered harmonic Green’s function, we denote its various projections

Diilw = @Diararay (7.286)
Diia = @iDiararyr (7.287)
DRt = yiDiaraar (7.288)
Dijer = yiDiarraryr (7.289)

SPersonally, I think the expression J ~ m is physically justified. However, there is a huge amount of literature
that defines a thermal conductivity x out of that expression. I feel that it is highly objectional to do that. I believe that
the physics of disorder is not enough to provide the physics that x contains. A lot of literature even tried to check Fourier’s
law using disorder physics. I choose to ignore such literature. In fact, the original literature [Casher1971] knew of such
problems and explicitly avoided defining !
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So the Green’s function in terms of its projected components is

Diwwer = i Djqrarzy + 2 Diararyrr + YiDiarar Ty + YiDicrr ot yYrr (7.290)
AA AB BA BB
= Dlal’a’ + Dlal’a’ + Dlal’o/ + Dlal’a’ (7291)
| taking configuration average
AA A A
<Dlal’a’>c = <Dlal’o/>0 + <Dloﬁa’>c + <Dl€zl’a/>0 + <Dl€zﬁa’>c (7292)

So we need 4 “components” to construct the desired configuration averaged Green’s function. Note an
important implied consistency relationship. When [ =1,

DB =2/ Djgjryy =0 and DES , =0 (7.293)

The physical meaning is that A and B cannot be at the same site.
We define similar notations for the various projections of the force constant matrix.

e = T®Piaraty (7.294)
st = T1Piararyr (7.295)
Oy = Uiararmr (7.296)
e = UProraryr (7.297)
Define the locator,’
Ay = Mw?de (7.298)
dt = Mw? (7.299)
1
dy = 05 7.300
"= (7.300)

since it is site diagonal, there are only 2 projections,

dy = xdy+ydy (7.301)
1 1
= .302
TR T (7.302)
= xdi] +ydf (7.303)
(dye = (mdi)e+ (wdf)e (7.304)
cA CB
= 7.305
Maw?  Mpw? ( )
Recall the locator expansion, (in Cartesian matrices)
Dy = dydy +dy Z @y, Dy (7.306)
L (#0)

| write @y, in projected form

= dudy +dy Z (@1Puy vy + 1Py Y1, + Y@y T, + Yi®Puy Y1) Dy (7.307)

L (#1)
| use 27 = 2y and yf =y

"Note that following Esterling in [Esterling1975], we have set ®;,;,» = 0 in the definition of the locator. This breaks
the force constant sum rule. However, the algebra is easier to handle later.
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= dydy +dy Z (xlq)fl‘leh + :L'lq)ﬁlByll + y@ﬁf‘xll + yl(I)lLZByll) Dy, (7.308)
L(#0)

Project out the 4 components of the expansion by multiplying projection operators on the left and on
the right. Firstly,

v Dyxy = wdydway +xdy Y (2@ e, + 21®0 g, ) Dyray (7.309)
L1(#)
Dll/ = xldll 511/ + l‘ld” Z (@lllDl i + (bﬁlBDlll/> (7310)
L(#D)

Secondly, multiply z; on the left and y; on the right,

$1Dll/yl/ = l‘ld”(sll/yl/ + xld” Z (:L‘lq)fl‘lA.I'll + xlfbfl‘lByll) Dlll’yl’ (7.311)
Li(#)
A
Dll/ = fEld” Z (®l11 Dlll’ +®lll Dlll’) (7312)
11 (#£1)

In a similar way, the other 2 equations are

Dll/ = yldﬁ Z (CbﬁlADhl/ + q)ﬁlBDlll/) (7313)
LD
D" = ydifow +udi D (¥ D7 + P DEP) (7.314)

1 (#£0)

These 4 “components” can be written into a “defect matrix” form.

DAA DAB
(DBA DBB ) (7.315)
Lol
zdd 0 >
= O baa’ (7.316)
B 1'%aa
< 0 yd lala
di 0 (I)AA (I)AB DAA DAB
+ Z Z( 0 ydB > < $BA BB > < DBA BB > N (7.317)
Ii(#l) @ ladon laliay lLionl' o

So we can define a “defect matrix” locator expansion where “defect matrices” are denoted by quantities
with a  over them.

blal’a/ = dlala/(sll/ ao! Zdlaloq Z (I>lal1oc1Dl1a1l’ (7318)
ai L1 (#)
We can rewrite as
ﬁl;%’o/ - CZl_oé%a/(sll’éaa' - ci)lozl’o/ (7319)

where the inverse here is really the 2 x 2 block matrix inverse.

Although we started off with the locator expansion, the BEB method is really about defining effective
medium quantities and fixing the effective medium by the condition that the averaged single site t-matrix
is zero.

We define the effective medium Green’s function. Here we label it DPEB instead of DCPA to use
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notation in line with the respective theory.

blBal?/i/_l = MAW25ll/5aalf[ — 255/13 - (i)lal’o/ (7320)
2 BEB(AA) BEB(AB) AA AB
= ( Mac ) 2 >5ll’5aa’ - Z%QE/B(BA) E%%/B(BB) - ( (I>BA (I)BB ) (7.321)
0 Maw Eaa’ an/ @ o lal'o!
So,
Digier = draiorOurSaar + Dot = Maw?orbaarl + 255 (7.322)
= IA)E;V}ZE’E71 - (MAWQCSZZ/(Saa’ﬁ - Cz;a}la’ - iEE/B) (7323)
DR~ Viatar 0w (7.324)

Just as in effective medium theory of CPA, we will write the equation into a T-matrix form, then take
configuration average and set the condition (7). = 0. Then define the single site ¢t-matrix and set its
average to zero. This gives us the self consistent equations of the theory. We carry it out symbolically.®

D = DBEB DBEBHBEB (7.325)
(D). = DPEB | DBEB(T) HBEB (7.326)

If we set (T). = 0, we get
(D) "E° DBEB (7.327)

but as before, (T). = 0 is not a tractable expression so we define the (defect matrix) single site ¢-matrix.

N ~ A -1 . ~ ~ -1
i = (]1— V”DEEB) Vi = (VH_I - D}?EB> (7.328)

where the inverse is a 2 x 2 block matrix inverse and ﬁg’EB is the (site) diagonal part of bl]?,EB which
is the same as that in CPA theory. For the sake of a simpler notation, we define

) 2 _ yvBEB(A44)\~1
DEEB = < Y ) _ [ (Maw® =% ) 0 » (7.320)
0 ~p 0 (MAw2 _ EBEB(BB))

Note that we used the physical condition that D;?EB(AB) = 0 = DBEB(BA) and the earlier rule that

@ﬁA =0= @ﬁB. (Again, one may worry about the violation of the force constant sum rule.)
We will work out ¢ before averaging it. First we need an expression for VEZ_I

Vi = Maw’l-d,;' - £BEB (7.330)
- ( Mt O ) i - ( e e ) (7.331)

| multiply d from the left
vy = Cg( Mng MSwQ ) o cz( gEEEEQX ;ﬁiﬁﬁgg > (7.332)

| take inverse on both sides

8Configuration averaging a “defect matrix” means configuration averaging each matrix element. This can be seen by
the fact that each matrix element is a component of a quantity. The quantity is the sum of the 4 components.
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NI [ [ Maw? 0 . ./ YBEB(44) yBEB(4B) \] -1
Vi T = d( 0 M gw? ) -I- d< YBEB(BA) y.BEB(BB) (7.333)
|  multiply d from the right
A [ [ Maw? 0 . ./ YBEB(44) yBEB(4AB) \ 17! |
Vi L= d( 0 M pw? ) —I-d ( wBEB(BA) y.BEB(BB) d (7.334)
T zdd 0 M gw? 0 YBEB(A4) yBEB(AB) 1 0o\ !
N 0 ydP 0 Maw? )\ §BEB(BA) xBEB(BB) o1
zd® 0
) < 0 yd? ) (7.335)
1 — 2dA (M w? — SBEB(A4) 2dASBEB(AB) Ldh o
= — ydBEBEB(BA) 1— ydB(MAw2 _ Y'BEB(BB) 0 ydB 7.336)
Use the 2 x 2 block matrix inverse,
A B\' [ (A-BD'C)"' —(DB~'A-0C)! 7337
C D | —(AC'D-B)"' (D-CA'B)! ’

We evaluate each block of the square matrix seperately.

Upper left block of square matrix

— (1 _ l‘dA(MAUJ2 o EBEB(AA))) o .’EdAEBEB(AB)(l o ydB(MAw2 - ZBEB(BB)))—lydBZBEB(BA) -1

2nd term is zero due to xy =0
1

~ 1 2dA(Maw? — TBEB(AA)) (7.338)
Upper right block of square matrix
- _ [(1 _ ydB(MACL)2 . EBEB(BB)))(dizBEB(AB))—l(l . di(MACUQ _ ZBEB(AA)))
_ydBEBEB(BA)] -1
| use zy = 0 in numerator
-1
(1= ydB(Maw? = SPEBBB)) — gdd(Myw?® — SBEBAA)) B BEB(BA)
- +dASBEB(AB) Y
| second term is zero when we combine fraction and get xy = 0
2dASBEB(AB)
T 1 ydB(Muw? — £BEB(BB)) _ 3dA(M4w? — YLBEB(AA)) (7.339)
Very similarly,
Lower left block of square matrix
ydBEBEB(BA)
1= ydB(Mgw? — SBEB(BB)) — dA (M w? — $BEB(A4)) (7.340)
: , 1
Lower right block of square matrix = (7.341)

1— ydB(MAw2 _ EBEB(BB))
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zdA ) 0
~ i dA 2_y DBEB(AA
Il I ) s (7.342)

1—ydB (M sw?—LBEB(BB))

The #-matrix is thus

. . . -1
W= (V- D) (7.343)
[ zd? 0 -1

yd® 0
O 1—ydB(MAw2—EBEB(BB)) B

| take 2 x 2 block inverse which is trivial here

J?dA(MAUJ2—EBEB(AA>)—1 0
A iy 3 S BEB(AA)
— zdA—yp—ya2d (34Aw 2 ) ydP (M gw®—SBEB(BB)) (7.345)
ydB —~ 5 —~pydB (Maw?—SBEB(BB))
| recall y4 = (Maw? — SBEBAANTL and 4p = (Myw? — RBEB(BB))-1
1—zd4 (M aw?—XBEB(AA)) 0
= ( '76\ 1—ydB (M gw?—SBEB(BB)) ) (7346)
B

Now employ the effective medium condition (¢;). L0

(t)e = <$ <1 - i9601’4(]\@1(#2 - EBEB(AA))) >c + <y <1 - iyalB(MAw2 - EBEB(BB))>>

YA YA B B c
1 s 1
| recall dg = Mo and d” = N po?
cA . MAQ)2 _ EBEB(AA) cp . MAw2 _ EBEB(BB)
oA\ M pw? * e\ Mpuw?

BEB(AA) BEB(BB) _ 2 2
TS Lo (2 (Maw? — Mpw )) (7347)

Y4 Maw? B Mpw?

We like to suggest this scenerio to satisfy the condition (¢;). = 0,

0= ACB _CtBCA (7.348)
YAYB YB YA

So,?

RBEB(AA) o BEB(AA 2CB
AW B B

SBEB(BB) _ (M aw? — Mnw?
( A;; BwS) _ _ca — SBEBBE) — _np? A (M — Mp)w? (7.350)
Mpw YA A

And to solve for SBEB(AB) and SBEB(BA) e use the conditions

DﬁEB(AB) —0= DﬁEB(BA)

(7.351)

9Somehow the final self consistent equations here is different from [Esterling1975] eqn (43a) and eqn (43b) though the
form of equations is similar.
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The configuration averaged Green’s function in this theory is calculated with

BEB(AA) BEB(AB) BEB

BEB(BB
<Dll’>c = D”/ + Dll’ + Dll’ (BB)

(B4 4 pP (7.352)

7.6 Mass & Force constant Disorder : Kaplan & Mostoller (K&M)
Theory

The main reference is [Kaplan1974]. We shall state the essential ideas of the theory before we carry out
the derivation. K&M follows the analogy that CPA is a site diagonal theory, it is a “cluster diagonal”
theory. Here we will assume the cluster to be the nearest neighbors of a particular site L. Following
K&M, site indices s denotes nearest neighbor sites around the particular site L.

The model is the (standard) harmonic and disordered (in mass and in force constant disorder) Hamil-
tonian. The aim is to calculate the (one-particle) configuration averaged displacement-displacement
Green’s function. We start with the equation of motion in frequency domain for the Green’s function is

5aa’6ll’ = Z (le25aa1 5ll1 - (I)lahal) Dllall’a’ (7353)
liay
|  where M; and ®;41,4, are both random, single out the host quantities
= Z (Maw?Saa,0u, — (Ma — M;) w?Saq, 0uy — ‘Pﬁflal — (Pration — q)i?ﬁllal)) Dyare
lion

| define the host Green’s function DATL = MAw25m15”1 — oA

lalian ladiaq

> (Df(l?fal — (Ma = M;) @600, 01y — (®ratyay — @;‘;7‘1@1» Dyt (7.354)

Lot

To proceed further, we need to restrict ®;47,0, —P
In this theory, the additive model is used.

lﬁf? to a particular model so that it is more tractable.
101

Diatyar — Pinay, = P, — O (7.355)

ladion

| where we wrote it as Cartesian matrices
0 l=A1L=A
o —opt 1=A0, =B

N 7.356
ot — eyt 1=BL=A ( )
@ﬁlB_Qﬁf‘ =B, =B

1

| assume an additive relationship @;‘l‘lB - @ﬁ’;“ =3 ('I)ﬁf4 i (I)lflalB)
1 (BB AAY —

— 5((1)”1 _(I)lll):_A l:A7l1:B
q)lflle_Q)ﬁfE—QA l=B,l, =B

We want to use these conditions together with a cluster description. Let [ be the site at the “center of
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the cluster”. We now assume these conditions,

0 [=A Ll =any atom

of = ) 3(@RS-N)=-A I=B I=AL=5 (7.358)

i = (<I>ﬁlB <I>A1A)E—A l::B l=B,l1=A .
SPFafi= oA I=B I=Bl-B

So if the center of the cluster is the host atom, we assume no force constant changes. Force constant
changes only when the center of the cluster is a defect atom. These rules are only for [ # [. For | = [y,
we will use the force constant sum rule &; = — le(ﬂ)% .

The remaining derivation is in line with CPA only that we are dealing with cluster quantities instead
of site diagonal scalar quantities. So we put this force constant model back into the equation of motion.

all clusters
owo= > Dyt = (Ma— M)y, — > @y, | Dy (7.359)

I

= Z DZ?l ! Z <(MA — M[) Wzalllél[ + (I)Zl) Dy (7.360)
A i

define Vll = (Ma — Mj) w?ou, 6 + (p;ll

= > | Dut =2 Vil | Dur (7.361)

5t i

We can rearrange it to the form of a Dyson equation.

Dy = Dll’ + ZDlll Z l1l2D12l’ (7.362)
Ll
1
or, Dy = DAV (7.363)

i

Just like in the effective medium derivation of CPA, we define the effective medium Green’s function
and self energy. We label them with a superscript “K&M?”.
1

DM = (DAt — gier) (7.364)
w

As usual, we eliminate DA~ We carry it out symbolically using a rewritten expression from above

DATH = DREMAL . pREM (7.365)
-1

D = [DKWM_ [ Yyl yKM (7.366)
i
For the sake of reinforcing the cluster description and to follow K&M, we will now denote nearest
neighbor sites with indices s. Define

K&M
2 Z Z 25182 s+l Oy ,sa+l (7.367)

i s1s2
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-1

so, D = [DN&M_% (f/i - 25) (7.368)
i

We write it into the T-matrix form using the single cluster ¢t-matrix expression.

-1
B = Y (‘75 - Ei)m (H55332 ZDiff‘ ( EA) Sm) (7.369)

S3
_ K&M K&M l K&M
=Dy = DEM+> ) D e it (7.370)
l 5182

take configuration average

— K&M K&M. l K&M
(Du)e = Dy <Z Y DN DESY l,> (7.371)

818
[ sis2 c

Then, again, the self consistency condition is where we impose the full configuration averaged T-matrix
to be zero so that (Dy). = DlKl,&M and, again, it is not tractable, so we assume that the clusters are
independent which we may call this the “Single Cluster Approximation” in analogy to SSA in CPA.
Then we set the single cluster configuration averaged ¢t-matrix to zero instead.

0 = (tha) (7.372)

0 = catl=2 +cptl=B (7.373)
‘ write as matrices in cluster (OI' nearest neighbors) space

0 = cat=4 4 cpt=P (7.374)

| recall vi=A = =0, $i=4 = $/=B = ¥ since it is an effective medium quantity.

0 = ca(—%) (]1 - DK&M(—Z))_ tep (V‘:B . z) (]1 _ pkeM (Vl:B - 2))_1 (7.375)

0 = —cuX (H + DK&MZY1 - (z - f/f=B) (]1 + DK&M (2 - 175:3))71 (7.376)

—eaY (H + DK&MEY1 . (z - 175=B) (]1 + pKeM (2 - 17?=B)>71 ~0 (7.377)

Just as in CPA, together with the Dyson equation DX&M — (D A1 — EK&M) forms the set of self

DK&M

w
consistent equations to calculate

[1D Disordered Chain Example] We want to illustrate the cluster matrices explicitly for a 1D
disordered chain with 2 nearest neighbors. The cluster matrices are 3 x 3 in size.

[-1 l [+1 -1 [ I+1
-1/ 0 0 0 -1/ A —=A 0

vi=E = 0 (Ma—Mp)? 0 |+1 A 2A  -A (7.378)
I+1\ 0 0 0 [+1\ 0 -A A

The elements in the form (row,column),

~ A

(I=1,0,10,01-1),01+1),(0+1,0)=-A (7.379)
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are due to the rules of the force constant model. The elements,

(I—1,i—1),(I+1,i+1)=A and (i,I)=2A (7.380)

are due to the force constant sum rule.
The cluster effective medium self energy is of the form,

~

I—1 [ I+1

[—1 a B v
Y= B & B (7.381)

I+1 vy B «

based on general symmetry considerations. Thus the 4 unknowns, «, 3,7 and § have to be solved self
consistently.

7.7 Mass & Force constant Disorder: Gruewald Theory

The main reference is [Gruewald1976]. The mass disorder is defined as usual with M (I) being the mass
random variable at site [. We define the force constant disorder model with A\ being a fitting parameter
of the theory.

Dos(l,1) = NOLG (1= 1)\ (7.382)

Random variable \; takes on these values,

A\ = { 1 ifAisatl (7.383)

A ifBisatl

We immediately get some relations which shows that we are modelling the disordered force constant as
the geometric mean of the 2 ordered spring constants.

oBP(L1) = N (7.384)

QAT = NLAI-1) (7.385)

= o8 = VopAApBB (7.386)

Again, the concern here is to calculate the configuration averaged (harmonic and disordered) Green’s

function. This theory requires identities coming from other Green’s functions, so we define 4 Green’s
functions for this theory.

displacement-displacement: Do (1,1, t) = —%(Tua(l, tue (I',0)) (7.387)
displacement-momentum: Ho/ (1,1',t) = —%(Tua(l, t)par (I',0)) (7.388)
momentum-displacement: Hoo (1,1, 1) = —%(Tpa(l, tue (I',0)) (7.389)

momentum-momentum: F/ (1,1, t) = —%(Tpa(l, t)par (I',0)) (7.390)

where T is the usual time ordering operator (not temperature).
The equations of motion for all 4 Green’s functions (after Fourier transforming to the frequency
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domain) are,

M()w’ Do (1,1, w) = aarOur + Y Pay (1, 12) Dayor (12,1, w) (7.391)
loay
M(l)wzHaa:(l,l’,w) = in(l)(Saa/(sll/ +Z(I)aa1 (l,lQ)Hala/(ZQ,l/,W) (7.392)
laay
_ 1 _

WP Huyo (11, w) = —iwdaaduw +Z<1>aa1(z,zg)M 0 )Hala/(lg,l/,w) (7.393)

laa

1

Fow (1,1 = Do, ( Fo (2,1 .394
o (LT, w) B (1, 1) +ZZ lzzz)M(b) o (I, 1 w) (7.394)

2001

We redefine the last equation to put it into a more comparable form with respect to the other 3 Green’s
functions.

F,a/(l, l,) = Faa/(l, l/) + M(Z)éwféll/ (7.395)
and its equation of motion is
2 / _ / /
wF, (L w) = M (1)w?6ger by + Zq’aal l ll) (l )Fala (U, w) (7.396)
laory

We emphasize that the quantity of interest is the configuration averaged displacement-displacement
Green’s function. The other Green’s functions are only used to supply some self-consistent relations to
close the theory. The locator method is used to carry out perturbation expansion, renomalization and
multiple occupancy corrections.

Start by inserting the force constant disorder model into the equation of motion.

M(1)w? Do (1,1, 0) = aarOir + Pacy (L) Dayor (L1, w) + > Ragy (112) Dayar (l2, ', w)
la2(#l)a1
| insert ®oa, (1, lo) = NPAL A,
| writing as matrices of Cartesian indices
(MD)w’T— ®(1,1) D,V w) = Tow + XN > (1 — o)A, DI, 1, w) (7.397)
la2(#1)
| divide by M(I)

(ﬂ — ‘1;5(’;))> DI \w) = MH(Z)CS”/ + ]‘2&)12(%) (1 — 1)\, Do, ', w) (7.398)

<I>(l,l)>

aa

| Divide by (w M)
o
(M (1)w?l — ®(1,1))

Al AA ,
+(M(l)w2ﬂ—<1>(l,l))l(2#)q’ (= l2)N, D(l2, I, w) (7.399)
2

Dl w) =
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Define the locator d(I)~! = M (I)w?I — ®(1,1) and iterate D.

D,V w) = dl)dw +Nd(1) > M = 12)Ad(l2)dpr + . (7.400)
l2(#l)
= d(D)ow + d()X\ Y A1 = 12)(1 = 61,1)d(l2) iy + - (7.401)
lo

= d()0y 4 dD)NPM( = 1) (1 — o) d(I) Ny
+ AWM = 12)(1 = 0, )d(I2) AL @A (I — 1) (1 = S1y0)d(I) Ay + ... (7.402)

l2

| define on the left, dr(I) = d(l)\

| define on the right, dr(l) = d()\
| define in the middle, J( )= d()N?
| AA

and define ®'(1 — 1) = (I =11 = o)
= d()y +dL()®'(1 -1 )dR )+ ZdL (DD (1 — 13)d(l2)® (I — I")dr(I') + . .(7.403)

lo

There are 4 locators dy, dg, d and d and the random variables are all contained in the locators.
One can think of it as a “transfer” of randomness from the force constant to the locator via A;. In the
spirit of the locator CPA method, we shall use the following Dyson equations to define the approximate
expression for the configuration averaged Green’s function. ({...). stands for configuration averaging.)

<D(l,l',w))c = 05111+ULU(Z l/)UR (7.404)
uLly = 1)+ (1= 1)D(ly, 1)@ (I — 1) (7.405)
l1lo
D) = &opw+ Y 60— 1y)D(l,1) (7.406)
l2

where U gl ,1") is the renormalised interactor and o, oy, o and & are the renormalized locators of d, dy,
dr and d respectively.

-

O=======-0
O==—=——————

t

1

1

1

1

1

1

1
cO
d()

o
=

dr(l)

Figure 7.16: Assignment of diagrams for the (unrenormalized) locators d, dr, dr and d.
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Figure 7.17: Assignment of diagrams for the (renormalized) locators o, or,, or and &.

——— - Renormalized diagonal interactor U,

:
:

§ - Multiple counting/occupancy corrections

? ]
= 1 - 1+ 4
! <& =
dell)
* *
= 1 - 1+ 4
§ | <| ’
dn

Figure 7.18: Multiple occupancy corrections. We define ur(l) = dr(l) — og and i(l) = d(l) — 6.

The explicit expressions for the re-summation are,

o = (d(l) +drUypr + drUgpUypr + - . .)

= (d(l)+d(I+Uypp + ... )Uypr)
= <d(l) + dL(l)(I[ — Ull,&>_1Ull/ﬁR>

o = (de(l) +dp(Una(l) + de(OUup(HUual) +...)
= A(de()I+ Uup(l) + Unpp()Unf(l) + ..))

= (dr ()T~ Unall)) ™)

Similarly for o and &, we get the results,

or = (dr(l)+d(1)(T— Unfi(1)) " Unpr(l))

& = ([dO)@-Uup) ™)

345

(7.407)
(7.408)
(7.409)

(7.410)
(7.411)
(7.412)

(7.413)
(7.414)

where Uy is the diagonal part of U(l,1"). We eliminate U in favour of D (writing in matrices of /I’ and
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aa’),
U = & +3'Dd (7.415)
D = &+69'D (7.416)
| make @ the subject
» = s YD-6)D7! (7.417)
= ¢ 1-D! (7.418)
| substitute into the first equation,
U= @G'-=DYH+@GE*-DYHYDE1-D™ (7.419)
= ¢ 'Dst -5t (7.420)
uiry = ¢ YD1 1) — a7 H)ow (7.421)
=U; = 6 Dot —671! (7.422)
where Dy is the diagonal of D(l,1"). Insert the expression of Uy into &
& = (d)(I-6"'Dyop+6"ta)™t), (7.423)
| wes li=6"1d-5)=6td—1
= (=67 'Dys '+ Dydt+ 5, (7.424)
= (6 +Du(d" =571 e (7.425)
| we can take & out since it is an averaged quantity.
= &((I+Dy(d =&)Y, (7.426)
=1 = ([+Dy(d -1 Y. (7.427)
| let n(l) = I+ Dy(d ' —571)~"
= () (7.428)
= canatcpns (7.429)

Similarly for the other 3 renormalized locators, we get,

o = (d(l)d *()n(1)Dyd *()dr(1)) — (dr()d(D)n))(Dy — ) (' ()d ' (1)dr(l)). (7.430)
o, = (dr()d()n()).5 (7.431)
or = o(n'()d " ()dr(l))e (7.432)

Now we can substitute all 4 expressions back to calculate (D(l,l',w)).,
(DL, w)e = ooy +or (U1 or(l") (7.433)
= ooy + o ()e )DL I)e™ (1Nor(l') — or (1) (Dowor(l')  (7.434)
| let dp(D)d™ (1) = ar(l) =

| let 71 (1)dgr(l) = ag(l) =

= <aL(l)77(l)[7uaf%(l)>c5w — {ar()n(D)e(Dy — &) (0" (I')ar(l )> ow
+ar(On0)eD@TY T (ar(l))e — (arOn)ea (' (arl'))edy  (7.435)
| the 2 & terms cancel.

= {ar()n(l)Dyar())edur + (ar)n(1))eD(I,1)(1 = 1) (' (Nar(l')). (7.436)
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Since now they are single site averages, we can calculate them explicitly. Right now, we still need to
solve for 2 quantities, D and 1 before we can evaluate (D).
First we tackle D(1,1"). We recall the earlier equation

D,y = &oy +Z @' (1 —ly)D(lo, 1) (7.437)

We want to write it into another form that relates it to the host lattice Green’s function. In matrix
form,

D = 6+6+6%'D (7.438)
(7'-d"\D =1 (7.439)
D = (71—t (7.440)
Add and subtract M4w? and write out ® = ®44(1 — &)
D = (Maw?— M +o7 =441 —11 —6yp)) 7" (7.441)
| define DAL, 1) = Maw? — @441 = 1)
| define ¥ = Myw? — o4 — 671
~\ —1
- (DA(Z, )=t - z) (7.442)
| normal decompose with respect to the host lattice A
1
= =S e (1Pen ()T - 7.443
Nz,q; (g)eer (30) Maw? — Mau? (jG) — 5 (7443)
1 i)
= W > ealid)ear (1) T D (i, w) (7.444)
id

The Green’s function of the host lattice, D is assumed to be known. We can derive a self-consistent
equation for ¥ based on the knowledge of the host lattice. First we simplify by assuming a cubic
symmetry with which ®44(1,1) is proportional to the unit matrix. We also need the diagonal quantity,

= 1 . NN
Duate = 3¢ 3 alildea i) DGT ) (7.445)
1 S
= ¥ > D(jg.w) (7.446)
Jq
fw)
= —= 44
= (1.447)
Explicitly,
My 1
fo) = M4 L (7.448)
N % w? — w} (1) — X/Ma
)
| define é = 5
AW
_ Ma ! (7.449)

N 2w (1-8 - A0
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The normal mode component of the configuration averaged Green’s function is,

(D(jq,w))e ] ) ) (7.450)
= (ar(WnD)ar(1))eDy + (arOn(1))e(D(id,w) — Du)(n'()ar(l'))e (7.451)
| substitute Dy = f(w)/M4 and ar(l) = ;l =ag(l)
AN W) /1 - .
= (ns) G2+ (500) BUTe) - sy (50(t)) (7452

| take the single site averages

| use the relation to eliminate n4, (n)e = 1= cana +cpnp =1=cana =1 —cpnp

= ( ng + CiZB) J;\(ZR + (1 + B (;\ - 1>>2 <D(j§7 w) — j;\(;:)) (7.453)
= ( ) ( BUB+CB;\ZB_<1+CBUB <}\—1)>2>+D(j@w) <1+CB"78 <i—1>>2
_ J;\(Z) (cBnB G _ 1)2 — (cnp)? <i _ 1>2> + D(jqw) <1 + canB (i . 1>>2 (7.454)

= '};\(Z) (1 —cnB)cpnB (1\ - 1>2 + D(jq,w) (1 +cBnB (}\ - 1>>2 (7.455)
| 16; D =cpnp 1 2 1 ) 1
= [f @a-o2(5-1) + (1+2(5-1)) G- wi(jq-*)] (7450

So this final equation has 2 unknowns, € and D. We will determine these 2 unknowns by using
identities from 2 other Green’s functions, namely H and F”.

[Derivation of equations to solve ¢ and D] We start by deriving an exact relation from the
equation of motion of H and from the force constant sum-rule. Recall the equation of motion of H,

WHow (LI w) = —iwbaarbur + > Paay (1, 12) Hey o (I, 1, w) (7.457)

_r
l M (1)
2001

| sum over [ and use the sum-rule Z S0 (1,1') =0
l

WY Hao(ILl,w) = —iwdau (7.458)
l

| take configuration average

<Z Haa’(la ll? w)> = _ééaa’ (7459)
l

| realise that this is ¢ = 0 Fourier component.
_ . i
<Haa/ (7= O,W)>C = —;5%/ (7.460)
Now we repeat the calculation that was done for the displacement-displacement Green’s function in
order to obtain an explicit expression for the left hand side of the above equation. We start by writing
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the equation of motion into the locator form.

WH o (1,1, w)

1 1 _
= —iwlau O + Pagr (1, 1)~ Hoor (1,1, w NOAA (1 — 1y)———— N, Ho, o (I, 1!
w 1 + (7 )M(l) l Z l aal 2)M(l2) l2 1 (27 760)
2(F) e
(7.461)
writing as matrices of Cartesian indices,
SN 7/ : AA A,
. H(l,1 = —iwldy + A O (1 —1 2 _H(lp, I 7.462
<(/J M(l) ) ( ) 7("‘)) wolloyr + llz ( Z)M(lg) (27 7("‘)) ( )
2(#0)
again, multiply by M (I) and divide by M (1)w?I — &y,
_ —twM(1) M\ AA Al
H(,l' ,w) = o O -1 lo, U, 7.463
(4 0w) M2 =3 T MO — 30, 1) 2 (I=t)y; (52) Hl, lw) - (7:463)

l2(#1)

From this expression, it is now clear that the details of the subsequent derivation is the same, the
only difference lies in the definition of the locators d, dr,, dgr and d which we can now define for H from
the above equation,

d(l) = —iwM1)(M()wW?I - &)1 (7.464)
dr(l) = MONM(0)wWT - dy)~? (7.465)
dr(l) = —iw\(M(D)w?I — &)1 (7.466)
) = N (M)W —dy)~" (7.467)
and subsequently,
ar() = di)d() = MA(ZZ) (7.468)
ar() = d- 0)dr(l) :_i:; (7.469)
Thus we can directly calculate the normal mode component of (H).,
(H(jq,w))e
= (o @nDar®)E e + s no)e <D<jq1 W) - J};"/j) ()l (7.470)
(H(GEw)e
_ MO\ flw) /M) - f@iy/1
= (55) B () (Bue - 52 (5on) (r.am)

take the single site averages and use cana = 1 — cgnp to eliminate 74

Mp 1
= <1 —cpnB + cpNB MB )\2) f(w)

+ ((1 — CBUB)MA + CBUB]\iB> <D(](f, w) — J;\(;)A)> <1 —cpNB + icB)\B> (7.472)
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Mp 1 1 Mp1
= f(w) <1 — CBNB +037]373ﬁ -1- (/\ - 1) CBNB — <j — 1) CBNB

My My A
(334) () o)
+D(j,w)Ma <1 + (%ji - 1) cBnB) <1 + <i - 1) cBnB) (7.473)
- (35 () (33 - )
+D(jq, w)My <1 + <%§i - 1) cBnB> <1 + (i - 1) cB773> (7.474)
= 7@ (325 -1) (5 - 1) cmnatr - comm)
+D(jq,w)My <1 + Gﬁi - 1) cBnB> <1 + <i - 1) 03773> (7.475)

| recall the expression for D(jq,w)

= f(w) ((Aj\ﬁi - 1) <)1\ - 1> cpnp(l — CBUB))

(o (a =) eom) (14 (G1) o) o= =0 (A7)

We can now relate this expression to our exact relation for H obtained earlier. Take ¢ = 0 and since
we only have acoustic modes (in our cubic example), we have w?(j¢ = 0) = 0.

w
= fw) (Aj\?ji - 1> <i - 1) cgns(l — cBnB)
+ (1 + <]\]\2[j/1\ — 1) cBnB> (1 + (/1\ — 1) cBnB> w2(11—€) (7.477)
Use the exact relation (H(j¢ = 0,w)) = —% and define these notation, D = cpnp, € = 1 — %—i,
ﬁz%—i%—lz%—landéz%—l. We get,
1 = Béw?f(w)D(1 — D) + (1 + BD)(1 + 5D)i (7.478)

Now we repeat the whole procedure for F’. First, based on the derivation of an exact relation for
H, we write down an exact relation for F’,

(Foo (7= 0,0)) = (M(1))0aar = (caMa + cpMp)dan (7.479)

Then we write the equation of motion of F’ into the locator form in order to derive an equation for the
left hand side.

WAL (1T, w)
= M(l)w25ao¢’6ll’ + Z (I>aa1 (l7 l2)

[PYe%1

;F’

(1o, U 4
M(ZQ) ala(27 ’w) (7 80)
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= (l)w Sae O11/ +(I)aa1(l Z)WFAQO& l,l/, Z )‘lq)aal l—lg) (l )Alz o (l27l’7w)
l2 (Ao

(7.481)

Writing as matrices of Cartesian indices,

la(#0)

multiply by M(l) and divide by M (I)w?I — @y,

M(1)%w? A
"1, w) = o (] — 1p) -2
@) = T = o 310 21[— o(1,1) E M{(l3)

Fl(ly, 0 w)  (7.483)

We again define the locators,

dil) = MO)* (M)’ — @)t (7.484)
dp(l) = W*NMO)(M(1)wT — &)t (7.485)
dr(l) = NMO)(M()w?— &)t (7.486)
dl) = N (M)W — dy)~" (7.487)
and also define

ar(l) = dL(l)d_l(l):w2]/\\4(l) (7.488)

l
ar(l) = d ' ()dg(l) MA(Z) (7.489)

l

Now we can calculate the normal mode component of the configuration averaged Green’s function
directly.

(F'(§q,w))e

— (@ @n0ar) A + a0 (D67 - 1) i )an). (7.490)
w2 2 w w2 ~ w !
- () B (5 (B - 82 (un 5 (7.401)

| again, use cana = 1 — cpnp to eliminate 74
1
F/ . -
(P ))e

— (Mi(l —cpip) + B~y > j;\(/_,) <MA(1 —cpip) + cBnBj\f\B)Q <D<jqj @)= J;&‘j)

= flw)Ma (1 —cpNB t+cBNB—5 M2 )\2 — (1 + (]\/[A)\ — 1) CBUB) )

1 2
+M3 <1 + (MAA - 1) cBnB> D(jq,w) (7.492)
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2
= f(w)Ma (CBUB (J\J\;[[ji - 1) <%]j/1\ +1- 2) — <J\A§j/l\ — 1> (CBUB)>

2 Mp 1 ? .
+Mi\1+(——~5—1)canp| D(qw) (7.493)
A
| use the explicit expression for D( Jq,w)

2
= My (MBl - 1) cpnB(1 — cpnp) f(w)

Mg A
Mp 1 2 1
Myl ———1 7.494
(14 (325 1) o) g g (7494
We use the earlier relation (F'(j@ = 0,w)). = caMy + cgMp and agaln for acoustic modes i(jq’ =
0) = 0. We also use the earlier defined notations, cgnp =D, e =1— T2 and b= %—ﬁ% —-1= ;E -1
caMa +cgMp 2 2 1
= D(1-D 1 D) —— 7.495
aty FH@P(L=D) + (1 + D) 3 — (7.495)
| useca+cp=1
1
1—cpe = BAAf(w)DA-D)+ (1+ 6D)21—~ (7.496)
—¢€

With these 2 equations from H and F’ we can now evaluate D and €. We rewrite the equation from
F’ as % <1 —cpe— (14 BD)2ﬁ> = Bw? f(w)D(1 — D) and substitute into the equation from H, then
make D the subject.

J

1
1 = 3 <1—cBe—(1+ﬁD)21 ~> +(1+6D)(1+6D)1 — (7.497)
— —¢€
B _ 1 (B
5 = 1—CB€+(1+ﬁ’D)1_€ g(1+5D)—(1+BD) (7.498)
1L (B
= 1—cpe+(1+5D) - < — 1> (7.499)
1—€\J
D = (6—14—036) 1-¢ 4 (7.500)
) 1
_ cpe . CpeE
= ﬁ_1—6<1+5_1> (7.501)
) )
| note that < = ¢ =—(1-XN)=-A
T (FDeG-D-
ﬂ’D = —ACB - g(l - ACB) (7502)
We substitute this equation into the equation from F’ and get an equation only for €.
A € A
1—cge = B22f(w) <—BCB - %(1 - cBA)) <1 ﬂCB + ﬁ(l - CBA)>
1
+(1 — cgA — &(1 — cgA))? T (7.503)
— €
62

‘ multlply on both SideS, m
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B*(l—cge) _ o o _%035 - (1+%63>ﬁ .
= Ben)? MfW(l_AcB‘E BErT A

B%(1 — Acg — &(1 — Acp))?

- 0 A9 (7.504)
€ = 1- ul__;f;Q - <€+ 1_AZBCB) <€+ fjizi) w? f(w) (7.506)
| note that 1 — (11—_ACCBB€)2 _ 1- QACIEI—I__AAZ;%); 14 cpe

‘ . CB(G— A) _ ACB
- (1 - ACB)2 1-— ACB

-~ CB(G—A) _ CBA = CBA ~ ,8+CBA 2
€ = (0—Acp? 1= Ach 6+71—CBA 6+71—CBA w?f(w) (7.507)

Caveat observed by Moller and Kaplan It was noticed by Kaplan & Mostoller in [Mostoller1979]
that a particular solution in Gruewald’s theory is similar to VCA which implies that the theory is
probably lacking in important mass and force constant defect physics for that solution.

Recall the equation for €,

oo ooplem D) epd (o epd ) (o Brepd)
€ = (1—cpA)?  1- Acg 6+1—CBA €+1—cBA w’ f(w) (7.508)

and consider this particular solution e = A, MB = X which implies g = M—B% —1 = 0. Then the equation
for € becomes

-~ BA cgA ? 2
€ = —7 —AcB — < +1 —CBA> w”f(w) (7.509)
_ cA . cgA 9
= .51
0 <e 1ACB) ( < 1CBA>w f(w)> (7.510)
which is a quadratic equation whose 2 roots are
- cgA - 1 cg/A
- _ - — - 511
‘ 1—cgA € Ww2f(w) 1-cgA (7.511)

To choose the proper root, we recall the equation for D

D = —Acp—€é(l—cpA) (7.512)
and its LHS = 0 due to 8 = 0. Only the first root, € = — 3= c A gives RHS = 0. Thus € = 1C€BAA is

the proper root however it is independent of w! If we substltute this root into the frequency spectrum
formula,

My 1
flw) = -7 . P1=8 -2 (d) (7.513)

Thus this (independent of w) € results in f(w) having the same form as the harmonic one. So € is
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essentially causing a “mean-field” kind of shift in frequency. In this context, this solution is similar to
VCA (in other contexts, it is similar to the "Hartree” approximation).

[Receipe for calculation] As we can see, this theory is quite complicated so instead of boxing up
final equations, we provide a receipe here.

1. Recall that the model is a cubic model. Specify ca, cg, Ma, Mp and A, then we get e =1 — %—f,
A=1-—Xand g = %—g% — 1. Solve for € from the 2 self consistent equations:

- CBA CB(A — 6) - CBA ~ 5 + CBA 2
0 = 6+1—CBA+(1—CBA>2+<E 1—CBA> <€+1—CBA>Wf(w)
_ M4 1
fw) = szza 8 —w2(j9)

J4q

2. Use € and solve D by using,

BD = —Acp — é(1 — cpA)

3. Solve for f(w) first then use € and D to solve for (D(jq,w)) by using,

(DGTw)e = 5 [f(w)(l -2 (5 - 1)2 +(1+2(5 - 1>> (e

4. Reconstruct the (real-space) configuration averaged (D). from

1 . . . ig (=1
(Doa (L1, w))e = 7 3 €aliDear (DG, w)e ™)
79

7.7.1 Appendix: Generic 2-Particle theory: Vertex corrections and the configura-
tion averaged transmission function

Note that for transport, we really need the configuration average of 2-particle quantities. All these
generalized theories are only 1-particle configuration averaged quantities. It is an open problem to
construct consistent 2-particle theories just like in CPA. This development will be future work. Here we
only describe a generic (and strandard) way of handling the 2-particle configuration average. We will use
the configuration average of the transmission function as our example of a 2-particle quantity. A simple
ladder resummation is employed in the context of Gruewald theory. (Again, superscript (R) and (L)
denote right and left respectively and superscript R and A denote retarded and advanced respectively.)

(T)e = Te(DFTHRDATH) (7.514)
= T (DF) T (D) r(®)]
™ Z |:<DA>l7l8 (F(L))lsll <DR>1112:| Alzl7lslﬁ {<DR>l3l4 (F(R))l4l5 <DA>l5l6} (7515)

all indices

= Tr [(DR> T(R) (DAY r<L>]

+ D [<DA> T <DR>L712 Apyizigls [<DR> SN <DA>} (7.516)

I3l
all indices 36
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The vertex function A will be made up of the ladder summation. The remaining of the section is thus
to get an explicit expression for A. The equation can be denoted by diagrams as,

l4 l, l4 l, l3 ly

«GRy «GRy GRy
I = F+ |0 A I
GM GM GH
ly 13 lg l7 ls |5

Figure 7.19: Diagrammatics of vertex corrections.

Al2l713l6 = L12l75lzl36l7l6 + ngl7 Z <DR>1218 <DA>l9l7 Al8l9l316 (7517)
lgly
= Ll2l75l2l35l7l6 + Ll2l7 Z (<DR> & <DA>)lzl7l8lg Alslglglﬁ (7518)
Islo
Liyie Oty 0t = Aiytatgls — Lot Y (D) @ (D)) 100 Mistosts (7.519)
sl
ngl7512135l7l6 = Z <6l8l26l9l7 — L1217 (<DR> X <DA>)121718l9> Alslgl3l6 (7.520)
lgly
| divide by L;,;, which is diagonal
Oyl Otrlg = Z ((L_l)l2l75l8l25l9l7 - (<DR> ® <DA>)12171819) Aiglolsts (7.521)
sl

| this is familar when compared with

’ Z (M(l)w%awélb - (I)lalz'y) Glzfyl’ﬁ = 5&65”’ =G= (M QI — ‘I)>_1

lay
| similarly we get,
A = (I'el- (DRYe (DY) (7.522)

Since we have 3 distinct types of renormalized locators o, o7, r and & then we can simply define L
to be their sum (note that the locators are diagonal in site indices).

List; = 0i17 + (0L/R)iaty + Olaly (7.523)
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GRy GRy GRy
=|L + L L L
A +L GA L «GH «GH +
l, i |, L, l, lg ls

I
=
+
=
=
+

=
=

+

A

:

17 17 17 17

1
=
+
=

|—
I
+
o)

=

2y

Figure 7.20: Diagrammatics of ladder summation.

7.8 Mass & Force constant Disorder : Mookerjee Theory

7.8.1 Preliminary: Augmented Space Formalism for Configuration Averaging

The main reference is [Alam2004]. As usual, we define a binary alloy with host atoms A and defect
atoms B with occupation probability c4 and cp respectively. Of course cq 4+ c¢p = 1. Here we only aim
to provide a simple justification for the augmented space theorem and therafter use it as a set of rules.
For the rigorous mathematical formulation, see [Mookerjee1973a] and [Mookerjee1973b].

The idea is simple to state: A “configuration” vector space is defined and it is augmented to quantities
which contain randomness (eg mass matrix and spring constant matrix). Then the configuration average
of that quantity is a certain ground state expectation value.

We define 2 (configuration) states

[Ae s [B)e (7.524)

and assume that they are orthonormal. We also define occupation operators 74 and #%p which act on
the states as follows,

nalA)e = |4 eigenvalue 1

o
Il

) (7.525)
) eigenvalue 0 ( )
NalB)e = 0 eigenvalue 0 (7.527)
NB|B)e = |B)c eigenvalue 1 ( )
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An operator representation is
na=[A)ec(Al 7B =|B)ec(B] (7.529)
Now consider a rotated basis in configuration vector space,
0)c = ealA)e +/ep|B)e (7.530)
e = eplA)e —VealB)e (7.531)

In the literature, |0). is called the average state and |1). is called the fluctuation state. Invert and write
(using cq4 +cp = 1)

|[A)e = Veal0)e +vep[l)e (7.532)
|B)e = cBl0)e — call)e (7.533)
Then rewrite the operators 4 and 7p,
fla = |A)ec(A] = 10)ccac(0] + veacs (10)ec(1] 4+ [1)ec(0]) + 1) e (1] (7.534)
|0)c [Le
_ C<0‘ CA \/CACB
= a <\/CATB o ) (7.535)
M = [B)ec(B| = [0)cce(0] = v/cacs (|0)ce(1] + [L)ee(O0]) + [1)ccac(l| (7.536)
0)e [1)e
_ (0] ¢ —vcacs
= ( cE;cB . B> (7.537)

Now consider a quantity which is random and it is written in the occupation number form:

[ = fana+ fens (7.538)

We augment it with the configuration space by “quantizing” the occupation numbers into occupation
operators.

fAYS = fana+ fis (7.539)

Consider the expectation value,
AO1FAC10)e = fac(0l7al0)c + fE(0l7B[0)c (7.540)
= faca+ fBcp (7.541)

Hence the (ground state) expectation value of the augmented quantity fAUG gives the correct configu-

ration average of f. This is a special (and simple) example of a diagonal quantity. Again we refer to
the rigorous proof in [Mookerjee1973a] and [Mookerjeel973b] for calculating configuration averages of
off-diagonal random quantities.

Summary of augmented space formalism (ASF):
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1. Augment by “quantizing” the random quantities with the operators (in the |0). and |1). basis)

2. We have to augment every site. So we write
0)e s [De—100)c, [11)e (7.543)
to denote basis for site (.
3. The configuration average is calculated by
(Dyrhe = ¢(01 ... On|DRYE[01 ... ON)e (7.544)

7.8.2 Mookerjee’s Augmented Space Recursion (ASR) Method
7.8.2.1 Augmenting the Mass Matrix and the Force Constant Matrix

The main reference is [Alam2004]. For a monograph style, see [Yussouff1987]. We first need to augment
the random harmonic Hamiltonian. We shall develop the general theory by considering the special case
of N = 3 sites.

There are 8 basis states for the configuration vector space.

|010203)c , [010213)c, [011203)c, [011213)c, [110203)c, [110213)c, [111203)c, [11l213).

First we augment the mass matrix

My 0 0 (Mi1)8xs O8x8 O8x8
M = 0 M22 0 — MAUG = 08><8 (Mgg)gxg ngg (7.545)
0 0 Ms3 Ogx8 Osx8 (M33)8x8
My = Mama+ Mpmp — (Mi1)sxs = Matha+ Mpiip (7.546)
May = Manaa + Mpnap — (Ma2)sxs = Matjaa + Mpiap (7.547)
Mss = Mansa + Mpnzp — (M33)sxs = Mafjsa + Mpnsp (7.548)
-« _ CA v/ CACB (2 (3)
ma = < JeACE  cB > @ Iyyo ® Iyxo (7.549)
(1)
. . CB —+/CACB 2 3)
mp = ( — JeACE e > @ Iy%0 @155 (7.550)
(2)
2 _ 1@ CA V/CACB (3)

- _ 1@ CB —+/CACB (3)
mB = H2><2®< _m cA ) ®]12><2 (7'552)

(3)
~ (1) (2) CA VCACB

= I T ® 7.553
n3A 2%2 2%2 < /EicE cB > ( )
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(3)
. B (1) (2) CB *\/m
m = L@, ® < —\/cacp CA )

We shall write the augmented matrices in terms of projection operators instead of writing large matrices.
Example,

(7.554)

ma = [|01)ccac(01] ++vecacs (|01)ee(li] 4 [11)ec(01]) + [11)ccBe(11]] @ Laxa (7.555)
ﬁlB = [|01>cch<01| — \/CACB (‘01>cc<11| + |11>cc<01|) + |11>cCAc<11H ® g4 (7556)

(Mi1)sxs = [|01)c(Maca+ Mpcg)e(01] + (Ma — Mp)y/cacB (|01)ce(L1] 4 |11)cc(01])

+11)e(Macp + Mpca)e(11]] @ Lyxa (7.557)
| use the notations M = Maca + Mpcg and Macp + Mpca = M + (cg — ca)(Ma — Mp)
= [100)eMc(01] + (Ma — Mp)v/cacs (|01)ccl] + [11)ec(01])

H10)e M o(11] + [11)e(cp — ca)(Ma — Mp)e(11]] ® Lixa (7.558)
= M[[01)ec(01] 4 [11)ce(11]] @ Luxa

+(Ma — Mp) [(cB — ca)[11)ec(l1] ® Luxa + v/eacp ([01)ce(l1] + [11)ec(01]) @ Laxa] (7.559)
= Mlgys + (Ma — Mp) [(cB — ca)|11)ec(l1] + veacs (|01)ce(L1] + [11)ce(01])] ® Lixa (7.560)

In very similar ways, (Ma2)sxs and (Ms3)sxs are written explicitly as,

(Ma2g)sxs = Mlgys +Ioxo ® (Mg — Mp) |[(c — ca)|l2)ee{la] + v/eacs (|02)ee(la] + [12)ee(02])] @ Toxo
(Ms3)sxs = Mlgysg+ lixa ® (Ma — Mg) [(cB — ca)|ls)ee(ls] + v/cacs (|03)ee (1] + [13)cc(0s])]

Recall that the whole augmented mass matrix looks like this

3
MAYE = N (I @ (My)sxs (7.561)
=1

Finally we can write down the general N-site augmented mass matrix
N
MAUG Z (1] @ (My)on yon (7.562)

=1
= M]INXN ® Iy o on

N
1 -1
+(Ma—Mp) Y oL, @ oL,

=1
@ [(cs — ca) e (L] + veacs (100)ee(lal + [1)ec(0i])] @ I8, © - @ 1Y) (7.563)
= M]INxN®]I2N><2N "‘M/ (7564)

The definition in the last line is only for a footnote later.
Now we proceed to augment the force constant matrix. Again we take the simple N = 3 case first.

$11 P12 O
o = | @y Doy Do (7.565)
0 @3 33
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The occupation numbers are associated as follows,
Oy = Bptmanva+ 4P manvs + F mpnra + P s s
We augment it @50 — (Pyyr)sxs

R (P11)sxs  (P12)sxs  Osxs
PAVG = (P21)sxs  (P22)sxs  (P23)sxs
Ogx8 (P32)sxg  (P33)8x8

We define some notation to shorten expressions later

3 — AA 2 AB BA BB 2
@ll/ = q)ll/ Ch + (pll/ cACB + ®ll’ CBCA + q)ll/ Cp
1
(bl(l’) = Oifcy — DBea+ 0B ey — dEPep
(2 _ HAA BB AB BA
(Pll’ = (I)ll’ + @ll/ — @ll/ — @ll/

We write the augmented @,

(P1o)sxs = P 1aTa + 1P At + OB 01 B70A + OEPHpios
_ (I)AA< ca  \Jcacp ) ® ( ca  +J/cacB > 9 oo
12 A/CACB CB A/CACB CB x
AB ca  +J/cacs cB —/CACB
PBA cB —/CACB ca  +J/CAcp I
1 (—\/m ca )0\ veaes e )T
BB CB —+/CACB CB —+4/CACB
o < —Veats  ca > N ( —Veacs  ca > @l

<I>‘142A0124 + @f‘ZBCAcB + (I)IBQACACB + @{323023
(75" — dP)ea/eacs + cpy/eacp(Py' — OFF)
(<I>‘142Ac,4 + @’f‘QBcB — q)ﬁAcA — ®BBcp) /eacn
cacp(@fy — @ — ofHt + o11F)

(@4 — 0P )eay/ercs + cnyaer(f! - OBF)
@fQAcAcB + (IYI%BC% + <I>1B2ACQB + @%BCACB
cacp(®fy! — @1 — o3 + @f)
W/CACB((I){‘ZACB + (1)1142BCA — @%ACB — @%BCA)

(P5'ca + @i cp — @fites — @ficp)/eacs
cacp(®iy — 1 — ofH + o71F)
(IDfQAcAcB + @fQBCQB + (13%46124 + @ﬁBcAcB
Veacs (P15 cp — @1 cp + iy ca — 9150 ca)
cacg(®iy — @7 — o5 + o)
,/CACB(@IFQACB + ‘I)fQBCA — q)lBZACB — (I)leBcA)
Veacs(®ep — ®Bcp + dBAcy — ®BBcy)
@fQAC% + @fQBcAcB + @ﬁAcAcB + @ﬁBci

| use the notations defined above

360

(7.566)

(7.567)

(7.568)
(7.569)
(7.570)

(7.571)

(7.572)

(7.573)
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X D1y ) <I>§12)1 caCB @512)2 CACHB
_ (I>§2)‘/CACB Py + <I>§2)(c3 —c4) @gQ)CAcB
a <I>g12)1/cAcB @522)01463 D0+ @512)(63 —ca)
(I)%)CACB J/cacp <<I>(122)(CB —ca)+ (IJ%)) J/cacp (<I>(122)(CB —ca)+ @g?)
(1)522)01463

\/CACH <I>§22)(CB —ca)+ (ID%)
\/CACH <I>§22)(CB —ca)+ 4)512)
Brz + By (cp — ca) + ) (cp — ca)?

® Iaxe2 (7.574)

We digress to show how the above matrix elements are obtained.

Element row 2 column 2

= ®Meacp + OB + oBAL + oBBeyep (7.575)
= &9+ @fQAcAcB + <I>‘142Bc§1 + <I>BA 23 + @12 CACB

( )
= <I>12+<I>12 (cAcB —cA) +<D‘1423(0124 —QCACB-FCZB) +¢ﬁB(CAcB —CZB) ( )
= P9+ [@AACA + @fQB(cB —ca) — <I>1BZBCB] (cg —ca) (7.578)
= (I>12+<I>( )(CB —ca) ( )

To rewrite the even more complicated matrix elemenbts, we invert the linear equations,

o 0124 2cacR 62B pAA
o) = CA Cp—ca —CB pAB (7.580)
P2 1 -2 1 oBB
pAA ) 1 2cp c% P
= | o4F = ————— | 1 cg—ca —cacp o)
(I)BB (CA + CB) 1 —2c4 0124 (I)(Q)
o 203@(1) cchI)(Q)
= ® (cgp—ca)®V —cyecpd® (7.581)
o —2cA<I>(1) c?4<1>(2)

Of course, we use c4 + c¢g = 1 throughout. And now we rewrite the other matrix elements.

Element row 3 column 4
== \/CACB (@12 CB +(D12 CA @12 CB @12 CA) (7582)
= \J/cacp (@1263 + 203<I>(112) + cB(I>§2) + (ca — cB)P12 — (cp — cA)QCI)%)

—cacp(eq — CB)(I)%) — AP0 + 20?4@512) — ci@&?) (7.583)
— Jcacn ((CA + )20 + 0P (ch + cp)2(cs — cA)) (7.584)

| usecq+cp=1

= veacs (9 + (cp — ca)@}) (7.585)
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Element row 4 column 4

= A + 0 Pccp + PBAc s + PBBA (7.586)
= @12023 + 2033(1)512) + cjlg@%) +2cacpPio + 2cacp(cp — CA)<I>§12)
2430\ 4+ &19c% — 240\ + o) (7.587)
= D1y + 20 (cp — ca)(ca+cp)? + 8 (cp — ca)2(ca + cp)? (7.588)
use cq +cp =
| 1
= D13+ 20Y (cp—ca) + 22 (cp —ca)? (7.589)

Just like for the mass matrix, we want to write it in terms of projectors so that we can generalize it
to the NV site case.
We first work out the arrangement of the basis for reference. We denote |0). — | 1) and |1). — | ).

< 01)ec (01| [11)ec(01] )®< 02)cc(02]  [12)cc(02] >®I[(3)

|01>cc<11| |11>cc<11’ |02>cc<12| |12>cc<12‘ 2x2
Py Py > < Py, Py, > (3)
= (%9 ®I 7.590
( PTLLI Pil PT2$2 PiQ 22 ( )

P, ® Py, Py, @ Py, Pt @ Py, Pligy @ Py,
Py, ® Py, Py ® P, Pyt ® Py, Pt ® P,
Pr, @ Py, Py, ® Py, P, ® Py, Py, @ Py,
Py, ® Pryy,  Pryy, ® P Py, ® Py, P, ® Py,

1), (7.591)

We continue rewriting (®12)sxs in terms of these projectors. Grouping similar terms,

(P12)sxs = [(i)m (P, ® Py, + P, QP,+P,®P, +P,®P,)
+45)\/eacs (Pr, ® Ploy, + Pl @ Pry + P, @ Pryp, + Pryy, ® Py, + Py, ® P,
+P, ® Py, + P, © P, + P, ® Py,,)
+3W(cp —ca) (Py, @ P, + P, @ Py, + 2P|, ® P,,)
+0) cac (P, ® Plyp, + Plit, ® Prypy + Pryyy ® Plpy + Py, ® Pryy)
+@(3 (c5 — ca)veacs (P, ® Py + Py, ® Plyp, + Pryy, @ Py + P @ Pry,)
+0{3 (en — ca)? (P, @ P,)| @15, (7.592)
| denote T4, 1, = Pp,yy + Plots
= P19y ® Iowy + B /eacs (Pr, ® Thypy + Thyy, ® Py + Ty, ® Py + P, @ Tyy,) © Toso
+0{5 (e — ca) (P, @ P, + P, ® Py, + 2P, ® P),) ® Iy
+0Dccn (P, ® Tryry + Py, ® Thyly) ® Toxo
+03) (cp — ca)v/eacs (P, ® Tryp, + Trypy @ Ply) © Iaga
+03) (e — ca)? (P, @ Py,) @ Lo (7.593)

| further note that Py, + P, = 115222

= Bpollsus + Ly eacs [Hélx)z Q@ Thyyy + T4y ® ]Ié2><)2:| ® I3,
1 2 1 3
+0{ (5 — ca) [Pl @10, + 1), @ P @ 1),

2 3
+ ) cacy [Ty, © Tryp] @ 15,
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+0\) (cp — ca)veacs [Py © Ty, + Ty, ® Pyl @15,
+0{) (cp — ca)? (P, ® P,) @ I3, (7.594)

Other off-diagonal force constant terms are augmented similarly.!® The diagonal force constant terms
are obtained by using the sum-rule

oyp=- Y Py (7.595)
V(D)

where the sum is over the nearest neighbors. The sum-rule is thus built into the theory.
The general form of the off-diagonal terms are,

1 1 ! ! N
+0{ (e — ey ® - & (P8 L + Ky ® P, ) @ 0 IS
1 1 l v N
+(I)l(l’)mﬂg><)2 Q- ® (HgiZ ® TTllil' + Ty, @ ng)2> Q- ]ng)Q
2 N
+(I)l(l’)(CB )2]I(><)2® (Ple ®P~Lz’) Q- ®Hg><%
2 N
+0fi) (cp — ca)veacnlyly © - © (Pu ® Ty + Ty ® Pr) @ - ®I0)
2 1 N
+‘I)Z(V)CACBH§X)2 @@ (T, @ Thyyy) © L)) (7.596)
| use a condensed notation
= (i)ll’]IQN x 2N + \Ijll’(l/;él) (7597)
Using the sum-rule, the (augmented) diagonal term is taken to be as
opUe = = > e, (7.598)
V(1)
- - Z (I)ll/]IQN 9N — Z \I/”/ l’;él) (7599)
(£l V(1)

Now that the relevant operators are augmented, the next step will be to calculate the configuration
averaged Green’s function. Recall, under the augmented space formalism, the configuration averaged
Green’s function is

(Dyhe = &(01...05|DRYE[01 ... 0N)e (7.600)
= (01...0y] (MAVSW? — ®AVG) M0, 0p), (7.601)
Of course, (Dy). cannot be calculated exactly even in this formalism. We will work towards a recursion

method and solve (Dy). recursively. 1
We need a bit more arrangement before we can apply Haydock’s recursion method. We need to “get

10T did not check these terms. The pattern of the terms should be convincing. I will be quoting the results off Mookerjee’s
paper.

Hperturbation theory could be possible at this stage as well. Here we propose a possible starting point. First we write
the full augmented force constant matrix explicitly.

oprC V% + ﬁﬂf&n (7.602)

= = Tulnyon — > Vs + Bulon won + Vi (7.603)
g g
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rid” of the mass matrix.

(Dide = (01...05] (MAUSW? — AU Yoy 0y). (7.609)

since MAVS is diagonal, M AUG-3 s well defined

= (01 ONIMAYEE (WP @ Ty o — MAUG—%<1>AUGMAUG—%>71 MAVE=3 0, 0y)e
(7.610)

Just to be explicit, the expression of M AUG-3 5 shown here.

_1 -1
MAUG—§ <AJA20A—%AIBQCB>HNXAT@”bNX2N

1 _1 _
+ (MA2 ) Z UL, ® - @1y,
@ [(cs — ea)ee(lil + veacs (100 ee(li] + L) ec(0])] @ 1855 @ -+~ © TN (7.611)

We need to know the action of MAUS~2 on |01 ...0n)c so that the mass matrix can be “removed”. We
start with the special case,

AUG-1
My ?101...0n)c

_1 _1 _1 _1
= [(MA2CA+MBQCB) + (MA2 —MBQ> (CB _CA)|11>cc<11‘

_1 _1
++/cacp < 2 - M 2> (’01>CC<11‘ + ‘11>CC<01|)] ’01 .. -ON>c (7.612)
| only the first and third terms are nonzero
_1 _1 _1 _1
= <MA20A—|—MBQCB> |01...0N)c +v/cacB <MA2 2> 1102 ...0n)¢ (7.613)
= ‘i)”/]IQNXQN — Z (T:‘”/HQNXQN + \Ijll’(l/yél) — Z \Ijll’(l’;tl) (7604)
V() V()
|  the first 2 terms are diagonal in configuration space
= (Be+ Ve — Y Vs (7.605)
V(D
Then we can write,
AUG AUG 2 auvg) !
Diy = (M*77w" - @ (7.606)
-1
= ((M + M/) w? — (@)e — (\I’zz/(l';ﬁl) - Z ‘Ifzz/(z/;ﬂ))) (7.607)
V()

| define DV = Mw? — (®).

‘ define —le2 + \I/ll’(l’yﬁl) — Z \Ijll’(l/;él) =D
V(D)
-1

_ (DVCA-l_xD) (7.608)

DVCA

So we can choose as the unperturbed Green’s function and D is the “self energy”.
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Therefore we can deduce the general result

_1
MAYC=3|0, .. On)e = (MA20A+M )|01

_1 _1
++/cAcB <MA2 —MBZ> Z|01...1l
l

= |1)

where |1) denotes an unnormalized ket. We will use its normalized version |1) =
to the configuration averaged Green’s function,

(Du)e

365

On)e (7.614)

(7.615)

1)/+/(1]1). 12 Back

C<01“.ON|MAUG—% (WQHmeNzN _MAUG—%(I)AUGMAUG—%)_ NAUG—3 2001 ... 0618)

—1
(b - M)

_1 _1\1
(V) (@2 Lygv oy — MAVE3@AVE AVG=3) /(T )

2 MAUG=S L AUG-S -1
<1’<(”1)HN2NXAQ Jam —? x/(Hl)> 1)

2 AUG-1 AUG-1
/ w M M 2
denote w2 = <I>AUG = peff

() \/ (1]1) V(1)

<1’OUQHN2NxN2N'—'@eH) 1)

(7.619)

(7.620)

(7.621)

(7.622)

To put this expression into a continued fraction form, we need to define a basis. Consider this non-
orthogonal set (|¢,,) kets are unnormalized),

{11, 1), go). ... |

(7.623)

We carry out Gram-Schmidt orthogonalization for this set (without normalizing it). First is ®°ff|1),

[@2) = @[1) — [1)(1[@]1)
| denote a; = (1]®°|1)
= 1) ~ [Lay

12The magnitude is

_1 _1 _1
= [(MAQCA-FMB?CB) c<01---0N|+\/CACB (MA2 —M32>Zc<01...

N

_1 _1 _1 _
X [(MA2CA+M3203> |01-.-0N>c+x/CACB (MA2 — My

use the orthogonality of the states

1 _1 2 1 1\ 2
(MA2CA+MBQCB) + N <\/cAcB (MA2 fMB2))

(7.624)

(7.625)

1y, ...ON|]

) > 101.. .1, ...oN>C] (7.616)

(7.617)
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Next is ®°F|¢y),

[03) = @|ga) — [1)(1[0%|¢o) — [d2) (¢2] D |b2) (7.626)
(42|
h —_\¥2
| where (el (P2]d2)
| denote b2 = (1|0°T|¢y)
eff
—0¥gy) — 1952 — ) (22T 102) 7.627
|¢2) ’1> 2 ’¢2) (¢2|¢2> ( )
eff
| denote ag = (¢(29|£|¢§2)
= ®¢2) — |92)az — [1)b) (7.628)
Next is ®°f|¢3)
[64) = ®M|g3) — [1)(1|@[d3) — [¢2) (62| @ |d3) — |¢3) (03| | 53) (7.629)
| recall (1|®°F = (49| + a1 (1] and both are orthogonal to |@3)
eff eff
I TN o1 2 Y PN | o ) 7 630
9) =100 0 19 (gulgw) (7:030)
5 _ (fa| ] 03) _ (9319 ¢3)
| define by = (f2]¢2) and a3 = (¢3]¢3)
= ©%|¢3) — |¢3)as — [¢2)b3 (7.631)
In general,
‘¢n+1) = (I)eﬁ|¢n) - |¢v)an - ’anfl)by% (7.632)
_ (¢n]®|¢n) 2 (6n—1|2°"|¢n) .
fn = (¢n|¢n) ’ " (¢n71|¢n71) ( ‘633)
Thus in this basis, ®°f is a tridiagonal matrix.
1) g2) [¢3) [da)
1 (a1 b3
(o] | 1 a2 b3
oot = (3 1 a3 b (7.634)
ton 1 ay b
w?—ay —b;
-1 w'? —ay —b3
W2 — el -1 Ww?—a3 b2 (7.635)

’
-1 w?—ay —b?

Denote the determinant of the whole matrix be D, and the determinant without the first row and first
column be D7 and the determinant without the first 2 rows and first 2 columns be Dy and so on. Then
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we have a simple form for the configuration averaged Green’s function.

/ -1 Dl 1
D)o = (1] (21— ) 1) = L= —— 7.636
(Du)e = (1] (w )= 5 = Bop; (7.630)
It seems like we are left with evaluating Dy and D;. Use Laplace expansion for Dy,
1 b3 0
Do = (w - CL1)D1 - (—1) 1 (7637)
| expand the first row of the determinant
= (w?—a1)Dy — b3Ds (7.638)
The general pattern in the Laplace expansion is thus clear,
Dy = (w? = an41)Dny1 — 02 5Dnio (7.639)
So,
1
(Dyr)e = p 7 (7.640)
W —ay — 7D1/D2
| continuing, we get a continued fraction
1
= 2 (7.641)
w?—a — 2 5
9 bS
o G
w?—az——
| in practice, a terminator function is introduced
1
= 5 (7.642)
’ b2
w?—a; —
w?—a, — b%HT(w/Q)
1
(Dur)e = 2 (7.643)
w?—a — 2
w?—a, — bZHT(w'Q)
The terminator can be calculated from the asymptotic values of the coefficients.
0 1
T(w*) = 5 (7.644)
W2 —api — P2
| let a and b be the asymptotic values of the respective coefficients
1
_ (7.645)

w?—a—bT(w?)
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The solution of the quadratic equation is simply,

T(w?) = % [(W’Q —a)x W —ap - 4b2] (7.646)

[Beer & Pettifor Terminator] The reference is [Beer1984]. Suppose all the coefficients are real,
then the spectrum which is related to I(Dy/)R " A is only coming from T'(w'2). So we look at the
condition where T(w'?) has an imaginary part. This means,

W?—a)? -4 <0=a—-2b<w?<a+2b (7.647)

The width of this band (of delta functions) is 4b.

The physical condition that Beer and Pettifor impose on a and b is that, no delta function will be
outside the band. So we simply put the first and last delta functions at the bands limits (a & 2b) itself.
That means, we demand the Green’s function to diverge (due to the delta functions) at both band limits
a — 2b and a + 2b.

We substitute the band limits into the Green’s function

9 1
(D”/(w =a* 2b)>c = b2 (7648)
at+2b—a; — 2

b2
3
at2b—ay9g— —

| suppose it is terminated at step n
1/2

= 7.649
- /i o
+b— 12—
2 _ b3/4
+h— 222 —
2
b2 /2
+b— (ap, —a)
|  write back into a (finite) tridiagonal matrix form
+h— G=a py/2 0 0 -
bp/2 Eb— 9250 by 0
= Q| : : : ' 0 1)
bn/V2
0 0 0  b,/V2 £b—(an—a)
- ai—a =41

Hrt b2

ba/2 7(122_(1
= (1] |£bI - " 1) (7.650)

bn/V2
L bnﬁ Gp —a

A~

The expression in the square brackets is of the form of an eigenvalue problem (i.e. bl — H). Hence for
a given a, the eigenvalues of H cause (oI — H )~1 to diverge.

We denote the eigenvalues as b and arrange them as Emax .. .lN)min. lN)maX is where no delta function
splits off the top of the band. by, is where no delta function splits off the bottom of the band.
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Algorithm to calculate the Beer & Pettifor terminator,

— — 15 )
1. Choose a =ay ora= > " a;.

2. Find the eigenvalues of the above finite tridiagonal matrix H. Extract the largest eigenvalue Dimax
and the smallest eigenvalue byin. If bpax 7# |bmin| then change a to

Qpew = Gold + Emax + Emin (7651)

3. Repeat until Emax + Emin =0.

4. Construct the terminator function T(w/2) using the final value of a and the final value of b S Brmax.

[Luchini and Nex Interpolation Scheme| If there are spurious structures when the Beer and
Pettifor terminator is used, then a linear interpolation scheme by Luchini and Nex in [Luchini1987] that
modifies the calculation of the terminator, appears to improve the numerical results.

The scheme is as follows,

an , bn n <ng
@, b, = i) LGy << N (7.652)
a,b n>N

We give an example to illustrate the scheme. Suppose we want to terminate the continued fraction at
N = 20, and we calculate the terminator cofficients a and b using the Beer and Pettifor method. We
can start the interpolation scheme say at ny = 15. Thus for coefficients n = 1 to n = 14, we calculate
them via the recusion scheme (1st line above). Coefficients n = 15 to n = 20 are calculated via the
interpolation scheme (2nd line above). The terminator coefficients a and b are calculated via the Beer
and Pettifor method (3rd line above).

This completes the calculation of the configuration averaged 1-particle Green’s function using Mook-
erjee’s augmented space recursion (ASR) method. For Mookerjee’s numerical implementation, see
[Banerjee2009].

7.9 Mass & Force constant Disorder : ICPA Theory

[Literature] The main reference is [Ghosh2002] and for a conference proceedings version see [Thorpel1982].
The references [Diehl1979a], [Diehl1979b], [Diehl1979¢] and [Kaplan1980] preceed the main reference.
The reference [Alam2007] compares the previous Mookerjee theory and the present ICPA.

Recall that Mookerjee’s ASR method evaluates the ground state expectation value using Haydock’s
recusion scheme. Here, ICPA is doing the same thing of evaluating the ground state expectation value
of the augmented matrix but by a different set of steps: partition the augmented matrix, restrict only
to the “single fluctuation subspace” basis then derive self consistent equations to solve for the ground
state expectation value.

[Partitioning the Augmented Matrix] We use the N = 3 augmented matrix to illustrate the
concepts and then we will give the general N-site expression.
Rearrange the configuration space basis in the augmented matrix into the form (we drop the subscript
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¢ in the basis to save space),

AAUS (which is 8 x 8 in size)

(010205] AAUG[010203) | (010205] AAVG[110203)  (010203| AAVE]011503)  (010203]AAYE|010413)
(110205] AAUS[0,0203) | (110205] AAVE[110003) (1,0203]AAVE]011503) (1,0203]AAYE]010413)
— (011503|AAVG[0,0403) | (011203]AAVG[110503) (011503 A2VG|011503) (011203 AAVE|0,0213)
(010213] AAUG[010203) | (010215] AAVG[110003) (010215 AAVE|011503)  (0,0213]AAYE|010413)

we have thus partitioned into 4 blocks, and we denote them as
(A)e A

The notation (A). = .(010203/AAV5]0,0,03), is from Augmented Space Formalism (ASF). If we define
the projector P = |010203)..(010203| then each block can be written as,

= (A). = PAAUGP (7.654)
= A" = PAMNS(I- P) (7.655)
= AT = (1-P)ArUCp (7.656)
=A = (I-P)A*S1I-P) (7.657)

[“Single Fluctuation Subspace”]| This is not a true subspace, it is really an approximation. We
will only keep the 4 x 4 matrix elements written explicitly in AAYS above (i.e. all the elements denoted
as --- and : are discarded). These elements only involve states with single fluctuations [01...1;...0x)c.
We denote the smaller augmented matrix by Aggg . The general N-site expressions (in configuration

space dimension) are,

QAUG < <,‘T4>Cv“1 ~A,1X<2N*1> > (7.658)
A(2N71)><1 A(2N*1)><(2N*1) 9N y 9N
(Ayeax1 A
AYs = < JCR (7.659)
Nx1 NXN- ) (N41)x (N+1)

where there is one ground state |01 ...0xn). and N single fluctuation states [01...1;...0x5)c.

We need to define notation for the matrix elements in A?gg as we will work with the matrix elements

later.
01 .. 0N ARYC101...08)e = (Ap)e (7.660)
01 ON[ABYSI0; . 1. 0n)e = A (7.661)
01 1, On|ABYC 0, . 0x)e = A (7.662)
01 1. ON|ABYCI0y . 1y O0y)e = AUD) (7.663)
(7.664)

The first line is already standard notation. The second and third line denotes a fluctuation around site
i and the fourth line denotes fluctuations around sites ¢ and #'.
Now we are ready to tackle the actual problem on calculating the configuration averaged phonon
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Green’s function.

DAVE — ( %)?f g ) = ( <II§>T Ifg/ >_1 - ( Uz\\?m _<<1>T> J\J\%Z:g )_1 (7.665)

where (D). is the quantity we are after. We carry out the block matrix inverse,

G (e AT (A ), — A
AT = < s i kvl A (A ATAA)T > (7.666)

The top left block gives

- N ,.1—1
(D)o = [(K)e— K'E1K'T } (7.667)
| write in the explicit expressions for (K). and K
A R . -1
= [(M)w? — (@), — K'(Mw? — &) 'K T} (7.668)
| define DVCA~1 = (M) w? — (®),. then add and subtract DVEA~!
_ 5 . -1
= [DVeA-1 _ g/(DVCAT () 0? — (@), + Muw? — &) LK T} (7.669)
: L
= [pvea-t _ grpk't ] (7.670)
So we can treat DVCA as the “free” part, then the self energy of this problem is
> = K'FK'T (7.671)
- -\ -1
and F = (DVCA‘l —(M)w? — ()¢ + Mw? — <1>) (7.672)
N\ -1
= (DVCA*1 - V) (7.673)
where V = ((M)c - M) w? — (<<I>>C — <i>> (7.674)

We can interprete V as a perturbation to the virtual crystal medium, and F' causes itineration of
fluctuations in the virtual crystal medium. Everything is exact and now we will restrict the theory to
only single fluctuation states. Let’s write out the matrix elements explicitly (restricted to only single
fluctuation states now)

2=KFKT =5y =YY KV K] (7.675)

l1l2
1112 l1l2

Note that F' itself has the form of a Dyson equation
~\—1 ~
F= (DVCA*1 - V) — F=DVCA 4 pVCAY R (7.676)

Showing only fluctuation site indices, (DV®A has no “fluctuations”)
plii2) — pVCA (5@'”2 +> f/ilismh) (7.677)
i3

Now we can further interprete that K "ti2) “creates” a fluctuation at site i and F%2 itinerates it to
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site 711 and K "1(i1) “destroys” the fluctuation at site ;.

The equations are not self consistent. Just like in CPA, we need a condition to impose so that we can
get self consistent equations. We want to use this self consistency cycle: F' determines Y, 3 determines
D and D determines F'. We shall seek inspiration from CPA by looking at a typical CPA self energy
diagram where the “nested” part contains all kinds of self energy diagrams which represents scattering
at sites other than site q.

X

£ nested =

Figure 7.21: A typical CPA self energy diagram.

We will now implement the idea in a similar way in ICPA by defining a restricted (or conditional)
self energy.

EZ(Z’) = Z Kllfl)Flfllzm Kl;rl(’w) (7.678)
i1i2(F#1)

The self energy () is defined to have scattering at sites other than site i. To form a closed set of
equations, we modify the 2 Dyson’s equations and write

F@  — pl <5(W) + Zf/(iil)p(ili')> (7.679)
i1
D& — ( DVCA-1 _ E(z)) (7.680)

These 3 self consistent equations run in the as-mentioned self consistent cycle: D (perhaps starting
with D®) = DVCA) determines F(%) then F(*) determines %(9) and %() determines D),
We list the general outline for solving (D). in this self consistent framework:

1. Solve for F(#) by using the above 3 equations. The converged F(%) is what we want.

2. Substitute F) into ¥y = ZZKZ () pliaie) ZTZ(/ 2) to get Yy

l1l2
i1t2 l1lo

3. Substitute ¥y into (Dyr). = (DVCA—1 — E)_l to finally get the configuration averaged Green’s
function.

See the proof that (D). is analytic in [Kaplan1980] Appendix A.

It is very important to note that augmented space quantities are translational invariant since each
site has the same configuration space augmented to it. Thus the most efficient way of handling these
quantities is to solve them for each point in reciprocal space within the Brillouin zone.

The final part is to modify the self consistency cycle in light of the fact that the restricted sum in
() may be difficult to carry out. So the idea is to bring (D). into the self consistency cycle creating a
(slight) simplification.
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We manipulate,
D — ( pVCA-1 _ g(z)) (7.681)
use <D>c _ (DVCA—l _ E)_l

_ <<D>;1 +(2— 2“)))_1 (7.682)

Recall that the meaning of (9 is about all sorts of scattering that does not involve site i, then the
meaning of ¥ — (%) is about all sorts of scattering that only involves site i. This is the simplification
that we are seeking. We break up (or project) ¥ — () according to scattering contributions.

vy ZK’(il)F(iliZ)K/T(i2) _ Z (i) polisia) g’ 1(ia) (7.683)
i1d2 i314(7£4)
| many terms cancel and we are left with
> [K'@) plin) g'ti) 4 ') pliad) K’f(z‘)] _ K0 pli) 10 (7.684)

11

The first term represents a scattering that starts at site ¢ and ends at ¢;. The second term represents
a scattering that starts at ¢; and ends at ¢. The third term removes the overcounting when i; = ¢. See
[Kaplan1980] eqn (3.12) for a projection operator implementation of this idea (which we will use very
soon). We use a block matrix decomposition to arrange the different scattering contributions. Note
that these quantities are 1 x 1 in configuration space.

A As
A= .
< A}, A, ) (7.685)

Ay denotes scattering that starts at site ¢ and ends at site .

Ay denotes scattering that neither starts at site ¢ nor ends at site i.
Az denotes scattering that starts at site ¢ and ends at site i1 (3 7).
Ag; denotes scattering that starts at site i1(# ¢) and ends at site 7.

So the self energy in this decomposition is '3

. >
O I R B
IRy (2; . ) (7.690)

13Take a 3-site example and let the reference site i = site 1.
non@® K'(l)F(ll)K’T(l) + K'(l)F(lz)K/T(Q) + K'(l)FUS)K/T(S) + K'(Q)F(Ql)K/T(Q) + K'(3>F(31)K/T(1)(7_686)
Based on the meanings of ¥, 33 and E;, they are

Y, = K,(l)F(ll)K,T(l) (7.687)

Y, = KD pQ2) (1(2) + KD pAs) 163 _ ZK,(l)F(lil)K’Hil) _ M pan ety _ Z K/<1>F(1i1)K/T(il)(7ﬁ638)
i1 i1

Z; = Z K@) pla) 1) 5 (7.689)

i1
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where ¥y = 0 by construction. We decompose D) and (D). as well.

w_ ( Dy DY _( (D) (D)
7 _<D§” o ) = o} (o) (769
Recall the earlier equation,
DO = (<D>gl+(z—z<i>))_1 (7.692)
DYDY, = T+ (2 —3xO)D), (7.693)
(D)1 — (H+(z—z<i>)<D>c)_l (7.694)
DO = (D), (H+(E—E(i))<D>C)_ (7.695)
_ ¥ X3 (D)1 (Dys \]
= ol (3 5) (it o )] (0
- 1+ S1(D)y + S5(D); S1(D)s+55(D)a |
— <D>c< =y 3 I ) (7.697)

Next, we perform the block matrix inverse,

A B (A-BD'C)"' —(DB'A-C)~H)!
( C D > - ( —(AC~'D - B)™! (D—CA-1B)"! ) (7.698)

The top left block D§i) is

p® — (D) (1+2 (D)1 + S3(D)} — (S1(D)s + 23(D)2) (1 4+ £5(D)3) " (=5(D) >)_1
1 1 1 1 3 3 1 3 3 2 3 3 3 1

(DY (1 4+ 21(D)1 + S5(D)R(EH(D)) (1 4+ Z§(D)s) — (S1(Dhs + D(D)s) ) (7.699)

| rewrite into common denominator
= (D)1= (D)s(1 + =iD)) " (=H(D)))
x [1 +91(D)1 + D5(DY} — (S1(D)s + N3(D)a)(1 + zg<D>3>—1(zg<D>1)} o (m00)

We can further simplify the numerator and the denominator,

Numerator = X (7.701)
= (D)1~ (D)s(1 +EY(D)s) ' S{D) (7.702)
= (1= (D)1 + ={(D)s)~'L) (D) (7.703)

| expand the infinite geometric progression (GP) (1 + E;)(D) 3)7 !

= (1= (D)1 = ={(D)s + SYD)sTL(DY; )%} ) (D) (7.704)
= (1= (D)= + (D)szUDYs S — (D)szUD)sh(DY] + - ) (D) (7.705)
| resum the geometric progression (GP)

-1
- <1+<D>32§> (D) (7.706)
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Denominator = 1+ 1(D); + 33(D) — (S1(D)3 + £3(D)2) (1 + S5(D)3) "1 (5(D)y) (7.707)
= 1+ 3(D)1 + Z5(D)} — (S1(D)a) (1 + ZH(D)3) " (ZH(D))
—(23(D)o)(1 + S5(D)3) " (ZH(D),) (7.708)
= 14 %(D)1 — S1(D)3(1 + SH(D)3)~'si(DY,
+%5 ((D)} = (D)2(1 + £H(D)s) ' =D} (7.709)
= 14+ %,(1 = (D)3(1+Z5(D)3) ' sh) (D),
+35((D) = (D)2(1 + B5(D)s) ' 5{(D)1) (7.710)
= 143X + 55 (D)) — (D)a(1 + 2§<D>3)*12§<D)1) (7.711)
| we have (1+ ET< D)s)™ IEE = ZT(l <D>3Z§)_1 when we expand GP and resum
= 1+ 31X 4 S3(D) — S3(D)e2i(1 4 (D)sxh) (DY), (7.712)
= 1+ (2 — S3(D)ex) X + S3(D)] (7.713)
The top left block is thus written as
D = x <1 +(S1 — S3(D)eSh) X + 23<D)£)71 (7.714)

_ -1 ,
where X = (1 + (D>3Eg) (D)1. In the expression of Dgl), we have terms (D), ¥y, <D>3Z§ and
23<D>22§. We write them out explicitly,

(D)., = (D)1 + (D)3 + (D)} + (D), (7.715)
¥ = KOpGETo (7.716)

To write out the other 2 terms, it is easiest to use the projector notation. We will carry out the
manipulation symbolically. The projector P denotes scattering that starts at site ¢ and ends at site .

Al=PAP , A3=PA(1-P), Al=(01-P)AP, Ay=(1-P)AQ1-P) (7.717)

So, using the usual properties of projectors,

(D)sSf = P(D)(1—-P)(1-P)(E—-x0) (7.718)
= P(D),(1-P)(z—-x)P (7.719)
= P(D) (2 —-xD)P— P(D).P(L—-x)P (7.720)
= P(D) (2 —2D)P - (D)%) (7.721)
23(D)o%f = P(E—%0)(1—P)(1—P)(D)(1—-P)(1-P)(E-2)P (7.722)
= P(E=3)(D)(S = 2P - P = SO)D)P(3 - 2)P
—P(2 = SN P(DY (2 - S P + P(S — 2<2>)P<D> P(E—-x)p (7.723)
= PE-X)(D)(2-2)P - P(E - 2D)(D).P — 21 P(D) (2 — )P
+31(D)1 3, (7.724)

| from above we have P(D) (X — )P = (D>3E;ﬂ) + (D)%
| it is thus easy to derive P(X — X20)(D).P = 23<D>£ +X1(D)
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= P(E-=SO)D) (-SSP — (3(D) + S1(D)1)1 — 1 ((D)3Sh + (D)1 %)
+21<D>121 (7.725)
= P(E—SO)D)(z - xD)p - (23<D>§21 +21(D)s5h + 21(D>121> (7.726)

We will now state the modified self consistency cycle. It must be noted that the quantities have
space translational invariance so working in reciprocal space is beneficial. A further simplification in
calculation is to take a nearest neighbor approximation where the “sum over sites” is now a “sum over
nearest neighbors” only.

1. The input quantities are DO = DVCA (or some other guess), K', K "t and V. Please see the
appendix of [Ghosh2002] for an explicit example.

RN
2. Solve for F using F' = (D(‘) — V) .

3. Substitute F' into ¥ = Zim K'(0) pliviz) g'1(i2) g4 get ¥. The scattering contributions (or projec-
tions) X1, X3 and Eg are obtained as well.

4. Substitute ¥ into (D), = (DVEA~! — E)fl gives (D).. Real space (D). and reciprocal space (D).
are both calculated. The scattering contributions (or projections) (D)1, (D)3, <D>}; and (D)s are
obtained as well.

5. Calculate D) = X (1 + (21 — S3(D)3(D)SH) X + 23<D>§) with

X = (1 + <D>32§)_1 (D)
(D)sxf = P(D)o(£—£@)P— (D)%,
S5(D)eXl = P(E—2OYDY(2 - 2O)p - (23<D>§21 + 31(D)s5h + 21<D>121>

6. If convergence is not achieved, then set Dgi) = D in step (1) and iterate.

This marks the end of the chapter on disordered lattices. An array of theories that deals with more
and more realistic disordered systems are given. It must be emphasized that these are bulk theories
and how applicable they are to finite nanosystems is not clear. Thus further progress is needed in 2
directions; bring in theories that include SRO and carry out detailed numerical simulations of all these
theories on finite systems. See the last chapter on further discussion for extensions on this area.
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Conclusions

In this concluding chapter, we shall collect the results in this thesis and put together the big picture of
what this thesis is trying to achieve. Again, an enumerated form is chosen to convey maximum clarity.

8.0.1 NEGF

1. A complete and systematic exposition of NEGF is given and it is shown to give rise to 3 transport-
related developments, namely, Landauer-like theory, kinetic theory and linear response theory. It
should also be obvious that NEGF is much more general than just in the development of transport
theories.

2. NEGF provided systematic methods to include interactions into Landauer theory which was dif-
fcult to include interactions as it was conventionally formulated in the quantum mechanical scat-
tering picture. Similarly, NEGF provided systematic methods to include interactions into the
calculation of noise.

3. NEGF also provided systematic methods to include correlations into kinetic theory which was
devoid of correlations as it was conventionally formulated via the notion of collisions.

4. The derivation of GKBA allows causality of lowest order to be restored to the quantum kinetic
equations. This is a fruitful direction for the electronic quantum kinetic equations as shown in
the appendix but was a failure for the phononic quantum kinetic equations. The failure appears,
at first sight, to be due to the incompatibility between phonon number non-conserving phonon-
phonon interaction and causality.

8.0.2 Reduced Density Matrix with Stochastic Unravelling

1. Recall that this method is given to serve as an alternative to cross-check with the results from
NEGF.

2. There are issues that need to be resolved in this formalism. The main ones are: choice of model
for baths, choice of initial states for the stochastic differential equations and numerical stability
problems.

8.0.3 Anharmonicity

1. (Lowest order) Anharmonic corrections in Landauer theory are derived easily within NEGF. Tran-
sient terms due to anharmonicity are clearly shown and can be investigated.
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2. (Lowest order) Anharmonic corrections to noise are derived easily within NEGF but the resulting
expression is too complicated to make sense out of it.

3. NEGF allows the rewriting of the anharmonicity perturbation into its most sophisticated form:
Hedin-like self consistent equations. This gives the possibility of carrying out (numerically) highly
sophisticated renormalizations so that strongly interacting problems can be probed. This set of
equations when iterated, generates conserving (self consistent) self energy approximations.

4. Anharmonic correlation corrections to the kinetic theory are calculated. In addition, correlation
corrections to entropy (in Chapter 3), energy and momentum balance equations are derived.

5. Second sound excitation is a collective effect (characterized by the drift distribution) due to over-
whelming N-processes. The chapter gave the standard treatment on its dissipation due to U-
processes. The chapter also gave methods for including correlations into the understanding of
second sound. This understanding is important for elucidating the mechanisms of diffusive trans-
port. More precisely, we need to know how collisions and correlations evolve the initial distribution
to the drift distribution and how they dampen and dissipate second sound to bring the drift dis-
tribution to the equilibrium distribution. Unfortunately, the methods shown in the chapter seem
too complicated to proceed with this investigation as future work.

8.0.4 Electron-Phonon Interaction

1. An electronic quantum kinetic equation with all orders of correlation and lowest order in causal
correction (GKBA) is derived. This is the Barker-Ferry equation. A particular form of correlation
known as the intracollisional field effect can be investigated with this equation.

2. NEGEF allows the rewriting of the electron-phonon perturbation into its most sophisticated form:
Hedin-like self consistent equations. This gives the possibility of carrying out (numerically) highly
sophisticated renormalizations so that strongly interacting problems can be probed. An added
bonus is that the Born-Oppenheimer decoupling is avoided in this formulation. This set of equa-
tions when iterated, generates conserving (self consistent) self energy approximations.

8.0.5 Disordered Systems

1. Coherent Potential Approximation (CPA) for mass disordered systems allows the configuration
averaged Landauer ballistic transmission function to calculated without further approximations.
Thus, a high concentration of mass disorder can be considered in the Landauer formalism. Its
effects are worked out in the published paper [NIMLL2011].

2. Having mass disorder only is unrealistic and so various leading theories of (high concentrations
of) mass & force constant disorder are presented to allow more realistic calculations of disordered
nanosystems. Cross-checking between these theories can also be done.



Chapter 9

Future Work

In this chapter, we mention extensions beyond the results given in this thesis. The extensions are
grouped by the relevant topics/chapters.

9.0.6 NEGF

1.

The direct numerical attack on the Kadanoff-Baym equations is very promising although it requires
large scale computational resources. However once the Green’s functions can be solved directly,
there is no need for developments (and extra approximations) like QKE, we simply get the physical
quantity that we want from the Green’s functions. In the references mentioned in the section on
Kadanoff-Baym equations, it appears that the numerical results are physically sensible and obey
conservation laws. Hence numerical work in this direction would give rather rigorous results.

The DC ballistic noise (associated with energy current) is the Satio & Dhar expression. The
immediate extension is thus to solve for the AC ballistic noise which should be at least solvable
numerically.

. The third (DC) cummulant can be calculated in a brute force manner similar to the noise cal-

culation. The use of such a calculation is to clarify ambiguity in the definition of the generating
functional for ballisitc systems. Various definitions relying on different measurement techniques
gives the same first 2 cummulants. The third (DC) cummulant calculated by NEGF does not
require any measurement technique whatsoever.

. The reasons for the failure to construct GKB ansatz for interacting phonons needs to be investi-

gated more carefully. The essential benefit of GKB ansatz over KB ansatz is that GKB ansatz
constructs the causality struture properly. Thus it is desirable to construct quantum kinetic
equations using GKB ansatz.

9.0.7 Anharmonicity

1.

Anharmonic corrections to the Landauer ballistic current can be calculated for particular models.
The explicit formulae has been given in that chapter. Numerical work should be the way to go.

Anharmonic corrections to (DC) noise is a much bigger venture.

. Phonon-phonon Hedin-like equations could be attacked directly using numerics instead of using

these equations to iterate and generate self consistent self energies.
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4. The iterated self consistent self energies could be used in the calculation of interacting Landauer
current and interacting (DC) noise. This thesis only briefly mentioned such a calculation, there
is much more to do. Again, the main tool should be numerics.

5. Mingo’s (numerical) iteration method is certainly an interesting method because it goes beyond
(single mode) relaxation time results and almost all the results of kinetic theory are (single mode)
relaxation time results.

6. If it can be shown how an initial distribution evolves via phonon Boltzmann equation to the drift
distribution, we would gain a much better understanding of how N-processes redistributes phonon
distributions.

7. The dissipative hydrodynamic equations could be numerically solved and perhaps more physics
can be found in the regime where N-processes >> U-processes.

9.0.8 Electron-Phonon Interaction

1. Solving of the electron-phonon Hedin-like equations is certainly interesting to see how the usual
electron-phonon theory with Born-Oppenheimer approximation and hence has the uncontrolled
double counting problem affects the accuracy of electron-phonon theories. A starting point could
be the article by R. van Leeuwen and E.K.U. Gross titled “Multicomponent Density Functional
Theory” in “Time-Dependent Functional Theory” (Springer Lecture Notes in Physics vol 706
2006).

9.0.9 Disordered Systems

1. In small systems, disorder cannot really be regarded as dilute. Thus, theories that deal with high
concentrations of disorder in increasing complexity are given in the chapter. Serious numerical
work needs to be done to compare the given methods and see which disorder theory works well
for finite and small systems.

2. Also, in small systems, it is probable that the disorder sites or clusters are “close enough” that
they interact via some kind of short range order (SRO). So disorder theories that includes SRO
should be investigated as well. Some references that utilise methods with line with those in this
thesis and include SRO are [Rowlands2009], [Rowlands2003] and [Rahaman2009].

9.0.10 Topics in Appendices

1. In NEGF for electrons, quantum kinetic theory is actually well structured. It is gauge invariant,
GKB ansatz works which means the causal structure is well defined and gradient expansion is
applicable so correlations can be investigated “perturbatively”. So it is very worth trying to solve
these electronic QKE via more theoretical and numerical considerations.
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Appendices
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Appendix A

Basics

A.1 Quantum Dynamics

References are not needed here as this is standard material in Quantum Mechanics.

Let’s just put the point straight. A “dynamical” picture consists of 2 parts, the operator(s) and the
state (or density matrix). The 3 different pictures come about simply because we can “allocate” the
temporal evolution operator U (a) completely to the state (Schrodinger picture), (b) completely to the
operator (Heisenberg picture), or (¢) partially to the operator and partially to the state (Interaction
picture).

This freedom of “allocation” exists because the observable quantity is the time-dependent expecta-
tion value which is not affected by this “allocation”.

A.1.1 Schrodinger Picture

As mentioned, this is the case where all the temporal evolution is “allocated” to the state or density
matrix, thus this is the usual version of quantum mechanics,

.0
ih [0(0)) = HIp(0)

The operators in this picture are constant in time and all the time evolution is on the state. The time
evolution of the physical expectation value can thus be written as,

(A(to)) = ((to)|A(to)1¢(to)) (A1)
{(A@)) = (L) Ato)[¥(2)) (A.2)

where A(tp) is an arbitrary operator and time ¢y is a reference time when all the 3 pictures coincide.
We define the evolution operator as,

[9p(t)) = U (2, to)[4(to)) (A.3)
Using Schrodinger equation, we get the differential equation for U(¢, ).
OBE) = HOWD) (A1)
U ) = HOU (o) (A5)
= ih%U(t,to) = H(t)U(t, to) (A.6)
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where H(t) = Ho + V (t).
A formal integration with identity as intitial condition, gives,

Ut to) = I — % /t: A H (U, to) (A7)

and we can write it into the formal expression,
i [t ’ /
Ut t) = Te  Jio @ HE) (A.8)

where T is the time ordering operator. For a time independent Hamiltonian (or V'(¢) = 0) then we have
1

i

U(t, to) = e~ nlolt=t0) (A.9)

A.1.2 Heisenberg Picture

As mentioned earlier, this is the case where all the temporal evolution is “allocated” to the operators.

(A1) = (@(to)|U(t, to)T Alto)U (t, o) |1 (o)) (A.10)
Ap(t) = Ult,to) A(to)U(t, to) (A.11)
_ (Te’%ftto dt’H(t’))TA(tO) <T67%ft7€0 dt’H(t’)) (A.12)

We differentiate to get the differential equation for Ay (t) (recall that ih%U(t, to) = H(t)U(t,10))

SAnt) = U 10) Hlto) Alto) ULt to) — ~U (1, 10)! Alto) H(t)U (1 o) +

0AH(t)
ot

| The last term is nonzero when Ay (t) depends on time parametrically.
| Insert U(t, to)U(t, to)" between H(to)A(to) and A(te)H (to)
| Define Hy(t) = U(t, to) H(to)U(t, to)
' 0AH()
ot

(A.13)

= % (Hg(t)Ar(t) — Ag(t)Hu(t)) +
= (), An()_+ 2280

(A.14)

(A.15)

[...,...]- stands for the commutator. For the particular case of Ay (t) = Hy(t), we have

d 0

—Hpy(t) = —Hpg(t

S Hi(t) = - Hir(t)

which means that the time dependence of the Hamiltonian is only through its parametric time depen-
dence.

LU(t, o) satisfies these properties
o U(t,t)=1
o Ulta,t1) = (U(ts, t2))7"
(] U(tl,tg)U(tQ,tg) :U(tl,tg) for t1 > ta > t3
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When V (t) =0, H = Hy is time independent, we have the familiar expression,

Au(t) = Ut to)' Alto)U(t, to) (A.16)
= AHO (t) (A'17)
= e%HO(t_tO)A(to)e_%Ho(t_to) (A.18)

A.1.3 Interaction Picture

As mentioned, this is the case where the “allocation” of the temporal evolution is partial between
the operators and states depending on how the Hamiltonian is “split”. Thus there is actually an
infinite “number” of interaction pictures in some sense. A typical use is where there is a time dependent
Hamiltonian H(t) = Ho+ V (), and if solutions for Hy are known, then it is better to use the Interaction
picture to “split off” V() as a perturbation.

We define an operator in Interaction picture as follows,

A, (t) = entlolt=t0) A(4g)e=nHolt—to) (A.19)

and the corresponding differential equation is,

d i 0Am,(t)
—Ap,(t) = —= [Ag, (1), H —0 A.20
dt Ho() h[ Ho( )7 0]—+ ot ( )
It is the same as Heisenberg operators when V(t) = 0.
The Interaction state is defined as
o, (£)) = x|y (1)) (A.21)
We can see that the physical expectation value is unchanged in Interaction picture.
(W) = Wy ()] Ay (1) [0y () | | (4.22)
_ <¢(t)‘e—%Ho(t—to)e%Ho(t—to)A(tO)e—%Ho(t—to)e%Ho(t—to)W(t» (A.23)
= (Y(@)|A(to)|(1)) (A.24)
We define the interaction evolution operator as
W}Ho (t» = UHo (t7t1)|¢Ho (t1)> (A'25)
We change back to Schrodinger picture,
er Uy 1)) = Uy (8, tr)er o) (1)) (A.26)
e =Y )| (t) = Uny(t, tr)en 000 |y (ty)) (A.27)
= Upy(t,t1) = ettt ¢1)e"nHolti—to) (A.28)

We write a differential equation for the evolution of the Interaction state.

() = i Uy (8, t) o (1) (A.29)

. 7 1 4 _ _i _
= ih <hH0UHO(t,t1)+menHo<t t) H (¢, )e wtlo t0>UH0(t,t1)> [, (t1)) (A.30)
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= (—Ho + eF U= (g + V(11))e 00D Jyy (1) (A.31)
= Vi, (0)|vm, (1)) (A.32)
This is the main motivation for constructing the Interaction picture. The evolution of the Interac-

tion state only depends on the “difficult” part of the problem, V(¢). Similar to the derivation of the
differential equation of the Schrodinger evolution operator, we get,

d
zh%UHO (t,to) = Vi, (t)Um, (t, to) (A.33)
and the formal solution is
i [t / /
Up, (t,t) = T Jio @ Vito ) (A.34)

[Dyson’s Identity:] Dyson’s identity is the identity that relates temporal evolution Heisenberg op-
erators and temporal evolution Interaction operators. To get this identity, we relate the operators in
Heisenberg picture and the operators in Interaction picture. From Heisenberg picture,

(A(t)) = ((to)lAu(®)[¥(to)) (A.35)
| use [Ym,(to)) = |(to))
= (Vu, (to)|An (t)[vm, (to)) (A.36)
(A.37)
From Interaction picture,
(A1) = (o (t0)|Usy (¢, t0) TA() Unty (¢, t0) [0, (t0)) (A.38)
Comparing gives,
= Au(t) = Up,(t,to)T Ay, (t)Un, (L, to) (A.39)

In NEGF perturbation theory, we will use the Hamiltonian in the form H(t) = Hy 4+ Hint + V(1)
where only V(¢) is time dependent.

Ap(t) = (Te i g ) )TA( )(Te i A ) (A.40)

And, Ap(t) = Uny(t,t0) Am, ())Un,(t, to)
. Teﬁf dt' Vg, (t )eiﬁ(HOJrHi'“)(t*tO)A(to)e*%(HOJrHint)(t*tO)Te_%ftto dt' Vg4 m,, (1)

(A.41)

Comparing gives the Dyson’s identity,

Te_%ftto dt'H(') _ — & (Ho+Hiny)(t—t0) (Te_% Ji A Virg s 1y, (t’)) (A.42)

(Teflﬁftto dt’H(t’))T _ (Te% ffo dt' Vi Hy, (t’)) e # (Ho+Hint) (t—t0) (A.43)
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where T is the anti-time ordering operator.?

A.2 Basic Lattice Dynamics

Here we follow [Callaway1991], [Kwok1968] and [Gruevich1986].
We start by constructing the Hamiltonian. The location of the kth atom in cell [ is given by the
vector
R= Fél + Fék
Let the displacement of that atom be denoted by # and its components are denoted as wu;p,. Now we
can write the total kinetic energy of the solid as,

1 .
T=3 %: myid,, (A.44)
o

where my, is the mass of the kth atom. Let the potential energy by denoted by ® and the potential at
equilibrium be ®©). We can expand ® as a Taylor series in the displacements

1 1 2
o = (I)(O) + Z (I)l(kiculka + 5 Z Z Ul ko (I)l(ll)clallzkgagul2k2‘12 + ... (A45)
lka lik1oa l2kaao
0P
where CIDI(,? = (A.46)
Mika | 7—o
2
(2) B 0P
where @) 1k, = e v B (A.47)
U=

We will now take the harmonic approximation so that we can define the collective excitation called
phonons. The Hamiltonian in the harmonic approximation is thus

1 . 1 )
H = 5 kaul%ga + 5 Z Z uhklo‘l(I)l(ll)clalbkgagubkzaz (A48)

lka l1k1an lakeaz

where we note that ®© is a constant and is absorbed as a shift in the Hamiltonian while CIJZ(;L =0

since we are expanding around the minimum of the potential ® (the so-called Born-Oppenheimer energy
surface).

A.2.1 Normal modes and Normal coordinates

First we establish the dynamical matrix and the normal modes eigenvalue equation. In the above form,
we can define the Lagrangian and get the equations of motion using Euler-Lagrange equations.

. 2
MEUlka = — Z (Dl(k‘glllk'lalullkloél (A.49)
lhikion
We seek a periodic solution of the form

1
Nmk

Ulka =

Z era(J7)Qjq € e (A.50)

79

2It should be noted that the Matsubara imaginary time version of this identity is called the Kubo’s identity.
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where N is the number of cells. We substitute this solution into the equations of motion and obtain

gl —iwt _1q1-11
%W Zﬁka JQ_)Q ge et = — Z Z Ning. lkallk1a1€k1a1 (J1q1) 13 € €
Nm Jiq k1ot j1qa
2 : il il i (-1
w Z Cha (]®Qj§ e't - Z Z \/7 lklllklaleklal (]1(11) q1 e'tiettt (h=0)
Jiq lhikion j1qa
Since ®@ is a function of [; — [ only we can define the dynamical matrix as,
7 = 1 (2) —iq1-(1—1)
Drakyar (41) = T zll:q)zkazlklale e (A.51)
then
w? Z eka(]J)qu Z Z €kray ]1Q1)leq’1€ Dkaklm( 1) (A‘52)
Jq7 kia1 j1q1
rename j141 — j¢, then we can compare term by term in the j§ sum,
w? €ka ]‘D Z Dkaklal jeklal (]@ (A‘53)

kiaq
We relabel the eigenvalues (normal mode frequencies) w? as w? — w?(j§). There are dim(l) x dim(k)

number of eigenvalues. (dim stands for number of dimensions.)

w3 (D era(3D) = > Drakiar (Derrar (70) (A.54)

kiaq
We consider some properties of the dynamical matrix. First we note that the dynamical matrix is
hermitian
1

* _ (2) iq1-(1—1
Dhokser @ == D Boatyraon (55)
1

use the commutativity of partial derivatives in ®®.

1 .4
B \/ﬁ Z (I)l(fl)ﬂlallkae_zqr(ll_l) (A‘56)
KTk
Dy, a1ka(7) (A.57)
Thus the eigenvalues w3(jq) are real,
Wi (70 = wi (4, — ) (A.58)

The polarization eigenvectors are thus part of the unitary matrix that diagonalizes Dk, a, (7), SO they
are orthonormal and complete.

Orthonormality : E €ra (D €ka(719) = 055,
ka
(A.59)

Completeness : Ze,’ga(jq_)ekml(jq_') = Ok Oaas
J
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Taking the complex conjugate of the eigenvalue equation,

WiDera(D) = D Diakyar (Deiya, (77) (A.60)
kiaq
— Z Dk10&1]€04(q_>621a1 (](j) (A61)
kiaq
we compare with § — —¢,
wg (.77 _®6ka(j7 _(j) = Z Dkak’lal (_(j’)eku)ﬂ (]7 _q_) (A62)
k1o
= WD, —) (A.63)
= Z Dklalka(q)eklal (]7 _‘j) (A°64)
kiaq
€077 = €ra(j,—q) up to a factor chosen as 1. (A.65)

A.2.2 Classification of modes into acoustic & optical modes

There are dim(l) of eigenvalues wg — 0 as ¢ — 0 and they are classified as acoustic modes. We show
this by setting ¢ — 0 in the eigenvalue equation.

W5(i0)eka = D Drarian (0)€ksan (70) (A.66)
kiaq
L 5@
- lkz: mq)lkallk1a1€k1a1(j0) (A.67)
1rR10

Suppose for each «, €g,q,(j0)/\/mk, is independent of k; then we can take it out the sum, leaving

Dtk (I)l(li)lhkwq = 0 due to force constant sum rule. Thus for each oy € dim(l) we get wp = 0 when
7 — 0. All the particles in the cell are moving in parallel with equal amplitudes.?

The remaining modes dim(l) x dim(k) — dim(() are called optical modes. We take the example of
dim(k) = 2 particles in the cell to illustrate this. We use the notation +, — to denote the 2 particles.
Using the orthonormality relation,

ZGZa(jdjﬁka(jla = 5jj1 (A68)

ka
take ¢ — 0 and write in vector notation, |
€+(j0) - €4-(j10) + €-(j0) - €-(j10) = 0 (A.69)

For ¢ — 0, in the acoustic branch we can get the relationship

[

€:(J0) _ €-(j0) (A.70)

m4 A/TN—

since the 2 atoms in the cell move with equal amplitudes. We substitute this relationship into the above

3Be reminded that this classification only makes sense for long wavelength (7 — 0) as the argument has shown. For
short wavelength, there is no pure acoustic or pure optical modes.



APPENDIX A. BASICS 389

long wavelength orthonormality relation.
o o - o - m—_ .
= €4(40) - €-(510) + €-(jO) - e +(10) = 0 (A.71)

@60 (a0 + | [7=2.(0)) = o (A.72)
JATTEL(10) + VTE-(j0) = 0 (A.73)

Note that this means (since € « @) the 2 ions in the cell vibrates out of phase with each other. The
centre of mass remains fixed. A dipole is created and this can interact with external electric fields,
that’s the reason for the name optical modes.

A.2.3 Quantum Theory and 3 choices of Quantum Variables
Recall

Uk = \/7261«1 (@) Qjq e " e'! (A.74)

= m > ekaliD)Qjz (e (A.75)
iq

Qjg (t) are called normal coordinates and now we rewrite the dynamics in terms of these coordinates.
We start with the kinetic energy term

T = *kaNm D0 ehalin@) Qg (e ea(j232) Qg (1)’ (A.76)
lka J1G1 j2 @
= 35 Z N Z Z ko (101 ke (1202) Qinay (1) Qo (1) Z H@+@) (A.77)
ko N j2@ I
| use YR = NG, g,
1 L N .
= 5 2 2 ralid)eraliz ~0)Qsa ()@ - (1) (A.78)
Jij2@1 ka
| use €xa(j2, —q1) = €54(42¢1) and use the orthonormality relation
1 . .
= 5 2 4Qina ()Q -2 (1) (A.79)
J1j2q1
1 . .
= 52 Qua Qi -z () (A.80)
J1q1

And for the potential energy term,

1 g2 i3l
Vo= - Z Z N\/im Zzeklal 1) Q) (eI ® fl,llal%a;mz(J2q2)Qj2qz(t)e”2 2

llklal lakocra J1q1 §2G2
write e'®12 = i@l =i (h=l2) 4nd yse the definition of the dynamical matrix.

1 M My, L . o L
- § Z Z % z : E ekloél (]1(]1)le§1 (t)Dk1a1k2o¢2 (QZ)€k2a2 (JZQQ)Q]-Q(TQ@Z(%—F%) I
hkian ko Fa ke G122
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| use the relation Z ate)rh — N§o o
I

1 - - L
~ 9 Z Z €kray (]1q1)Qj1tT1 (t) Diyarkpas (— 1) €kpas (2, _QI)sz,*qﬁ (t) (A.81)
kiaikaas j1j2q1
| use the eigenvalue equation, Z Diyarkoas (— 1) €kpars (G2, —1) = Wi (G2, =1 ) €ryay (J2, — 1)

koo

1 o
= 52 D Qa(OQp-z (ko (1101)wd (7281, o (7201) (A.82)
ki1 jijeqi

’ . co—= 0\ Xk .=

use the completeness relation Z €kyon (J1Q1) €k, alphay (7201) = Gjy jo-

k1o
1 -
= 52 Qi (DQ—a (D5 (rdh) (A.83)
q
We define the conjugate momenta
oL
Pugnt) = 30" - (0 (A.84)
@i (1)
| where L=T-1V.
= Qﬂfh( ) (A'85)
Pra) = Qa()=Qj a0 (A.86)
The Hamiltonian is a set of decoupled oscillators.
1 L. N
= Y PP (0 + 5 W)@y (055 () (A.87)

]1q1 q

In these coordinates, we will now go over to quantum theory. We define the operators and the commu-
tation relations,

(Ql Pyrgr| = ihdgdsy within 1BZ (A.88)

@ Pg| = ihdjyr 3 0ggeg outside 1BZ (A.89)
g

where ¢ is the reciprocal space translation vector. The Hermitian conjugate equations are,
Qg+ Ply| = —ifidgdsq (A.90)
The vanishing commutators are
Qi @Ly| =0=[PaPls] (A.91)
Similar to the simple harmonic oscillator in quantum mechanics, we introduce the bosonic operators,

h
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P = huo (30) ( T._d) (A.93)

79 g 2

These definitions fit the classical to quantum relationship

Qiz=Q! . and Py=P] . (A.94)

Using the normal mode variables commutation relations, we get,

[ajq ,a;,q»,} = 5jj/5tj'q” (A.95)
_ _ | T T
[aﬁ s aj/q‘/} = 0= |:(qu s (l],(j,:| (A96)

The Hamiltonian in the bosonic variables is
) 1
Jiq

Finally we relate to the displacement variables

1 . h 1 il
Uk = Z eka(jq) — (ajq‘-i- Q. _ﬂ) e (A98)
2 7~
vV Nmy, 7 wo(7q)
h -
_ @ (a.-tal ) et A.99
%; 2Nmywo(jq) €ra(J0) (%q T am—fl) € ( )

This relation is analogous to the relation between momentum field operators to spatial field operators.
We work out the commutation relations,

[(MEika > Wiva]—

_ l zqg Ll

o Y k1) Qg ™ %Zﬁk’ (523) Qs (A.100)
\/7 aq "k jago _

| change the ¢ sum to —¢, and recall le _ leql

_ 1 el | pt

= [ Z €ral1qi)e " \/7 Zﬁk/ (J22)e |:P]1q1,Qj2q’2:| (A.101)

Jo @2

| the commutator, [P‘ - ,szqa} = ihdg, 3,01 j

= \/7 > ol ewar(ird)e (A.102)

J1,—aq1
| use Y era(1d1)ewar (j1G1) = Ok Gaor and Y MU0 = Ngy,
Ji qQ1

As a closing, I would like to mention some related topics that are worth studying if I had more time.
They are: elastic theory and point and space group theory on lattice dynamics.



Appendix B

T # 0 Equilibrium Matsubara Field
Theory

B.1 Perturbation Expression as a limiting case from NEGF

Here we follow [Bruus2004] chapter 11.

The purpose of this appendix is twofold; (a) to lay out the mathematical tools to handle the T" # 0
equilibrium interacting field theory on the Matsubara contour cj; (b) we can actually use Langreth’s
theorem as a trick in equilibrium theory to get the answer without going over to imaginary times and
without evaluating Matsubara frequency sums.

For the equilibrium formalism (before switching on V(t) at ty), we have an interacting but time
independent Hamiltonian,

H = Hy+ Hiy (B.1)

Note that Wick’s theorem and cancellation of disconnected diagrams is already proven for the more
general case of contours cx + c¢ps in NEGF.

Now we can simply copy over the perturbation expression (3.22) from NEGF and set V (t) = 0 and
restrict the field operators to ¢y, the cx part becomes identity. Using generic symbols 1, ! for field
operators and G for both fermionic and bosonic Green’s function, we carry out this reduction to get
the so-called Matsubara Green’s function.

G(1,1)
; Tr (e_BHOTcKJrcM (e_ﬁ fCK+C]\/I dT(Hint)Ho (T)e_ﬁ ch drVh, <T)7;Z)H0 (t1)¢}{0 (tll)))

_ (B2)

h Tr (e_BHOTC
| set V =0 and so its S-matrix becomes unity

_ —i dr(Hip T
i Tr (6 BHOTCK-i—cM (6 hfc;ﬁ-cM ( c)Ho( )1/1H0(t1)w}{0(t1')>)

K+ (6_% fCK+CJVI dT(Hint)HO (T)e_% ch dTVHO (7_))>

- - (B.3)

h Ty (e_BHOTC (e*%chJrcM dT(Him)HO(T)>>

restrict tq, t17 1O Cpr, 1.€. 11 = 1o — AT al 17 =10 — thTys
trict t1, ty t ie. t; = tg —ihm! and ty = tg — ihr!

K+Cm

| the Keldysh contour cx part factorizes

i T (e, (o7 #oar T 0Ty — i) (0 — b)) Ty (77 e 7))

~7 Te (e_ sHoT, (e—,% Jrs dTM(H-m)HO(T))) (T (6_% Juy. dT(Him)HO(T)»

CK

392
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| the factorized part T, (ef% Jey dr(Hin) o m) is unity

| this is the Matsubara Green’s function (up to factors)

GM (7717 F1/7 tO - ithjwa tO - 'LhTi]\%)

i M (Ho ) g (7 . )
; Tr [e—BHoTcM (6 ﬁfch (Hint) g ( )QpHO(tO — thlM)@/JLO(to — ZﬁT{V))}

T h Tr [e—ﬁHoTcM (e—% Jepg @7 (Hine) g (7))} (B4)

This is the same as [Mahan2000] eqn (3.183). The factors differ because of the definitions. We go
back to Heisenberg operators to facilitate the proofs of some properties of this Green’s function.

GM1,1) = GM(F, 7y, to — ihr! tg — ihril) (B.5)
; Tr e~ B(Ho+Hine) <¢H(t0 — ithM)@DL(to — thlj\,/[)ﬂ
B _ﬁ Tr [e_ﬂ(HO"!‘Hint)] (Bﬁ)

Now we will use the above expression to show that indeed GM satisfies the properties of the usual
Matsubara Green’s functions. Note that to — ihT™ is real time, thus 7 is pure imaginary (it actually
has units of energy~! which is the same as ) and that reconciles with the usual definition of pure
imaginary Matusubara time.

B.2 Properties of Matsubara Functions

There are 2 important properties that we need to show

1. GM is a function of time difference only. This means that tq is arbitrary and unphysical which
is obviously the case for equilibrium problems (but not for transients in NEGF where ¢y does

appear).
GM (7, 7 tg — ihr tg —ikd) = GM (7, 7y tg — ihrM — (tg — ihrl)) (B.7)
= GM(_'l,f'y, —ih(TlM — Ti]\//l)) (B.8)
= M@, ry, M — D (B.9)

2. Kubo-Martin-Schwinger (KMS) boundary conditions. This is the condition that whatever pertur-
bative solution of the Green’s function is solved, it must obey KMS because it is a mathematical
identity obeyed by the exact Green’s function.

GM(Fla 7?1’77—1]\4 - 7_1]\’4) = :l:GM(Flv 7’_"1/,7'1]\4 - 7—1]\’4 + /8) (BlO)

| where + is for bosons, — is for fermions (B.11)

Proof of the first property

GM (7, 7, to — ilir o — Bl (B.12)
= T hTi(ePH) <T <1/1H(750 ihr " )Py (to — ihy) )>> (B.13)

= 0((to — ihr) — (to — i) (Yur(to — ihr )l (to — inr) )



APPENDIX B. T # 0 EQUILIBRIUM MATSUBARA FIELD THEORY 394
+0((to — ihrM) — (to — ihrM) <¢},(t0 —ihrM Y (to — ihrM )> (B.14)
|  where + is for bosons, — is for fermions.
We shall consider each term seperately,
First term, ty — thl >ty — zh¢1/ ,
1 1 _ i _ _i — 1 h
_ _ﬁTr(e_ﬁH)Tr e ,BHehH(to ihrM )w(to)e £ H(to—ihmM ) H(to ihT; )wT(tO) H(to— ZLT,)]
| use trace cyclicity and commute e BHRH(-)
; 1 - ; . .
_ _%Tr(e_ﬁH)Tr 6_5H€EH(tO_ZhT1M_t0+m7—11\’/1)w(to) H(to —ihrM —to—Hth, W(to)} (B15)
= GM(7, 7y, to — ihrM — to 4 ihr) ) 0) (B.16)
1 1 r M__M M__M
_ —BH (" =77 ) H —(r" =T )H )t
= R | T ulto)e ™ Tl () (B.17)
= GM(FD Fl’? 7_1]\4 - le\’47 O) (B18)
| using trace cyclicity in a different way, we get,
i 1 i .
_ T [_51{ LH(—to+ihrM +to—ihr ) )t H(—to+ihr +to—ihr ) B.1
hTr(e—ﬂH) rie ¢(t0)€ ! w (t(]) ( 9)
= GM(7,7,0,tg — ihrdl — to + ihrt) (B.20)
1 1 M__M M__M
_ -BH (ryr =i ) H 0t —(ry - H
= e T [ tto)e T e (B.21)
= GM(#, 7, 0,7 — ) (B.22)
Second term, to — ifiri! > to — ihr{!,
_ _;Tr(el_/BH)Tr [efﬁHe%H(to—ihry)w‘f(to)e—%H(to—ithﬂ/{ e%H(tgfithM)w(to)ef%H(tofihrlM)]
| use trace cyclicity and commute e*ﬁH #H(-)
i 1 T — T —ihrM _ ihrM
G i R () s e (0] (B.23)
= GM(7,7,0,t0 — mﬁf‘/ — 1o +mﬁM ) (B.24)
1 1 M
= ————T [ —BH o(ry =) H 1 (4 V= H (4 B.25
e i (o)™ Ut (8.25)
= GM(#, 7, 0,7 — ) (B.26)
| using trace cyclicity in a different way, we get,
1 1 i M M i
_ —BH, T 7H(7t0+lhT,+tof’LhT ) 7*H( to+lﬁ7’ “+to— ZﬁT )
= hiTr(e—ﬁH)Tr [e Wl (tg)er 1 U ah(tg)e™ n (B.27)
= GM(7, 7y, to — ihr — to 4+ ihr) ) 0) (B.28)
1 1 M__M M__M
_ —BH 1 (ri" =7 ) H —(r{" =7 H
= T [P )yt (8.29)
- GM(FM Fl’? 7—1]\4 - TIA/7 O) (B?)O)

Proof of the second property
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First case: we let Ti]\,/l = [ and since tg — ihf is the “largest time”, we take only the second term
where tg — ihf >ty — z’thM.

GM (7, 7, M — B,0)

i 1 [ M _ (M _
= —ﬁWTT _C ﬁHwT(tO)e( 1 ’B)Hlb(to)e ( 1 B)H:| (B?)l)
| use trace cyclicity and commute eTHePH
7 1 [ M _ M
= ThT(ePE) Ul (to)em e M (to)e ™ H} (B.32)
7 1 r _ M M
= —ﬁWTT _e BHe 1 H?j)(t(])e 1 HwT(tO):| (B33)
| form back the Heisenberg picture
_ _%T : lﬂH)Tr _e—ﬁHe%H(to—ihTf”)d)(to)e—%H(to—ihfrlM)e%H(to—ih,O)wT(to)e—%H(to—ih,O) (B.34)
r(e” ]
i 1 [ . .
- h Tr(e—BH)Tr -e 6H¢H(t0 a lhTIMWL(tO B zhO)} (B:35)
i 1 _ . .
= e [P, (b0 — in0)wu (t — inri!)| (B.36)
|  where + is for bosons, — is for fermions
= +GM(F, 7, to — ik — tg 4 ik0,0) (B.37)
= +GM(7, 7y, —0,0) (B.38)

Second case: we let 7 = 3 and since to — ih3 is the “largest time”, we take only the first term
where ty — ihS3 > ty — ihTf\,/[.

GM(FMFI’J 6 - le\’470)

1 1 M M (e M

= R ﬂH)Tr E AH (B o (tg)e =P~ >H¢T(to)} (B.39)

| use trace cyclicity and commute eTHe=PH
) 1 [ M My o

= —ﬁmTr _6 1/ Hw(to)e 1/ He 6H'lp“‘(t0):| (B40)
7 1 Mo M M

= —%WTI“ _e /BHe 1/ HwT(tO)e 1/ Hw(to)i| (B41)

| form back the Heisenberg picture

_ _%Tr(e_lgH)Tr e‘ﬁHeEH(tO_lhTfy)W(to)e_EH(tO_ZhTf\fl)eﬁH(tO_mo)w(tO)e_ﬁH(tO_ZhO) (B42)
i 1 M . .

- “h Tr(e—ﬂH)rﬁ ‘ 5H¢L(t0 - ZthMWH(tO B zhO)} (B.43)
i 1 _ . .

| where + is for bosons, — is for fermions

= +GM(7, 7, to — ih0 — to + ihTil,0) (B.45)

= +GM(7, 7,0 — M 0) (B.46)
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Since GM obeys periodic (for bosons) or antiperiodic (for fermions) boundary conditions with period
B, we can expand GM as a Fourier series.!

1 (B . " wp, = wP = 227 for bosons
M) = g [ arteter Gty 8T T T (BAT)
iy wp = w,, = =g for fermions
The Fourier inverse is defined as
- : M
GMMy =2 Y e GM (wy) (B.48)
Bn:—oo
Finally we derive a further relation,
M 17 M ilwn ™™ ~M M
G" (wp) = / dr™ e™nT GV (1) (B.49)
2J-p
157MMM10M7MMM
_ / ifiont™ M (1 )+/ M gihionT™ M (1) (B.50)
2 /o 2)_4
| shift the second term from 7 to 7™ — g
1 [P , 1 (B 4
= 3 / arM et GM (7 M)+ o / drM hon (= GM (M _ g) (B.51)
0 0
| use the periodic/antiperiodic property, GM (M — g) = £GM (+M)
1 (8 : 1, 8 .
= 3 / drM M GM (pM) 4 Zemens / drMglhen GM (M) (B.52)
0 0
1 . B .
= Sz / drM gihont™ GM (M) (B.53)
0
| substitute the expressions of the bosonic Matsubara frequencies
| and the fermionic Matsubara frequencies
B .
_ / drM gttt GM (M) (B.54)
0

B.3 Connection to the physical Green’s functions

So much for mathematical tricks, GM (w,,) is not physical and so we now need to relate it to the physical
ones like GT4(w) or GBA(t). We will show how to relate the Matsubara Green’s function to the retarded
Green’s function and then to the advanced Green’s function by using the Lehmann representation for
both bosons and fermions. For the retarded Green’s function, we have,

GRw) = / dte' GR(t) (B.55)

. Tr (e 07 |9y (t), ¥} (0)
_ —;/dtethH(t) < TE(Z_5H>H ]i)

| — for bosons and + for fermions

(B.56)

! Actually, working in Fourier Series and solving the Fourier component pertubatively ensures that KMS is obeyed. In
most of the literature, 7 is set as 1, so my expressions here may look strange.



APPENDIX B. T # 0 EQUILIBRIUM MATSUBARA FIELD THEORY 397

g e—uut
| use the Fourier reprsentation of the step function 0(t) = / dw -
o w +1in

| insert a complete set for the trace and between the operators

z(w w')
= dt
27th/ / w’ —1—217

x [ZW!eﬁHwﬂ( )’y (1[4} (0) ) iz el (6)]n) (nl (0 )In’>] (B.57)

_ l —BEn %tEn —%tEn/ / 1ot
~ g [ @ Z e [tk ) 14 O
BB 41 0 (nl(0) )] (B.58)
1 ,
| note the representation o / dte™' = §(w) then evaluate the delta function
7r

11 (n[p0)[n) (0 [¥T(0)|n) 1 _sp, _BE,,
= 35> ot BT i (795 = ()e ) (B.59)

nn'

| where the — in the second term in the round brackets is due to commuting 1 and Yt
The Lehmann representation for the Matsubara Green’s function is

Take case 1 where to —ihr >ty — z’hTf\/

= GM(R, v, =7, 0) (B.60)
1

= Ty [T g~ 1) (B.61)
hZ

| denote ¥ — 71]\//[ = 7 and insert complete sets of states
71 _ oM M

= =5 2 tnle™ e to)[n) (n'|e™ (ko) ) (B.62)
11 M

= —BEn T (En—En/) / ANA:

= —35 ) ¢ e (4 to) |y ('[9 (to) ) (B.63)

We Fourier transform to the Matsubara frequency domain,

8 .
GM(wy) = / drMeihom™ GM (M ) (B.64)
0

- —Z/ drM e hentEn=Enn) =B (n]op (to) 'y (' [F (o) |m)  (B.65)

| evaluate the 7 integral (B.66)
i1 _pE, (Y (to)In) (W [¥ (to) In) ¢ ; -
_ vt BEn ( ihwmB B(En—E,) _ 1) B.67
hZ %: ihom + Ep— By \ € (B.67)
| recall that e’ = +£1 where + is for bosons, — is for fermions (B.68)
v 1 (nl(to)|n') (/|41 (to) |n) ( _BE _BE
S " (4 n') B.
hznz ihom + En — By \C (£)e (B.69)
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Thus they are connected by analytic continuation,
G (w) = —ihGM (iwpm — w + in) (B.70)

The extra factor is because my definition of GM is different from the usual one. Note that this is only
true when G (iw,y,) is analytic in the upper half plane of the complex plane.
Since the advanced function only differs in w + i — w — in thus we immediately get the relation,

GA(w) = —ihGM (iwy, — w — in) (B.71)

which is only true when GM (iw,,) is analytic in the lower half of the complex plane.

B.4 Evaluation of Matsubara sums

B.4.1 From frequency summations to contour integrations

From perturbation theory when we need to evaluate Feynman diagrams, we typically encounter Mat-
subara frequency summations (instead of the usual integrations). The issue is, how to evaluate such
Fourier sums? The general form of such summations can be written as

1 . ; F_M
SE(My = %Zg(zwﬁ?)ezmnT (B.72)
iwl
| where w! is the fermionic Matsubara frequency
1 . ; B_M
SB(rMy = % > gliwf)eenT (B.73)
iwB
where w? is the bosonic Matsubara frequency
n
In this subsection, we show how to write such sums into contour integrals and thereby make use of

residue theorem to evaluate the sums. Subsequent subsections cover more general cases and an explicit
example is given later.

First we investigate 2 functions, np(z) and ng(z) which have poles at z = iw! and z = iw?
respectively. 2
1 i(2n+1)m
nF(Z) = W pOleS at z = T (B74)
1 i(2n)m
np(z) = T poles at z = Bh (B.75)
Here we make a quick digression to calculate the residue at each pole,
. F
) Z — 1w
Res,_i,r [nr(2)] = zEngF ﬁ (B.76)
| let z—iwl =4
i 1)
- }I_I}(l) eBh(z—iwl +iwk) 41 (B77)
) 0
= T 1 (B78)

2 All factors of T is to make z have the same dimension as frequency.
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| usel” hospital rule

, 1
= 3 Bh(ero e (B.79)
| use e’™ =1 because § = 0 and efhiwr, — _1
1
Then similarly for bosonic Matsubara frequencies,
. B
Z—iw 1

Res.—iwp rp(2)] = im0 =+5; (B.81)

Now we shall evaluate contour integrals that enclose 1 pole but does not enclose the singularities of
g(z). The results are,

j{ denp(2)g(z) = 2miRes,_i,r [nF(z)g(zwg)} = —2;;9(@5) (B.82)

1 pole

7{ dznp(z)g(2) = 2miRes,_;,5 (np(z)g(iwd)] = —i—?;g(iwf) (B.83)
1 pole

And for contours that enclose all the points z = iw!” and z = iw? with g(z) being analytic, we can now
write the sum into complex contour integrals (whose evaluation is simply done by Residue theorem),

dz
Z gliwD)emon ™ gF(:M)y = _ / Snr( )g(z)e=™ (B.84)
sz
d
SE) = G Sau)e T ) = 4 [ Enp@eae T )
iwB
hzrM

which we can see by expanding e and carrying out the integral for each term then resum the series.

B.4.2 Summation over functions with simple poles

Consider the case where go(z) has a number of known simple poles, say

(=) =11 ! - (B.86)
j J

then the sum to evaluate

SE( thO iwk ehn ™ M 5 (B.87)

iwl

We take the contour Cu : z = Re?, R — oo,
The integral is zero for both the upper half plane and the lower half plane.
Considerations for the kernel,

M

hzt (M —B)Rz
- e e — 0 for ¥z >0
et B.88
nr(z)e eBhz 1 1 { Rz 0 for Rz < 0 ( :
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Hence we seperate the integral as,

dz
0 = / & i ()ao(2)e ™ (B.89)
C' e
- Zgo iwl)e™n ™ 1N " Res.—. [go(2)] np(z)e" ™ (B.90)
sz J

| where the first term (-S") is due to the contribution of the poles of np

|  where the second term is due to the poles of go(z)

288 = Y Res.—s, [g0(z)] np(z)e (B.91)
J

Similarly for bosons we get,
B JVI M
tho iwB)eMon ™" = §B (1 ZResZ = 190(2)| np(z5)e hzyT (B.92)
iwB

B.4.3 Summation over functions with known branch cuts

Note that the poles of the ordered Green’s function are on the real axis, so the ordered Green’s function
are analytic everywhere except on the real axis.
Now consider the sum,

S(rM) Bth iwp,)e m‘"” , ™ >0 (B.93)

iwn,

where g(z) is not analytic on the real axis. We thus choose the contour shown in the diagram.

Figure B.1: The contour used for Matsubara sum with known branch cut. The real axis is a branch cut.
The black dots are the poles of ng. The horizontal part of path ci is z — € — in. The horizontal part of
path ¢z is z — € +in. Only the horizontal parts contribute when |z| — oco.

So the contribution of the contour is

(B.94)
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= L/~ de np(e)[g(e+in) — g(e —in)] eher (B.95)

2m J_ oo
| if g is the ordered Green’s function then g(e —in) = g(e + in)*
_ _QLM, : de np(€)2iSgle + in)]eh™ (B.96)
| the g(e + in) is essentially like G
| and spectral function A(e) = —23G%(¢)
-/ (A (B.97)

oo 2m

B.5 An Example comparing Matsubara Field Theory and NEGF:
Electron-Phonon Self Energy

This section covers the 2nd purpose of the chapter: to show that Langreth’s theorem can serve as a nice
trick to bypass the use of Matsubara frequencies and Matsubara sums. We illustrate with the problem
of evaluating the retarded electron-phonon self energy. Here we follow [Haug2007] pg 73.

B.5.1 NEGPF Treatment

To use the trick, we pretend to use NEGF for an equilibrium problem. Recall the NEGF Hamiltonian
consists of Hy + Hins + V(). So we let Hy be the “free” parts of the electrons and the phonons. Let
Hiy =0. Let V(t) = H (el=Ph) and so we only have Keldysh contour ck for this problem.

The lowest order self energy in contour time is *
(el—ph) (7> _ 2 ~(0) (0)
Zn101j1 (k‘l, 7’17‘2) = 1h Z |Mq’1 ‘ Gnhgl—(ﬁﬂ'l,nlygl—(flygl (’7’1, T2)Dj1171j1§1 (7’1, 7’2) (B.98)
q1

Use Langreth’s theorem to get the retarded self energy for this example. Note that this is the parallel
multiplication case. The phonon Green’s function, D(© here is the “Q, Q” version.

n101j1

= in | Mg POt — 1) [G<0>>D<O>> - G(0)<D(O)<} (B.99)
&

| make the following symbolic manipulations using C* = §(C> — C<) and 6* =6

| 6(G°D> —G<D<) = (GE +6G~) (D +0D<) + (G® - 6G”)D<

Y My [P [¢ODOR 1 GORDOS 1 GORDOR) (1, — 1) (B.100)
il

| substitute the relevant expressions from the appendix of equilibrium expressions

2
= =2 Mg
qQ
% feq L 8_56711!,;1751 (t1—t2) o h e(tl o t2) (e_iwjl‘ﬁ (t1—t2) _ eiwjl‘jl (t1—t2))
n1,k1—q1,01 2wi ¢

_ —7e, By gy (t1—t2) h eq iwj, & (t1—t2) eq _—iw; a (t1—t2)
+9(t1 t2)e hny,k1—q1 m ((letfl + 1) e™Wirq (t1—t2 +Nj1§16 j1qy (t1—t2

3The notations are as follows: n-electronic band index, k-electronic wave-vector, o-electronic spin, j-phonon branch
index and g-phonon wave-vector.
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+6(t1 — tg)e W€ny - (1 t2)2L9(t1 —t2) (e_iwflqﬁ (ti—t2) _ piwjiqy (tl_t2)>] (B.101)
Wi g1
_ Z 0(t ¢ ) ‘M h (Neq _ peq n 1) e_i( ny, khl q1 7+wJ1q1>(t1_t2)
B 7 1 2 7 @1 n1,k1—q1,01
. En ,Elfé'l
eq eq _ _’(%_“’jlqﬁ)(tl_t?)
* (le‘h +1+ fmJﬂ —q1,01 1) € (B'102)

Now we Fourier transform the expression and we add a small positive n for convergence of the integral
(or think of 7 as coming from the Fourier representation of the temporal step function).

nioiji nioiji

y(el= ph)R(k w) = / d(tl_tz)eiw(h—m)z(el Ph)R(k; t; — to) (B.103)

—00

simply evaluate the integral
NS — f1 +1 NF 4 9 )

_ E ‘Mq ‘2 h ( iq n1,k1—q1,01 i Jiq ni,k1—q1,01
- al 9.,. €ny -7 . €t R — .
Wit d g s — MR L. muski—an
T g \W — Wi g 7 + W+ Wi g 7 +1n

(B.104)

B.5.2 Matsubara Treatment

We follow [Mahan2000] section 3.5. The lowest order self energy diagram (from the 7" # 0 Feynman
diagram rules) is

l—ph)M . ¢ o . .
ESUJP ) (kyiwl) = h ZZ | Mz ‘ D q,zw )GTBB,M(k — ¢ iwl +iw?) (B.105)
q iwB
where a bosonic Matsubara sum must be done and where D](O) is the a, a’ version and the G%%M is
the ¢, ¢! version. The explicit expressions for D](- M and G( M are,
IR
DOM (G iwBy = T (B.106)
J m (iwB)? — JZ.H
> . 1
COM (k= Giwy —iwp) = — e (B.107)
W, + 1w, i
E(el ph)M(k in) _ i Z Z ‘M~|2 2wig 1 (B.108)
I . € 7 o *
" " Bh 7 ik " (wh)? — W]zljiw,{f + iwf — L=t
v Z 2wjq 1 (it (=0 109)
- e ﬁh (iwB)? — W]quF +iwB — n,g—q*
| the function before the exponential has 3 known simple poles
| terms in round brackets mark the case in section B.4.2
| and so we apply the result of the Matsubara sum
2 3 Wiz 1
= - Z ’Mtf‘ ZRGSZZZZ' e _Jq2 — Ciia nB(Zi) (B].lO)
7 i=1 §q Wy T2 — =5
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| we change notation from np to N to reconcile notation

3
- I Y NG Res .
7 i=1

(2 —wig) (2 + wjg) il + » — k=t

We evaluate each of the 3 residues.

2w;z 1
Residue at z; = wjz = N®(w;7)Res,—y - 74 — (B.111)
749 Jq Jq qu,_|_ wjlfiwrlf + wjg — En,}lf;q
N¢?
= (B.112)
O Tq
2wig 1
Residue at z; = —wjg = N“(—wjz)Res.— 11 — (B.113)
Wi T i — wig— 471
| note that N°(—w,;q) = —(N“(w;q) + 1)
N 41
= e (B.114)
wh — wjg—
. 6n lqu* . F
Residue at z; = ’h — iw,
= Neq(w —iwf)Res  «, ; 2057 (B.115)
h n 2= n”;_q —iwl (En gfq _ Z'WTFL‘)2 _ wj?ﬁ
€ L= En,l_c‘fﬂ . .
| note that Neq(% —iwl) = (M L—iwf) _ 1)L = (P g 1) = _fzqg_q
| where we used e~ hiwn — 1 = Phiwn
—2wizfL.
id), i
= — _ E_"_v’“ T (B.116)
(iwf — 571)? —wiz
| we write it into partial fractions
£ £
S = SV S (B.117)
A e I ey

So, the final expression of the equilibrium electron-phonon self energy in (fermionic) Matsubara fre-
quency is

NSE 41— fL NI+ fed,
Shog " (Ryiwy) = =3 | Mgl* | B/ S/ ALY, (B.118)
n»gzj ’ n q . en,lz:‘fﬁ’ . Gn,Eﬂi ’
7 Wy —Wg— —F— Wy twig— —5—

We carry out analytical continuation to real frequencies so that we get the physical retarded self energy.

wh e i (B.119)

eq _ req eq eq
N1 f N+ fed

(el—ph)R /7 . 2 Jq nk—q J—g
En,U,j (k; W) - - Z ‘Mtf} <w i — i € i a + 6n,l€—§‘> (B120)
q N — Wjq

“nk—q ; L ‘nk-q
7 w + 11 + wjg 7
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The discrepancy of the prefactor with the NEGF treatment, is due to the fact that different non-
interacting phonon Green’s functions are used. The 2 non-interacting phonon Green’s function differ

by that prefactor, i.e. Q7= Qj’jq_ (a;_q—k ajq~>.

Lastly, in some literature, people compare Matsubara Field theory and NEGF which by now should
be obvious that Matsubara Field theory is within NEGF. For a time dependent Hamiltonian only NEGF
works. For a time independent Hamiltonian we can use the tricks of NEGF (as shown here) to allow
us to circumvent Matsubara frequencies and Matsubara sums (analytic continuation is the easy part

actually).




Appendix C

Collection of Non-Interacting (“Free”)
Green’s functions

We supply these expressions because they are the most common building blocks in perturbation theory.
Here, we provide both electron and phonon Green’s functions expressions in both the time domain and
in the frequency domain. The time domain expressions are useful in non-steady state theories and the
frequency domain expressions are useful in steady state considerations.

C.1 Electron Green’s Functions

C.1.1 In Time Domain
The Hamiltonian in momentum variables is
_ T
Hy = Z €uiC 7 Cokio (C.1)
nko

where n is the band index, k is the momentum index, and o is the spin index.
The Heisenberg equation of motion is solved directly. (top is an initial time, and the label on field
operator c is really redundant)

Cn]ZO.HO (t) — e%HO(tftoano(to)ef%Ho(tfto) (02)
a . (t) = %Ho(t—to)i H - (o) — 4 Ho(t—to) (C.3)
dtcnlkleo - e A 0 Cnykyoy O] € ° )
E (—to) b Ao (—
= U e e oo Cuy (f0) | €7 RO (C.4)
nko _
| use identity to change to anticommutators, [A,CD|_ = [C, A]+D — C[D, A]+
| and recall the canonical relation [c, | 12101’01219202] + = OninaOf 1, 00102
1
= f%emglcmgwl}[o(t) (C.5)
This is immediately integrated to get
— €0 i, (t—to)
ooy (B) =€ PR e L (2) (C.6)

405
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Take the Hermitian conjugate and we get

ol (£) = eremm =00t g0y (C.7)

niki1o1Hg nikioi

We define the statistical average to be

v (e=AHo
(gt = T2 A0 (0) ©8)

and now we can define and solve the Green’s function directly using the solution of the equations of
motion.
We start with the time-ordered Green’s function

(0)t oy
Gn-1/;101n212202 (t t )
o ? / T / / T /
= — [e(t_t)<cm,;mHO(t)cn2EmHo(t)> 0 — 1) <cn2EmH0(t )cm,;mHO(t)ﬂ (C.9)

| simply use the solutions

’ —i Lt i -
= 3 {G(t —t) <cn1]3101 (to)cT . (t0)> R LN L)

nakooo
—0(t —t) <CLQE202 (to)e, £, (t0)> e‘%emate%fnzﬁzt’} (C.10)
| Note that <c;227€,2020n1]2101> = <nn11¥101>5”1”25131525‘71“2 = fZ?Eml mm&,;l]gzégl@
|  where f°¢ is the Fermi-Dirac distribution
| use equal time anticommutation relations to get <cn1];101 611215202> = (1 - f:fl?wl) Onyns 515'1122 0oy 09
_ _% (9(75 — ) (1 - f;fgm) — 0t — 1) f;f%l) AU AT S S . (C.11)

The imaginary time Green’s function (note that my definition is slightly different from the usual liter-
ature), which is found by setting t; = to — ihr{M and ty = to — ih7i?.

(0)M M _ _M
Gn1E1U1n2E20'2 (T T2 )
0)T .
= G o, (1~ 12 = —i(r = 7)) (C.12)
= _1 (9(_ZH(TM - TM)) (1 - feq ) - 0(_’lh(TM — TM))feq ) e_€n1E1 (T1M_7—2M)6 5~ =68
a h 1 2 nikioy 2 1 nikioq NIN2Y ey ky " 0102
(C.13)
The next Green’s function to calculate is the lesser Green’s function.
(0)< 4 o 3< T / - >
Gnlglfflnz/%@ (t t) - +ﬁ CnQEQUQ(t )kawl (t) (0'14)
7 _i Lo(—t
=+ o, heny kg (7 >5mn25,;1,;250m (C.15)

Greater Green’s function

0> —t) = —i . i /
Gn1E101n2E202 (t t ) - h <Cn1k’101 (t)CTLQEQUQ (t )> (016)
‘ —te & (t—t/
= _ﬁ (1 - fZ?E10'1> e h nlkl( )5n1n25E1E260102 (Cl?)
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Retarded Green’s function

GOF -ty = 6t—t) (G(O)? L (t—t)-cT (t—t’)) (C.18)

nikioinakaoz nikioinskaoz nikioinokaos
i —ie o (t—t/
= 50t~ t)e R (C.19)
Advanced Green’s function
(0)A N r ( (0)< oy A0)> _ ,)
Gn1E101n2E202 (t ¢ ) e(t t) Gn1E101n2E2U2 (t t ) GTLlElG’l'r‘LgEgO’g (t t ) (020)
t—t'
= %9( )6 hnlkl( )6n1n25i€'1]‘€’250102 (021)

The (real space) field operator version of the Green’s functions can be built up based on these
momentum Green’s functions. Simply use the (second-quantization) relation between the variables.

- 1 SN ik 7
¢Hal (Tltl) = W Z un1E1( 1)6 k1 chn1E101 (tl) (C,22)

niki

where U is the Bloch function. One can also take the plane-wave approximation (simply let the Bloch
function be 1).

Ve, (T1t) = —= Z k1 Chny Ryo (1) (C.23)

—

n1k1

Take the Hermitian conjuate of the relations to get the corresponding relations of the conjugate variables.

C.1.2 In Frequency Domain

The Fourier transform is defined as

Glw) = / b d(t — e =Gt — ') (C.24)

—0o0

First we calculate the time-ordered Green’s function.

GO ()

nikioingkaoo
_ / d(t — et (C.25)
— oo nikioinskaos

i e~ W t
| use the integral representation of the step function, 6(t) = — / dw'

2 w' +1n
; o i(w—EL i) (=
< ([ae et )
0 nirki101

0 ; ‘mky ’
il w— —in | (t-t") .
—/ d(t — t/)e ( ) f 1, ) 5n1n25]_€'1]_€'25010'2 (026)

nikioy

| taking n — 0 at the end of the frequency calculation is implicit

| simply carry out the integrals
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_ peq eq
’n1E10’1 TZ1E10'1
- _ﬁ <_ Enll-c‘l o E711131 ; )57117126];1];250-102 (C27)
Ww——7—+m w—-— -

Second is the (fermionic) Matsubara frequency Green’s function. Note that Matsubara frequency index
n and electronic band index nj; are unrelated.

(0O)M . F
ni ];10'1n2’;20'2 (an )
B .
= /0 dTMelh‘*’fTMGg)l)é\l/[om%@(7'1M - 7’2M = TM) (C.28)
;B )
o 4 M (’Lh,(.dg*én - )M e M eq . M\ peq
_ _h/o drMe %y (9(—2717 ) (1 . mem> — Q(ihr )fmgm) S
| the second step function is actually made of 7! — 7 = —7M and so
B
| note that/ drMo(—rMy =0
0
.1 — %9, 3
- _* m k1o [ (ihwr =€, & )TM} C.29
hinol —¢, o 1 o (C.29)
| use eihonB — _1
. _ feq
-t Tmkion <_ Pk — 1) C.30
e S (C.30)
| use the explicit form of f*
-1
. <1 — <6ﬁ6n1’51 + 1) ) (eiﬁenliﬁ + 1)
i
= - . (C.31)
h zhwf — 6n1E1
i 1
= - (C.32)
hzhw{f - €n1E1
Next is the lesser Green’s function.
a0< L (w) = > d(ty — tg)eiW(tl_m)G(o)f Lt — ) (C.33)
nikioingkaos oo nikioingkaoo
7 o0 i(w— EnlLE1 ) (tl—tg)
= ﬁfz?E1015nln25E1E250102 /_OO d(tl — t2)e h (0.34)
1 A
| use the representation o / dte™’ = §(w)
™
=ty ons (0o R )5 s C.35
- ﬁfnlk‘lgl m W= H n1n2Y%k ko © 0102 ( . )
The greater Green’s function.
a0 @ = —L(1=p Vors(w— R )5, 5.5 (C.36)
nikio1nakacs o h nikio1 h NIN2 ¥y gy 70102 :
The retarded Green’s function.
oo
(0OR _ _ iw(ti—t2) ~(0)R _
Gn1E1a1n2E202(w> /_OO d(tl t2)e Gn1E101n2E202(t1 t2) (C.37)
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i e—iwt
| use the step function integral representation 0(t) = 5 / dw
7r

. 00 . 1 ( _ /_Enlfl>(t —t)
_ _Z/ d(tl—tQ)Z/dw’,e’ e S (GRS
hJ_ 2 W' +in

h

w+1in

5n1n25;;1]225010'2 (038)

6 —
| use the delta representation to get & <w —w - mkl> and evaluate / dw'’

1 1
S S S S
€k — OningVf g, Vo102
hw _ ;ikl +l77 1K2
The advanced Green’s function.

0)A 1 1
G( )_' (W) = ’ € o 5”1712 6E1 ];2 60’1 (o)

nikioingkaos hw _ n;ikl —in

and indeed —ihGM (iwl — w +in) = GF(w) and —ihGM (iwl — w —in) = GA(w).

C.2 Electron Spectral Functions

C.2.1 In Time Domain

©) _ _ . (~OR oy 04 B
‘An1’;1<71"2’_€}202(t1 tg) B Z<Gn1E101n25202(t1 t2) Gn1E1U1n2E202(t1 t2)>
1 —ie o (ti—t
= = (0t — 1) +6(t2 —11)) e B AT
I —ie o (1t
e %6 h€n1k1(1 2)6n1n25];1]€250.102

C.2.2 In Frequency Domain

nikioinekaos ni1kioinoksos nikioinakaoo

i 1 !
= 7(5 5” n 6 ” - k
B 2 ki ky m0102 (w _ 6”1% +im w-— En}ikl - in)

1 1
| use identity — =P () —aimd(x)

A© (W) = z‘(G(O)R (w) — G4 (w))

X + 1€ x

S . 25 (w — b
= ﬁ nins ]Zﬂgg o102 —14T w — T

We can double check with the other relation.
A(O) w) = 1 <G(O)> w) — G(0)< w )

nikioingkaos nikioingkaos nikioingkaos

1 Cniky
= ﬁQﬂ.é w — 3 5n1n25E1E250102

(C.39)

(C.40)

(C.41)
(C.42)

(C.43)

(C.44)

(C.45)

(C.46)

(C.47)

(C.48)
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C.3 Phonon Green’s Functions

There are 3 types of phonon variables: a and af, Q, and u and they are related as will be shown later.

All time domain and frequency domain expressions will be calculated.

C.3.1 In Time Domain

C.3.1.1 “a, a!” operators

Now we calculate the Green’s functions for non-interacting (free) phonons. Again the equation of motion
can be solved exactly which enables the exact form to written. We start with the a, a' Green’s functions

and build up the @, Q Green’s functions and u, u Green’s functions.
The Hamiltonian is

_ f 1
HO = Zhwj(j (aﬁaﬁ—i— 2)

iq7

(C.49)

We solve the Heisenberg’s equations of motion directly. (Again the argument ¢y is redundant.)

lHo(t—to)

_ iHo t—to
QHoj1q1 (t) =en ( )

aji; (fo)e™

d Lo (t— ) i (—
%aHOjuﬁ (t) = en ot tO)ﬁ [H07aj1171 (to)]_ e~ rHo(t—to)
| use canonical commutator [a, aT]f =1

—Wj, ¢ A Hojr (t)
We immediately integrate to get,
AHyj1q1 (t) = e_iwjltﬁ (t_tO)ajlq‘l (tO)
Taking Hermitian conjugate gives
i (E—t
ajqojlql (t) = e O)Q;I(jl (to)

Now we can define and calculate the Green’s functions in time domain.
The time ordered Green’s function,

0)t 1
Dj('llﬁjzd'z (i —t2) = “h <T (aHojltﬁ (tl)aTHon,jQ (t2)) >
?

(C.50)

(C.51)

(C.52)

(C.53)

(C.54)

(C.55)

= -3 (9(t1 —t9) <CLH0]'1q“1 (tl)ajr%jﬁ2 (t2)> +0(ty — t1) <a2,0j2(j2 (t2) @) d, (t1)>>

| use the solutions
1

= 2 (01— 1) (13 (o)l g (10) ) €1 (1710) iy 12t

h

+6(t2 — 12) (a1 (fo)azg, (f0) ) e (50 iy (1210

q2

T _
| use (a2 aiq) = (@) 07172000 = Noo 0j1jads, 4
| and use [a,af]_ =1
1

= —= (9(t1 —12) (1 + Nflqtfl) +6(ta — t1)N:L ) e “na (t17t2)5j1j25

J1q1

h

(C.56)

(C.57)
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The imaginary time Green’s function (with t; = tg — ihr{ and to = to — ihrd?)

(0)M ( M M)

j1dijege\TL T T2
0)t .
o §1§1j2§2 (tl —ta= _Zh(TlM - TQM)) (0.58)
i . e . e o o (FM M
= 5 (9(_2h(7'1M - 7'2]‘/[)) (1 + leqﬁ) + (9(—Zh(TQM — TlM))Nijﬁ) e~ Mwira (1 =7 )5]'1]'25@’1(72
(C.59)

The lesser Green’s function

(0)< _ !
Djlq_’ljszz (th—t2) = B <a20j2§2 (t2)aH0j1§1 (t1)> (C.60)

| read off from DOT

- _%N;fd’1e_iwjlql (tl_t2)5j1j26§1§2 (C~61)
The greater Green’s function
0)> i
D gt = t2) = % <aH0j1tT1 (t1)ah050 (t2)> (C.62)
| read off from DOT
- _% <1 + leqfi'l) e~ nd (tl_t2)6j1j25q_'1q_'2 (C~63)
The retarded Green’s function
(OR _ (0)> (0)<
D; cia(ti—t2) = 0(t1 — t2) <Djuﬁj2 ot —t2) =Dy = - (t — t2)> (C.64)
- _%9(751 - t2)€_iwjlql (tl_t2)5j1j26§1§2 (C.65)
The advanced Green’s function
(0)A _ (0)< (0)>
D dia(ti—t2) = 0(t2 —t1) (Djl diaiy (L —t2) = D) o (t — tg)) (C.66)
- %Q(tz - tl)eiiwjl(ﬁ (t17t2)5j1j25§’152 (C.67)
C.3.1.2 “@Q, Q” operators
The relationship between the 2 operators is
h
Qir= 15, (- @sa) (C.68)

and we will simply construct “QQ” Green’s functions from “aa’” ones. The first one is the time ordered
Green’s function

= T3 <T (QHojqul (tl)QHojmTz (tQ))> (0.69)

= —% (0(t1 — t2) Qi (1) Qgjngs (t2)) + 0(t2 — t1) (Q g jogs (12) Qrtonan (1)) (C.70)
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i n
S Sy (t)ah P .
- h2, /W51 Wia g (0(t1 tz) (<aH071q1 (tl)aH0J27—q2 (t2)> + <aHo]1,—q1 (tl)aHohth (t2)>)

+0(t — 11) ((amp (2)aby, g (1)) + (abis, 5 ()angiq (1)) (C.71)

| with terms (aa) = 0 = (a'al)

| use the solutions and the canonical commutator

i h eq Ciw; o (t—t2) eq iw; o (t1—t2)
T h 2wj (e(tl ~t2) ((Nﬁ‘T? T 1) em R TR+ lelflelw]m s )
+0(ty — 1) ((Njffqu + 1) ¢ (11) 4 NO9 o=t <t1—t2)>> 8i1ia0a, i (C.72)
The imaginary time Green’s function (with t; — to = —ih(T]M — 7))
(0)M M M
hdjade (Tl — T2 )
0)t .
- DJ('lt)Tl]é(Tz (tl —t2= _’Lh(TlM - TQM)) (C.73)
_ Z h . M M eq —hw. - (T1V177_M) eq hws =~ (TIW,TJW)
T h 2w ¢y (9(_2h(71 — 7)) ((leﬂfz + 1) e a2 4 letiie j1q1 (71 —T2 )
#8(intr! = o)) (g + 1) e oD 4 Nt ) ) 6,005
(C.74)
The lesser Green’s function
(0)< 1
Djigipa(t—t2) = =7 (Quopa (t2)Quosai (1)) (C.75)

| read off from D!

i h o o
— 7%20\} - <<N]€1qq»1 —+ 1) elelql (tl t2) + Njequ‘le Wiy (tl tg)) 5]'1]'2(5@'1,_@‘2
J1d1
(C.76)
The greater Green’s function
0)> )
Dj('lzﬁjéq} (i —t2) = “h <QHOJ'1(T1 (tl)QHojzd’z (t2)> (C.77)

| read off from D)

0 h € —iW,i. & — e Wi = —
— _ﬁijlql <<Nj1qq.1 + 1) e i q (t1—t2) 4 Nj1ch’1€ i (t t2)> 6j1j25§17—172
(C.78)
The retarded Green’s function
(O)R _ (0)> (0)<
DO ot —12) = 0t —ta) (D (11— t2) = DS - (1~ 12)) (C.79)
Ch ‘ A
- _% 5o 0t —t2) (e_wm (h=t2) — gl (tl_m) 0j1520,~q  (C-80)

J1q1
The advanced Green’s function

DO (4 —ty) = Oty —t)) (D(°)< (t1 — ta) — D> 4y — tg)) (C.81)

J1q15202 J1q15202 J1G1J24>
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B . .
- _% 2wj ¢, 0(ta — 1) (6%1‘71 (ti=t2) _ g=iwjiqy mih)) d;

5(717752 (0‘82)

1j2

C.3.1.3 “u, u” operators
The relationship between u and () variables is

1
Ul k -
e T Ny

we define the shorthand R

Zﬁkwq (jl(jl)eiq‘l.lleuﬁ (0.83)

J1q1

lhkiaq
_ 14
- Z RlllkiOCleltﬁ (C.84)
Jiqh
And in the Heisenberg picture
UHhker = RN Qmig, (C.85)

J1qh
All the “u,u” Green’s functions are related to the “Q,Q” Green’s functions via

D(O)t’M’<’>’R’A(t1—t2) _ Z letfl Rj2¢72 D(O)t,M,<,>,R7A(t1_t2) (C.SG)

likyaglakaas likiar ™ Makaaz ™ j1q152G2
J1q1j2G2
C.3.2 In Frequency Domain

C.3.2.1 “a, a!” operators

The time-ordered Green’s function:

(0)¢ _ w(ts— (o)t
Djllflhlﬁ(w) B /d<t1_t2)e (“ t2)Dj1€71j2§'2(t1_t2) (C.87)

i —iw't
| use the integral representation of the step function (t) = — / dw’

27 w' +in
_ b {Z /dw’e_i(w TYTena ) (t — tg) (1 + N5, )

h |27 w' +1in 1L
i ,ei(w'+w_w11‘fl )(tl N t2) e
+ d(tl — tQ)% dw o+ in le(ﬁ 5]'1]'25@1@2 (0.88)
1 .
| use integral representation of delta function d(w) = o / dte™"
7r
eq eq
— 1 1 - le(fl _ leq_i 5 . 5_’ . (C 89)
A\w— wjl(j’l + ,”7 w— wjltfl _ ZT/ J1327q1,92 .

The (Matsubara) imaginary time Green’s function:
DOM 1By = [ apMemeEr pOM ar oy (€.90)
qj2@ ") 0 T J1ij2Ge 1 T =T :

y
v M (ihwB —hwj, 7 )7™ M e : My are
= TR, drM elthon I a) (9(—@7” )(1+1ijql>+9(—l7i(—7 ))lvjl(%‘l)éjljzéffl,(ﬁ
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B
| note that/ drMo(—) =0
0

. eq
— _1& [e(”“*’f—fwnfn%“r
hsz hw]lth 0
| use et B — 1
. eq
— { H—thl [e—hﬁwjlql _ 1}
hzﬁw — hwj, ¢

| use the explicit form N;lq(ﬁ = (eﬂ g — 1)71
71 1

hhiwB —wj g

The lesser Green’s function:

D(Ol<. . (w) = /d(tl — t2)6iw(t1_t2)D(O)_,<. ~ (tl — tg)

7149179292 J149172q92

1

= ——N%, /d(tl—t2>€i(w_wj1‘ﬁ)(tl_t2)5j1j25§1,§2

h na
7
= 3 N 2m0(w — wji41)0515200, 6
The greater Green’s function:
(0)> _
Dj1§1j2§2 (w) - h (1 + Neq ) 27“5( wj1d'1)5j1j26§1,§2
The retarded Green’s function:
(0)R _ zw (t1—t2) H(O)R
Djliljzd'z (w) = /d e D]1Q1J2QQ (t1 — t2)
. i e—z(w —w—&-wjlql)(tl—tg)
= _h/d(tl _tz)/dw % W'+ i 5j1j26§1,§2
1 1
= —— i i 00 &
B — Wiz + i j192941,32
We see the expected relationship: —inD ("M (iwB — w+in) = OF (w)
J1q1J2G2 n J141792G2 ’
The advanced Green’s function:
(0)4 _ 1 1 PR
J1q1J2G2 (w) how— Wi g — in 7172941,G2
And we see the expected relationship: ZhD](11)11]2q2 (iwB — w—in) = D§?2T$2§2 (w).

C.3.2.2 “Q, (Q” operators

The time ordered Green’s function is

(0)¢ _ iw(t1—t2) 1(0)
Djliljziz(w> - /d(tl —tg)e & 2)D31q1j2q2(t1 —t2)

1 e
| use the integral representation of step function 6(t) = / dw' ——
W'+

o

(C.91)

(C.92)

(C.93)

(C.94)
(C.95)

(C.96)

(C.97)

(C.98)

(C.99)

(C.100)

(C.101)

(C.102)
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i h )
= —= — [ d(t; — t2)du
h2wj q 27 (t 2)dw

(Neq N ) oW —wtw;, g ) (1 —t2)) et e~ iW —w—wj, 7, ) (t1—t2)
J1q1 W+ in J1q1 W+ in
eq ’L w +w+whql)(t1 t2) e e@'(w/jwawjl(ﬁ)(tl*tz)
(lelh + ) W'+ in + led’l W'+ in 6]‘1]‘25@’17*(1'2
1 1 1
= [(N;qul+1> ( - — )
2wj 4y W - Wiy W Nt Whg
1 1
NS, — 0430 —é C.103
N q (w Fintw,g  W— ) —wig )] 3132001, — @2 ( )
The (Matsubara) imaginary time Green’s function is
B
OM . By _ M ihwBrM - (0)M M _ M _ _M
Djllfljztfz (iw,) = /0 dre Djlqu2§2 (11 T =T7") (C.104)

B
| as previously used, / drMo(—rM) =0
0

= S <<N€q +1 /BdTMe(m’“"E_m"jﬁl)TM
0

h2w; ¢ na
B A
Njelqm/o dTMe(ZME_FMjILﬁ)TM) 5j1(725§17—(72 (C.105)

| evaluate the integrals and use eMrf — 1 for bosons

_1’ h <N31q1 + 1) (e*rgh‘”hqﬁ B 1) + Njelq(n (eﬂm}jl(ﬁ B 1) 5

_ ha0di
h 2w q ihwl — hwj, g ihwp + hwj, Jiteman,
licit f NeL — (ewna —1 -
| use explicit form N % = (e -
_ ! L 5.0 (C.106)
= 7 By2_, .2 Cnilha,—a .
h(iwg)? — Wi
The lesser Green’s function is
0)< i — 0)<
Dj('1t)i'1j2tf2(w) - /d(tl _t2)eW(t1 t2)D§'13T1j2§2(t1 —t2) (C.107)
Ch '
= At (Wit ) T ) emean g, g
J1q1
| use the integral representation of the delta function
i h
- i (2 (W52 +1) 8w + wingp) + 27 N5 8w = winz) ) D150, (C.108)
Jiq1
The greater Green’s function is
(0)> B i h
D;cnaW) = —ﬁzwmﬁ (27T (leth + 1) d(w—wjg + QWN;fqlé(w + wj1@1)> 0152061~

(C.109)



APPENDIX C. COLLECTION OF NON-INTERACTING (“FREE”) GREEN’S FUNCTIONS 416

The retarded Green’s function is

DOR () — / d(ty — tp)e*2) DO 3 ) (C.110)

J191J242 J141J292

| use the integral representation of the step function

i B i ei(wfw’fwhq«l)(tlftg) ei(wfw’fwhq«l)(tlftz)
= —— /d(tl — t2)dw/? < - — - (5j1j25§1,—t72

h2w; & 7r W' +in W' +in

| use the integral representation of the delta function
1

= 6 y (5* — - Cl].].

(UJ Jrin)z 7("}]2'1(1*1 J152%q1,— G2 ( )
and we see the expected relationship —zﬁDJ( Bj , (w —w+in) = DJ(‘?t)Ti'ﬁz (w).

The advanced Green’s function is
(0)4 _ 1 s

Djana@ = (w—in)2 — wj2'1c71 0j15201,— (C.112)
and we see the expected relationship —ihDOM (wB —w—1in) = ploA (w)
b b - J1q1J2G2\"N n J1q142G2 :

C.3.2.3 “u, u” operators

All the “u,u” Green’s functions are related to the “Q), Q7 Green’s functions via

0)t,M,<,> R,A 1107 0)t,M, R,A
pOLM <> BA - S RN RPE D pOLM<>RA () (C.113)

likiarlokaas J1q152q2
J1q152G2

C.4 Phonon Spectral Functions

C.4.1 In Time Domain
C.4.1.1 “a, a'” operators

Here we simply use the defintion of spectral function and substitute in the relevant expressions.

(0) _ 0> (0)<
Ajﬁljztfz (ti—t2) = i (Djlq”lqu*z (t1 —t2) — Djuﬁjzth (t1 — t2)> (C.114)
1 .
- ﬁe_wjlql (tl_t2)5j1j26§1§2 (C-115)

C.4.1.2 “Q, Q7 operators

(0) _ (0> (0)<
Ajgpati—t) = Z(Djlq‘lqu'Q(tl ta) = Dj a0 (1 —t2)> (C.116)
1 . .
— —iwj g (b1—t2) _ iw, g, (b1—t2) S 6 117
2w, (6 o e ) 71520G1,~G@ (C.117)
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C.4.1.3 ‘“u, u” operators

(0) _ § : J1q1 J2G2 (0)
Allk1a1l2k2a2(t1 tz) - RllklalngkQaQAjlq’le(j‘Q(tl t2)
J1q15232
_ 1 J1q1 J1,—q1 e_iwjl‘fl (tl—tg) _ eiwh(ﬁ (tl—tz)
ij 7 likiay ™ Mlokoag
- 1q1

J1q1

C.4.2 In Frequency Domain
C.4.2.1 “a, a!” operators

We simply Fourier transform the time domain expressions.

A(.O)-» o (w) - / d(tl - t2)€iW(tl_t2)A§?2ﬁj2§é (tl - t2)

we get a delta function 2m(w — wj, g,)

2T
= Eéjlﬁ(stfltﬁé(w — Wi 4)

C.4.2.2 “@Q, QQ” operators

©) = > iw(t1—t (0)
Andine @) = /_oo dlty = ta)e A G (0 — )
2m

- Q0 - ((5((,0 - wjuﬁ) — 6w+ wjltﬁ)) 6j1j25§1,—§2
Jiq1

It satisfies the 2 bosonic sum rules:!

* dw (0 27
/ o Aiginn (@) = (1 = 1)j1j203:,-¢ =0

2wj 4y

> dw 0
/ 7wA§13T1qu*2 (w) = 53'11251717—52

oo 2T

C.4.2.3 “u, u” operators

2T

2. =
g M

Rglllgial Rgglic;g; (5("‘) —wj) —6(w+ wjuﬁ))

(0)
liktailokaas (w)

(C.118)

(C.119)

(C.120)

(C.121)

(C.122)

(C.123)

(C.124)

(C.125)

(C.126)

'Do note that for phonons, a better definition of the spectral function is wA(w) instead of A(w) as A(w) is an odd

function of w. This can be seen that the second sum rule is actually the usual one for, say, electrons.



Appendix D

NEGPF for electrons

[Appendix Introduction and Roadmap:] We enumerate this introduction for easy reading.

1. This appendix on NEGF for electrons is included to show the corresponding development for
electrons. This provides a comparison with the main text which is concentrated on phonons.

2. NEGF is actually much more developed for electrons and there are “nicer” properties because
Coulomb interaction is particle conserving. The long range interaction of Coulomb interaction
presents a different type of difficulty for electrons.

3. Firstly, NEGF is stated for electrons as the machinery for phonons obviously works for electrons.
The only changes are the use of fermionic 2nd quantized field operators and the resulting sign
changes due to fermion statistics.

4. Secondly, the electron-electron Hedin-like equations are stated as a special case of the electron-
phonon Hedin-like equations. Thus in this thesis, a total of 3 types of interaction have been
converted to Hedin-like equations that generate (®-derivable) conserving self energy approxima-
tions.

5. With regards to the 3 transport related developments, the Landauer-like theory is very very similar
to the phonon case and so we simply stated the results for electrons. The linear response theory is
briefly treated at the end of the chapter. The kinetic theory is the one that has a long but elegant
development.

6. For kinetic theory of electrons, the derivation to pre-QKE follows the same as that for phonons.
However we have external electric and magnetic fields in this theory because they interact with
the charge of the electron. The correct theory must thus be gauge invariant. This is achieved by
modifying the Fourier Transform. Then GKB ansatz (with fields) are found and applied to turn
pre-QKE to QKE and the final kinetic equation which is quantum mechanical, gauge invariant
and casual is obtained.

D.1 Foundations

D.1.1 Expression for Perturbation

For electrons, the definition involves the fermionic field operators ¢ and 1! and the rest of the working
is actually the same as that for phonons. The Hamiltonian for NEGF is of the general notation,

H(t) = Ho + Hin, + 0(t — o)V (t) (D.1)

418
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The perturbation expression is similar.

G(m1,t1, 71, tyr)
— G (D.2)

|  where 1 =7,

; Tr <e*5(H0+Hinc)T(1pH(1)1/JTH(1/))>

T h Tr(e—A(Hot+Hin)) (D.3)
i
=~ {(T(rL)eh1) (D-4)
where T' is some time ordering operator which will be clear in the last step
| g and w}{ are the fermionic field operators in the Heisenberg picture.
o through the same procedure & the perturbation expression is
| g g
7 Tr (e_’BHOTcK+cM (6_% fCK+CM dT(Hint)HO(T)B_% ICK 47V (T)u}Ho(l)w}Io(l/))) (D 5)

- h Tr (e*ﬁHo TCK+CM (6_% fCK+CM 47 (Hine) g (7)6_% fCK o (T)))

This is the final form which is very similar to the what we derived for the phonons earlier. The contour
to be used for perturbation is again the Keldysh contour cx with the Matsubara contour cp;. We define
the perturbation expression as the so-called contour-ordered Green’s function,

- -1 dr(Hint Ty —% dtVi, (T
3.Tr (6’ ﬁHOTCK+C]\/1 (6’ ﬁchJrcM (Hint) Hg ( )6’ ﬁch Hy ( )wHo(1)¢LO(1/)>> . 6)

G(1, 1y = — - y
( ) h Tr (67”8H0T0K+0M (e—% fCK+CM dr(Hint) 1, (T)e—% ch dTVHO(T)))

Ty (Y (1)} (1) (D.7)

D.1.2 Definitions of Green’s functions

There are also 7 Green’s functions for the electrons, (the notation 1 = 71 is used, spin indices are
suppressed)

Gt(1,2) t1,t9 € C—K>
G>(1,2) t € Ex ty €ECR, = t1 >ty
G<(1,2) t1667(>,t26§,ét1<t2
G(1,2) =<{ G(1,2) ti,ty € & (D.8)
G—l(tl,szw) t1 ECK,TQZVIGCM
Gr(le\/[,tg) T{MGCM,t2€CK
GM(M My M M e ey

The explicit expressions for the first 4 (real time) Green functions are,
Time-ordered Green function

G'(12) = —(TWr()vh() (D.9)

= —%9('51 — t2) (b (1)0} (2)) + %H(tg — ) (¥} (2)m(1)) (D.10)
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Greater Green function

G (1,2) = W (104 (2) (D.11)
Lesser Green function !

G<(1,2) = +7 (W} (Do (1) (D.12)

Anti-time ordered Green function

G'(1,2) = 5 (FWrwh) D13
= 1 0(t2 — )W (DY} (2)) + 50001 — t2) (W (26 (1)) (D.14)

Immediately we see a relation (using 0(t; — t2) +0(ta —t1) = 1)

G'+G =G<+ G~ (D.15)

Thus are only 3 linearly independent Green’s functions in non-equilibrium systems. We define 3 more
Green’s function for later considerations.
Advanced Green’s function

G2 = tolts — t)(n(1), vl (@) (D.16)
= 0ty —t1)(G=(1,2) — G7(1,2)) (D.17)

Retarded Green’s function

GR(1,2) = —t0(t — 1) n(1), Wy (2)]) (D.18)
= 0(t; —t2)(G7(1,2) — G=(1,2)) (D.19)

Keldysh Green’s function
GE(1,2) = G”(1,2) +G<(1,2) (D.20)

where [, |4 represents the anti-commutator.

D.1.3 BBGKY Hierarchy of equations of motion
D.1.3.1 Electron-Electron (Coulomb) Interaction Case

We follow [Leeuwen2005] in this section. Here we consider the case of electrons experiencing Coulomb
interaction in the presence of time dependent external fields introduced via a vector potential A(7t) and
a scalar potential V' (7t). The external fields will be switched on at tg.

LA simple way to think about the sign in the definition of G< is as follows, usually a Green’s function is defined in the
order 9 (t)y'(t') and for G<, we have t’ > t and we need to order the later quantity to the left, i.e. ()3 (¢) and further
recalling that at equal time they anticommute, so a negative sign is inserted for consistency. (No sign change is needed for
bosons)
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The Hamiltonian in second quantized form with field operator chosen as variables,

H(t) = / 473 G (P (7)

1 1
by [ [ e UL ) ) (D2D)

where h(ft) = (—ihVFJrfT(Ft)H(t - to))2 F V(RO — to) — p (D.22)

1
2
where p is the chemical potential.

The relationships between the field operators and the (band) ladder operators are as follows (in
Heisenberg picture and contour time 7),

1
Vo) = Y —=U (Fey, = (7) (D.23)
n,E \/‘7 k Hnk
) = S —=uned L (7) (D.24)
H " N Hnk

where U, »(7) is the Bloch function for momentum k, band n. We can define contour ordered Green’s
function based on each variable.
L i , "
Goor(F77'7) = =1 (Tescrens (Vao (P} (717 )) (D.25)
i
GTLEO’TL,EIU, (7-7-/) = _% <TCK+CM (CHTLEU (T)CLn’E’U’(T,)>> (D26)

We will only use the field operator defined version for the remaining discussion.

[Derivation of the “left” BBGKY equation and the “right” BBGKY equation] We start
with the Heisenberg equations of motion for the field operators.

m%mg(ff) = [, 7). Hu(7)] (D.27)
and also, ih%?ﬁ%a(fﬁ') = [@bLJ(FT),HH(T)}i (D.28)
m%w[g(m = Yo (7). Hu ()| (D.29)

l/)HU(FT)a/dFlZ¢Lgl(7717)h(?717)¢1{al(7717)]

+

wHU(FT),% / / diydiy Pl (fn)wgm(w)#wm (P ), (FLT)

= |71 — 7
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Use the anti-commutator identity [A,CD]_ = [C, A], D — C[D, A], and calculate term by term.
First term = dr L (AT )|  h(riT 1T D.31)
1 wHO’l( 1 )7¢HU( ) n ( 1 )¢HU1( 1 ) (
o1
= / i1 8g,00(F = P R(FAT) Y He, (F1T) (D.32)
o1
= (). (7T) (D.33)

Second Term

= //dT‘IT‘QZ Ve (7T) wHUl(rlT)] wHJQ(TQT)’

— ] VHoo (F2T) Ve, (T17)
o109 1 T2

1

~Vhie, (F17) [ng(m, Vo o7 1oa (a7t (fm] (D.34)
+

| Evaluate the first line using the anti-commutator identity

= / dry Z wHU'Q 7 i = ‘ wHUz (rQT)wHU(rT)

~5 [ [ amar (wj%l (7i7) [0 (7). g (727)

1

+wLal (F]'T)wLO'Q (FQT) |:¢HU (’FT)? meUQ (FQT)’QZ}HUl (FIT):| > (D35)

1 . _.
N W¢H02 (T27)¢H01 (TlT)

| the last line is zero using the anti-commutator identity

| and the fermionic anti-commutator relations

= /erZzﬂHUZ 5T) 3 i = ‘¢H02 (727 )Y ho (7T)

_/drl Zme TIT = i — ”QZ)HU(T‘T)l/JHgl(TlT) (D.36)
| commute wHU(rT)¢H01 (7"17) = —ue, (M17)YHs(77) and rename indices
1
- /drl?l Z ¢;[{al (FlT)m¢HU1 (FIT)wHU(FT) (D37)

The final expression is
i h()) b () = / 47 S il (P, (7 ons (7) (D.38)
or Ho = 1 - ‘F_’Fll Hoy\"1 Hoi\T'1 Ho .
The equation of motion of the adjoint field operator is found similarly as (or simply take the adjoint),

(maim(m) Uty == [ drlz,ﬁ o P, (o e (7i7) (D.39)

We will now use the compact notation 7;7; = ¢ and we insert §(7 — 7;) and f dr1, the 2 equations
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become,

i na(r) = o) + [ dlz |q I Wnn oa () (D)
zﬁaé;w},a(ﬁ) = —h(Fr) P, (7 / dlz o q‘%g Pk (Do, (1) (DAL)

The notation [dl = [dr [dr >5,- Note that all the above are in the usual real time. T am only
using contour time notation to prepare the expressions for NEGF. The above derivation is the usual
Heisenberg quantum mechanics.

Now we can calculate the time derivative (and later, the equations of motion) of the contour ordered

Green’s function (now, contour time is necessary and [ dr = | dr),
cxteym

ithml (Fri' ')
or

= g () (Tarens (a0l (7)) (D.42)

= (07 ) { (o (Pl (7)) ) = 07 = 1) (g (P oo (7)) ) (D.43)

= §(r—1) (<(1/)HG(FT)¢LU,(F'T/)) <<1/}HU P )by (Fr )>

+ <;) <9(T -7 < (ih§T¢HU(FT)> Pl (7 T’)> —8(r' —7) <¢1T%/ ) <maaf¢H"(FT)) >>

| for first line we use equal time time anti-commutation relations
| for second line we use equations of motion

51— 16(F — )00
+ <—;> (9(T — 7')h(7r) <(wHa(fr)wLU, (F"T’))> —0(r' — 7)h(7r) <(¢LU,(WT’)¢HU(7¢’7)) }D.44)

4o =) [ dlz T (W, 0010 (01 770} 7)) )

- [ dlz T (Ul 7, (D, 1 >¢H0<fr>>> (D.45)

| define the density 1/JHU (DYHs, (1) =nm(1)
= §(t—16(F - f’)éw + h(77T)G gor (FT7'T)

_/dlz |7 — r1| { -7 <nH(1)wHU(FT)¢LU’WT/)>

~0(7' = 7) (Vo (77 I (i (7)) } (D.46)
Now we follow [Gross1991] pg 184 and rewrite the second line.
{007 = ) {ni(Vno (P}, (7)) = 07 = 7) (000 (77" s ()b (77) ) }

| the restriction appears due to the delta function

- <TCK+CM (nH(l)T/)Hg(FT)@ZJLU,(WT’)) >T (D.47)

1=T

TI=T
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| time ordering of 3 terms will give 6 terms but here there are only 2 terms due to the restriction

= <TCK+CM (IbLUl (FlTl)wHal (FlTl)l/JHU(FT)T/JLJ, (7_’17'/)) >7'1:T (D48)

| to write it into a 2-particle Green’s function expression, we need to shift w}{ oy (T171)

| this shift uses the property of the time-ordering operator, its not anti-commutation!

=l (Torey, (o, (P00 ()0, ()0 (FT)) ) (D.49)
| anticommute the first 2 field operators, rename 75 to 7

= i (Toeey, (00 ()0, (), (Frm ]y, (7)) ) (D.50)
| recall the definition of 2-particle Green’s function

—i)2

o Tepvens (Bt (Fera oo (o)l (ol (am))
= —(ih)*Gypyor0 (FrivTriTH ) (D.51)

| Gorososoq (TITIT2T2T3T3TATL) =

So the equation is finally written into the (left) BBGKY hierarchy form for Coulomb interaction.
Zﬁﬁ — h(FT) | Goor (P T")
or 77

= O(r—1)6(F—7 — / dlz ‘T__T:‘l Cooyoror (FTAATIF T 7T (D.52)

The right BBGKY hierarchy equation is then,
—zhi — h(77") ) Goor (P T")
or’ 77

= otr == i =i [ @15 G Frrmint ¥7) (059
— "

[Derivation of Dyson’s Equation] Now we want to derive the Dyson’s equations from the BBGKY
equations. We define the self energy as follows,

_Tl g . =
/dl Z F— Goororo (Friimim 77) = /dl ; Yoo, (FT7171) G gy o (F1717 7' D.54)

—r L o .
_l/dlz 7 —7“1|1 Gooyoror (Frivmiim 77') = /dlZGwl(7"77“17'1)2210,(7"17'177'7'IXD.55)

o1

Now we need to show that ¥ = X,
First we simplify the notation by defining,

in(1)

/ dzz Sl 2D ten (i (1) (D.56)

) = / d2§j‘ wwH(,l( Yol (2)H0 (2) (D.57)
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Now the equations of motion look simpler,

b (7r) = W) + () = (in)- ~ 15 ) o) =) (D59

m;wj%(fr) = —h(Fr)¥l, (Fr) — il (7r) = (-mi — h(m) Yl (7r) = i} (Fr) (D.59)

We rewrite the equations of motion for the Green’s function into the iz notation. For the left
equation,

. 50r —
—% /dl ; (j;ﬁ) <TCK+cM (%Tqal ("171)VHo, (FlTl)i/JHa(FTWLg/ (7:{7/)>> (D.60)

— {Tocrens (im0 (77)) (D.61)

and for the right equation,

0 5 _/ = / - . = NS
(-m(w — h(i'r )) Gt (Fri7!) = 8(1 — 7)8(F = 7)8ygr — % <TCK+CM (wLU(rT)zL(r T )@).62)

Based on the earlier definition of self energy we can write,

L B i .
/dl Z Yoo, (FT7171)Goyor (P17 T') = % <TcK+cM <ZH(7’T)¢LU/ (7:’7/))> (D.63)
o1
. B i o
/ ALY Goo, (Frim)Eh o (Fnie) = =5 (Teerens (Vuo ()i (7)) (D.64)

o1

With this explicit form, we can now check that ¥ and X' are the same. We proceed by acting
(—ihzZ — h(i7")) on the first equation.

LHS of first equation

L 0 - .
= (—zhaTl —h(f"T’)) /dlZZgal(rTTlTl)Gglg/(rlﬁf'T’) (D.65)

o1

0
use right Dyson’s equation on the term <—ihaT/ - h(f’T')) Goyor (1T 7 ')

= /dl Z 20'0'1 (FT’FlTl)é(Tl - T/)é(Fl - 771)5010,

o1

+ / A1 " Sog, (P 71) / 2" Goyoy (FimiFamS) L (Fomei'T') (D.66)
o1 g2
= ZUU/(FTT_'IT/) + /d1d2 Z Eogl (??TflTl)Ggng (7717'17727'2)2220,(7727'27_'/7'/) (D.67)

0102

RHS of first equation
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= (= 1) (il 7)) + (0l (7))

The first equation becomes

oo (FrT") + / d1d2 Z Yoo, (FT, 1) Gy oy (1, )ELW (2,771

0102

7

= §(r—1) <[%H(f’r), wza,(f{Tl)] +> -7 <TCK+CM (iH(FT)iTH(T_jT/))>

Now act (ih% — h(7r)) on the second equation.

LHS of second equation

d S S
= (h&_h( )>/dlZG’UUI(rTrlTl)Z:rTla,(TlTlF'q—’)

o1

| use left Dyson’s equation on the term (zh; — h(7 )> Goo, (TT71T1)
T

= /dlZZ}UlU 7”17'1')“7' (5(7'—7'1)5(7?_7?1)6001

/dlZ/dQZEO—UQ TTTQTQ)GU201(T’2T2T1T120 o! (7’17’17’7’)

o2

= =t (i) + / 102 Y S (77, )G (1,25 (2, 77)

g102

RHS of second equation

= (2 ) (ke (7))

0

426

(D.70)

(D.71)

(D.72)

(D.73)

(D.74)

(D.75)

_ —h<zha—h(r7)> (007 = ) (Yuo (Fr)iy (7)) = 0" = 7) (i (77 omo (7)) ) (D.TT)

| use equation of motion, <zh88 — h(7 )) Ve (TT) = %H(_’T)
T

= §(r—7) <[¢HU(TT) NG )} +> - (0(r —7) <<m§7 - h%)) ¢HU(FT)EL(VT’)>
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—4(r' —7) <2}{(W) <m§T - h(FT)> szU(fT)>> (D.78)

= S(r—7") <[¢Ha(m, (7)) +> - % (Tecten ()i (7)) ) (D.79)

The second equation becomes

st (Frif) + / d1d2Y " Yo, (77, 1) G0y (1,2)50 (2,77)
0102
i

= §(r—7) < (Va0 (77), i}{(m')h> — = (Tercrens (P} (7)) ) (D.80)

We subtract the 2 equations and get,

Soo (Fritr!) = St (Fritr!) = 6(r —7') < (i1 (7). 6}y (77| +> —§(r 1) < (Vr0 (7). iy ()] +>

Due to the delta function, we only need to check the equal time terms to prove that the self energies
are the same. We will use the equal time anti-commutation relations to do it.

i), Wl (7))

o7 — ~
= /dl;m [@Z)}{Ul(FlTﬂ[)Hgl (FlTl)IZ)Hg(FT),Q/)LU,(T 7') (D.Sl)

_l’_

| expand the anti-commutator
ot —11)
= dl T =
K=o
X (bt (P, (FUT0) o (Pl () + L1 (T )bk, (P71 0810, (P (77) )(D.82)
| all times are the same, we can anti-commute any pair

| 2nd term is of the correct form, 1st term needs anti-commutation

| anti-commute 1, (77) 2 steps to the left, then anti-commute wj%_, (7'7) 2 steps left

B d(1 —11)
- /d1; |7 — 7]

X (UJHU(FTWLar (77(7')7/’;101 (7717)7”{01 (r17) + @Z}LU/(F’TW}IUI (MT1YHe, (FlTl)¢HU(FT)) (D.83)

= /dl Z 5(;__7%) [%Z)HU(FT), @DLU,(VT)wLJl (F1T)¢Lal (FlT)] . (D.84)
= [ ST (). o (70, (00, (0] (D.85)
= [wHU(FT)v i (7 7)} . (D.86)

Hence ¥ = %' which means we can write the left and right Dyson’s equations with the same self
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energy.

) . |
<maT — h(F )) Goor = 0(T — 7)0(F — 7)0gor + / A1) Lo, (77,1)Goyor (1,77 (D.87)

o1

or’

(ma — h(7 )) Goor = 0(T — T)6(F — 7)o + / 1Y~ Gog, (P71, 1) 8,00 (1,77 (D.88)
o1

Note that the equal time singular part (or time local part) of the self energy will be denoted as SHE

(if they are used) following Kadanoff and Baym. But 7% can always be absorbed into h(7r) and we
will take it that way.

D.1.4 Derivation of Kadanoff-Baym (KB) Equations

Simply put: KB equations are simply the real time versions of the (left and right) Dyson’s equations.
Langreth’s theorem is applied to the Dyson’s equations to get the KB equations. The KB equations are
the ones that numerical evaluation can be done. Again, we denote 1t; = 1.

1. Green’s function: G<

9 o < (A
(zhat h(7 )) G, (Ftr't")
— /dlZZo_Ul (7t, 1)Gy, (1,7 /d122m G2 (1,71)

to—iBh
+/dF1/ dtlZE;gl(FtvFltl)Gglg-/(Fltlvr_lt/) (D89)
to o1
to—1iBh B
| on Matsubara contour, we rewrite / dt1 A(ty) = / drM Aty — ihr™)
to 0
— /d122m (7, )G (1, /dlsz (7t, 1) G2 oo (1, 71)
+ / dr / drit> " 5y, (7t i, to — ihr )G (71, to — b 7t (D.90)
0 o

2. Green’s function: G~
z’hﬁ — h(7t) ) G2 (Ftr't")
8t oo
— / d122m )G (1,7 / d122m G4 (1,7t

/drl/ drM ZZ‘MI (7t, 7, to — ihr{! )GUIU (71, to — ihrM  7t)) (D.91)

3. Green’s function: G

( h% - h(rt)) G (7t — ihir™)
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= /dlZEwl (7, 1)G, o0 (1,7 tg — ihr ™)

/drl/ drM ZZMI (7t, 71, to — ihr{! )Galg (71, to — ihrM 7 tg — ik ™) (D.92)

g1
4. Green’s function: GM

0 /
<Zha(o_lh7_]w) — h('I?, to — ZFLTM)> Go]\'{r’ (77, t() — ihTM, F/, t(] — ZhTM )
B 0 - ZhT ) ( 0— ZfLT ))(5(77— ’F’)(Sm,/

/drl / dT Z Ewl Foto — iht™M 7t — ihty )G%U/(Fl,to — ihTIM,f',to — ihTMl)

(D.93)

Notice that the left equation for G* is not needed as it will be specified as an initial condition later.
We now derive 4 (right) Kadanoff-Baym equations from the (right) Dyson equation by applying
Langreth’s theorem.

1. Green’s function: G<

0 -
(—zhat, — h(7 )) G, (Pt

/ dlZGwl S5 o / dlZG(wl A 1,7

/drl/ drM ZGoal (Ft, 71, to — ihri!) %, o100 (71,0 — ihrM 7t (D.94)

2. Green’s function: G~
—mi — (7)) G2 (Fti't)
ot' oo’
= /dlsz )27 (1,7 /dlZGwl 22 (1,7Y)

/drl/ dr! ZGUUI (7t, 7, to — ihr! ) o100 (715 0 —ihrM ) (D.95)

g1
. r
3. Green’s function: G

0 - o 2 M Ay
< Zhat’ h(7 )) Gy (Tt — ihT™  7't)
— /dlZG;al (7 to — iht™  1)x2 L (1,7t)

/drl/ dTl Goo, M (7 tg —ihe™M 7 tg — b)) S, 010 (T1,t0 — ihrM 7, ')(D.96)
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4. Green’s function: GM

3} / /
<—’Lha<to_zh7_]w,) - h(T_l, to — ’LhTM )) G%/ ('I?, t[) - ihTM, 77’, tO - ZhTM )
= 5((tg — iht™) = (to — iht™ ) 6(F — 7)bper
/drl / dri! > S (7o — it to — b)) G L (7 to — ik 7t — ihr ™)
(D.97)

Notice that the right equation for G ' is not needed as it will be specified as an initial condition later.

[Relations between electron Green’s functions] We follow [Stan2009]. There are some symmetry
relations between the Green’s functions and thereby specify the independent quantities to be calculated
in Kandanoff-Baym equations.

From the definition of the electronic Green’s functions, we get

G, (it = <_2<¢LU,(F#)¢HU(H)>>T = %(wgo(mwww» = -G, (F't'Ft) (D.98)
Similarly,
GZ (Ftr't) = —GZ, (Ft'Ft) (D.99)
Also,
G oo (7,7, to — ih(B — TM))T
= (—;WI%/ (7, to — ih(B — TM))¢HU(F1:)>)T (D.100)
| note that the first H = Hy + Hiy and the second H = Hy + Hin, + V (t)

— (_ZlTr|: (HO+H1nt) %(HO‘FHmt)(tO*ih(/B*T —to wT (7, t[))e h(H0+H1nt)(t0 ’Lh(ﬁ T ) tO)

hZz
X (Teﬁ fdtH(t)) Vo (7o) (TefﬁfdtH(t)):D (D.101)
T
— <hZT1" [ ﬁ(HO+Hint)€IB(HO+Hint)'1/)}{0_/(f’l_to + «ihTM)e/8(H0+Hint)wHo.(7_"t):|> (D,]OQ)
| use trace cyclicity
T

- <_hZTr [ PUHo i)y (7Yl (7 0 + BT )D (D.103)
= ﬁZTr [ B(Ho+Hint) VHo /(T to — ihr )1/}}10(7725)} (D.104)
= G;’U(F/7 to — ZhT 77:%) (D105)

There are also similar relations for the Coulomb self energies which we shall not dig into. Refer to
[Stan2009] equations (29) and (31) for details.

[Boundary Conditions for Kadanoff-Baym equations:] The conditions that connect the Green’s
functions defined in various parts of the contour are given here. These conditions will serve as “initial
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conditions” for some of the Kadanoff-Baym equations.

The imaginary time evolution is done by the Matsubara Green’s functions and it provides the “initial
conditions” for the real time evolution of >, <, Tand " components.

For 7 and ™,

G (Foto, 7 tg — ihr™) = GM (7 tg —ih0, 7, tg — ihr™) (D.106)
G, (7 to —iht™ 7 1) = GM (7 to —iht™ 7 to — ih0) (D.107)
For < and >,
GS (Ftor'ty) = GM (7 tg — k0,7, tg — ih0™) (D.108)
GZ_/(Ftoi'ty) = GM (7 to —ih0", 7, tg — ih0) (D.109)

D.2 ®-Derivable Conserving Approximations for e-e Interaction

This section is about the Hedin’s equations for Coulomb interaction. The Hedin’s equations generate
the self consistent self energies for the Coulomb interaction.

We simply derive the Coulomb Hedin’s equations by removing the phonon part (i.e set D = 0) of
the Electron-Phonon Hedin’s equations.

Soroy(1,2) = ;/d3d4ZG0103(1,3)W(F1tf,4)1“0302(32,4) (D.110)
o3
where W, = w(l— Paw)™! (D.111)
P.(1,2) = —z’Z/dSaMZG0103(1,3)GU401(4,1)F030.4(34,2) (D.112)
o1 0304

I5,0,(12,3) = d5,0,0(1 —2)5(1 —3)

5 005 (1,2
+ / dad5d6d7 Y MGUM(AL,G)GWS(?, 5) 50, (67,3) (D.113)
o405\ %

04050607
The left and right Dyson’s equations are included in this set. These are the equations (13.19a-d) in
[Hedin1970]. Taking the first term in I' (which is the delta function) we get the first self consistent
self energy known as the “GW approximation”.2 To generate the “lower” self energies like the (self
consistent) Hartree-Fock approximation, we simply do not consider the renormalization of w to W, i.e.
ignore Pe.

The Hedin’s equations generate self consistent skeleton diagrams and it was known that self consis-
tent skeleton diagrams generated from the Luttinger-Ward functional ® are conserving approximations
(e.g GW approximation).?> The relationships between ® and ¥ are as follows (n is the number of
interaction w lines):

$(1,2) = 5(;(?(21),1) (D.114)
and, ®[G] = Z;n/dlﬁz(”)(l,Z)G(Zl*) (D.115)

20r more correctly, the “GW approximation” set of equations.

3First, do not confuse ® with the inter-ionic potential ® used in other chapters of the thesis. Second, I do not have
a formal proof that the set of (self consistent) skeleton diagrams generated by Hedin’s equations and the set of (self
consistent) skeleton diagrams generated by Luttinger-Ward functional ® is the same set. An intuitive guess is that, there
is only 1 set of (self consistent) skeleton diagrams!
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One can think, diagrammatically, that the first equation means we take a full G line to close the X
diagrams to construct ®. The second equation represents the opposite where a 3 diagram is obtained
from a ® diagram by removing a full G line. The factor % is a combinatorical factor. We show the
diagrams of ® and its corresponding ¥ diagrams for Coulomb interaction in the figure.

1 1 1 1
1020 1O 00 @

Figure D.1: ® diagrams and their corresponding ¥ diagrams taken from fig 6.1 in [Leeuwen2005]. The
thick line is the full G and the wavy line is w. The first 2 diagrams of ¥ make the (self consistent)
Hartree-Fock approzimation. The next 2 diagrams of ¥ make the (self consistent) second Born approx-
tmation.

I can’t provide the proofs here, hence I shall state some appropriate references. The Luttinger-Ward
functional is derived in [Luttinger1960]. The Baym conserving approximation scheme is from his famous
article in [Baym1962]. A modern treatment and the main reference for this section is [Leeuwen2005].

D.3 From NEGF to Landauer-like Equations

The phonon versions derived in the chapter on NEGF are “engineered” from the electron versions
actually. Thus, here, we will simply state the (steady state) electron versions which are equations
(4.113), (4.114) and (4.124) in [DiVentra2008].

The full interacting Landauer-like formula for particle current:*

ie dw
= 2~ [ — (L) _ () g< ea(D)P(L) _ pea(R)P(R) (AR _ (A
I = 2 2WTr{<F r )G (w)—i—(fq (L) _ pea(R)p >(G o )} (D.116)

The proportional coupling Landauer-like formula for particle current:

O ®R)

ie dw
_ A req(L) _ peq(R) R _ A
1=25 [ 2 (f f )Tr{F(L)+F(R) (GR -G )} (D.117)

4The factor of 2 comes from spin and so the interaction cannot involve spin processes.
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The ballistic (non-interacting) Landauer-like for particle current:

™

== / deo (f2108) — pea) 1y [P GRPDIGAY (D.118)

D.4 From NEGF to QKE

D.4.1 Pre-QKE

D.4.1.1 Wigner Coordinates, Gradient Expansion

We follow [Kadanoff1962] chapter 9. We start with the left and right Dyson’s equations and after
applying Langreth’s theorem to get the lesser and greater quantities (spin indices are omitted and
initial terms, ", 7 and M are dropped).

0 h?
<m + —VZ - h(f’l,tl)> G=(Fit1Toty) = / (ZRG< + =GF) (Fitiiats)  (D.119)
t
0 h?
<—Zh + —mV% — h(FQ,tQ)) G~ (7?1751172152) = /(GRE< + G<2A) (Fltlfgtg) (D120)
t
We subtract them to get,
ihi+ihi+h—2vz fiw — W71, t1 + h(F, ta) | G=(Fit17ats) (D.121)
o1 Bt T am T om VT 1,01 2,12 1017212 .

_ / (SRG< + 2<GE — GRS — G<54) (Fit17yts) (D.122)
t

Define Wigner coordinates

centre coordinates: rT = 5 5 (D.123)
relative coordinates: FT=7r =T t =t —ty (D.124)
1 1
inverse: P =7+ if’*, =71 — 577* (D.125)
1 1
=t 4+t to=tT -t~ (D.126)
2 2
For the LHS, we will now carry out the coordinate transformation.
LHS First t 0 .0 (D.127)
irst term = — + — .
Oty Oty
ot o ot o ot a9 ot 09
= 4 2 42 2 2 D.128
Oty 0F T 0t 0t_ | 0t T | Oty 0t (D-128)
10 0 10 0
= e o D.129
20t "o 200 ot (D-129)
0
= — D.130
ott ( )
LHS Second term = V% - V% (D.131)

| we write in the partial differential forms for simplicity (D.132)



434

NEGF FOR ELECTRONS
(D.133)

APPENDIX D.
0? 0?
B 712 8r2
_ or 0 87"_’ (? o [or 0 87"_' (;9 (D.134)
8r1 or+ or, OF =) Oy \ Oy OF T Ory OF —
o (1 9 0
_ B (e — D.1
o < F) 7o (28?* 8F> (D-135)
1 > /19 d \°
- (2 > B (26F+ B aw) (D-136)
= D.1
8F+ 877— (D-137)
= 2Vii Ve (D.138)
LHS Third term = —h(Fit;) + h(Fats) (D.139)
1 1 1 1
= —h(FT 47t + 51+ h(F* — 5?*,# -35t7)
|  Taylor expand to first order
1 1.0 1.0
~ (1427 - S+t | o™ Vo — =2 24+
< +27’ VT++2t 8t+>h(7’ t )+< 27“ Vit 2t 8t+)h(r tm)
o e St
= —<r SV 6t+>h( ) (D.140)
The LHS is now,
zhi + hzv it V- — Vit +17—— 0 (7 TtT) ) GS(Ft 7Tt (D.141)
ott ot '
Define the Fourier transform of #~ and ¢, °
G=(pwiTth) = /df'_dt_e_ig"?““’t G=(F~t 7Tth) (D.142)
and we apply its inverse to the LHS
0 h? _,_ _ 0 ot
LHS = <zhat++ —Vis+ - V- < Vet +t 8+>h( t ))
X / dp__dw iR T Tt G=(pwrttT) (D.143)
(27h)3 o '
dp dw (.. O h? i [
— bt h—— -2 . 15T w < +4+
[ e (s + g e ) F7 7 0 r
- (7‘"7 : V;+h(F+t+)) (iR T it < (P TtT) — (tafrh(FthJr)) Qi T T it G<(pwrTtT)
g h B
iBF T —iwt G< == (V-‘Jrh) (vﬁez%r —iwt ) G<

| write (P~ - Vz+h)e

| then integrate by parts for p and drop the surface term
| to get ihelR T T it (Ve+h) - (VG<)

°This fails when the external disturbance involves electromagnetic fields. Gauge invariance is spolit and a compatible

5 . .
Fourier transform is needed. This is done in the next section
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| do the same for the last term

N (27h)3 27

‘ 9 y 2+t O 4 atyt 9 57Tt
ih (aﬁ—km'vrw — (Ve+h(FTtT)) - Vi + <8t+h(r t7) hw G=(pwrTtT)  (D.144)

Now for RHS, we will expand to first order in gradient. Here we refer to the derivation in the chapter
on NEGF since most of the steps are similar and it is the simpler case here. We will quote some explicit
expressions.

RHS of pre-QKE

o0
- / dts / iy (SR (Fitasts) G= (Fatafata) + S<(Fit175t3) GT (Fatsiats)
t

0——00
—GR (P t175t3) S (Fataiata) — G=(Fita7sts) S (Fstaiata)) (D.145)
| write the retarded and advanced functions into the lesser and greater functions

t1
— / dt3/df’3 (E> — E<) (F1t1F3t3)G< (thgFQtQ)
t

0——0Q

to
+/ dt3/dF32<(m1F3t3) (G< — G7) (FstsTats)
t

0—>—00

t1
_ / dts / A7y (G7 — G<) (Pt it B= (FatsTata)
t

0——00

to
— / dts / disG=< (Fiti7sts) (B — 57) (Fstsrats) (D.146)
t

0—>—00

The subsequent steps will be to change them into Wigner coordinates as defined earlier and gradient
expand to first order. Then extract the Fourier component based on the Fourier transform defined
earlier. The result is,

Fourier component of RHS (up to first order)
= 2><ﬁlwlfl+tf)G< (ﬁlwlfl+tiF) — G> (ﬁlw1F1+tf)Z<(ﬁ1w1F1+tf)

hors A< R S =t
+; [6,G ]GPB (Prwrm " t) — B [b,E }GPB (Prwr™ ")) (D.147)
where 6 and b are the Fourier components of
t— 1
G(r Tt rTtt) = r=E (27 =) (Ft7Teh) (D.148)
~ t~ 1
b(FtFTtY) = 12 (GZ =G~ (Ft—7Tth) (D.149)

respectively. The generalized Poisson bracket is defined as

[X,Y]gpp (P Tt7)
OX (pwr ttT) oY (pwr TtT)  0X (pwr TtT) Y (pwr Ttt)

Oow ott ott Ow
— (VaX (pwr Tt1)) - (Vs Y (o 1)) + (Ve X (P 1t7)) - (VY (Fwr t17)) (D.150)

From the chapter on NEGF, it is obvious that &(pw T¢T) and b(pwr Tt1) take on similar forms as their
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phonon counterparts, they are

dw’ A( +t+
b(pur Ttt) = P/ W APWTTET) (D.151)
| with analogy to Kramers—Kronig relations, we may write
= RGRer A(pwr +t+) (D.152)
+t+
F(pwrTtt) = P/ DpureT) (D.153)
| with analogy to Kramers—Kronig relations, we may write
= RuRorAGuFH) (D.154)

We note that actually the LHS can be written into a generalized Poisson bracket form. We check
backwards.
G p Oh G=
LHS = — - (Vz+G™) = (Vz+h G+ D.155
pyes +m (VT+ ) (Vz+h) - (V )+at+ o ( )
| we postulate that it has the following form
97 0G< 97 OG<

_ - -
= awar o aw T (Ve (VGT) = (Ve GF) - (Vy?) (D.156)
. . 07 07 oh il

| so, by inspection, E 1, e v Vi+?=—=Vrih and V5?7 = -

)
| we guess that 7 = w — g—m — () = GO Gur tth) — (7 )

- [G@ L+t — h(7+h), G<(pwr+t+)}GPB (D.157)

The final expression for pre-QKE to first order in gradient expansion is

ih {G( )- Lo 7 = ), G (rwr )}GPB

2>< 1wir +t+)G<( 1wir +t+) G>< 1wir +t+)2<( 10017"1 tl)
h h

+ = RS G g pp (Bron i) — = [RGT A, 5] oy (i8] (D.158)

As noted by Baym in the reference, the 3rd term on RHS can be “transferred” to LHS.

We can now compare with the expression derived in KB equations (3.350) and come up with a
receipe to “short circuit” the gradient expansion derivation and the receipe allows higher orders of
gradient expansion to be deduced easily. The receipe is (operators E' and F' are dummy labels)

e Drop the terms “initial”
e For anticommutators, [, § [E, F], — E(pwi TtT)F(pwr TtT)
e For commutators, in first order gradient expansion, [,[E, F]_ — [E, Flgpp(pwr TtT)

e For commutators, in all orders of gradient expansion (except the =zeroth order),
9F of oF of I
LIE, F]- —>exp( (aw 5~ 5F 5o —Vg-V§++V7§+ -Vg)) E(pwr TtT)F(pwrttt)

D.4.1.2 Gauge Invariant Fourier Transform

If the driving field h(7t) is an electromagnetic field (introduced through its scalar and/or vector poten-
tial) then we realize the usual Fourier transform is not gauge invariant. We follow [Haug2007] chapter
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7 and introduce gauge invariant Fourier transforms and fix the pre-QKE.
Gauge invariant quantities are denoted as G(G1). We construct these quantities by modifying the
Fourier transform.

GO (purF TtT) = /df—dt—e%WG(r “tTE ) (D.159)
where (g is the charge of the particle)
1/2 .
W= / (hw + qo(F* + X7~ 1+ + M) — 7 - (ﬁ+ gA(Ft 137 & At’))) (D.160)
1/2

For one-time, one-space quantities, their coordinates are simply the same as their “center coordi-
nates”. Thus Maxwell’s equations in Wigner coordinates is the same as usual.

_ o -
EF*TtT) = —Vﬂ+¢(F+t+)—at—+A(F+t+) (D.161)

B(FHtt) = Vei x AFHT) (D.162)
Now we gauge transform 6 G(G1) and check that the form of W given above is correct.
GO (por +et)
= /dF‘ /dt—e%W’G'(f—t—fﬂﬂ (D.165)

1, _
| recall that G(t11a) oc (T(W(t0)0ly(12)) = (LWt + 21 )ly(t% — 21))
| recall the second quantization relations ¢ = Z(wave function)c and ¢ = Z(W&VG function)*c'
| recall gauge transformations of wavefunctions,

| (wave function) — (wave function)e®X and (wave function)* — (wave function)*e ™%X

- / dF ™ / dt i (VHAWIG (=g )X T )i (T ) (D.166)
where
1/2 .
W = / At (o + q¢)) =7 - (F+ g d') | (D.167)
~1/2
1/2 B N N
= W A\ [t7 | —g——F——F——x (T ATt A
o, (g e e e0)
-7 'QV(F++)\F*)X(F+ + A7t —i—)\t_)] (D.168)
1
‘ Let 7 +AFT = 1F+—)\F_:772thenf’_:ﬁ(ﬁ—?2)

5A reminder of gauge transformations,

A —  A(Ft) = A7) + Vax(7t) (D.163)

Bt) > ¢() = G(7) — () (D.164)
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1/2 )
= W—q d\ (Tltl) + 7 VﬁX(Fltl) (D.169)
~1/2 at
| treat A as a function of 4 variables, A(717at1t2)
t
| then we can write ¢_ 8(31 g;;tl where t; = tT + A\t~
| then we can write 7~ - Vi = é;; Vi, where 7 = 7 + A\~
| we get a total derivative in the end
1/2 d
= W- q d\— (7‘1151) (D.170)
—1/2 anx
1/2 d
= W-—gq AN—x(FT + X7~ tT + A7) (D.171)
12 dA
= W—gx(FT+ 37 ¢t + ) +ox(Ft =37, tT — 3t7) (D.172)

which cancels the phases coming from G and we thus get G(GD' (g ttt) = GG (i tt).

Thus for electrons driven by electromagnetic fields, kinetic equations must be constructed with the
gauge invariant Green’s functions G(G1).

Now let’s work out the driving terms (LHS) of the kinetic equations for various configurations of
electric fields and magnetic fields.

D.4.1.3 Gauge Invariant Driving Term (LHS) for constant E and B

[Driving by Constant E:] First we calculate the case where a constant E drives the system and
we work out the LHS of the kinetic equation in different gauges just to illustrate the gauge 1nvar1ant
construction. Then we extend it and work out the case where a constant E and a constant B drives
the system.

If we use the gauge ¢(7+ + A7, ¢+ + At~) = =7t - E then the modified Fourier transform to use is

G (pir ttt) = / dt=dit et GO (Pt (D.173)
where
1/2 .
- / (7 (e + g7+ - B)) 7~ - ) (D.174)
—1/2
: R | 1
| the integral is trivial - — [ —= | =1
2 2
= t (hw—qE-7H)—p-7~ (D.175)
GO (o ttt) = / dt=di et (wmaBT =BT GO (7 (D-176)

If we use the vector potential gauge, A(FT + A7, ¢+ + At~) = —ttE then the modified Fourier
transform is

G(GI)(ﬁwF+t+):/dt_dF_eh GO (77T (D.177)
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where
1/2 .
W= / X (t*m (- qEﬁ)) (D.178)
-1/2
. o1 1
| the integral is trivial = — (—) =1
2 2
= hwt” — (fF—qEtT) -7~ (D.179)
GG (pr i) = / dt~di ~ et —RPaB) T o) (g -yt (D.180)

Now that we have the expressions for the Fourier transform in two different gauges for the same
constant E applied to the system, we can now construct the proper (LHS) driving term for the gauge
invariant Green’s function.

We start with the case of the scalar potential gauge 7. Recall the form of the LHS after it has been
written into Wigner coordinates to first order gradient exapansion.

LHS

o W S e St (gt
<m6t++ R v vﬁ__(r Vit +1 6t+>h(r t ))G (F t 7 Tt") (D.184)

in the scalar potential gauge, h(7t) = qo(7) = —q7 - E

2
- (zhair + h N Ve g E) GO<(F—t~7Ttt) (D.185)

Now we employ the modified Fourier transform (for scalar potential).

/(gd%?);l: (fé(m_qéﬁ)t%ﬁﬁ <zhaf+) G (o TT)
FeRPT T (thp VT+) — 4 (hw=qE-7 )t~ (GI)< (P T+)
e hhemaBT (qﬁ- ? (Vﬁeéwn G(G”<(ﬁwF+t+)> (D.186)

| for 3rd line, integrate by parts to get,
| (V,ﬁe%ﬁf?> GED< = Vi (eﬁﬁffG(GIK) S (V,;G(GI)<> and drop surface term

| for 2nd line, use product rule

dp_dw (i (ho—qiiry+
(27h)3 27

"The full Hamiltonian (in position representation) is

St|e.

L )
(. (GI)< ot
P (Zh(?ﬁ) G (P Tt™)

1 /. - 2
H = o <p+qA) 1 (D.181)
| in position representation (D.182)
1 (h 2 i i 7
= ( V+qA) tap=-——Vv24+ 247, v+”’(v A)+—A +qé (D.183)
2m 2m m

This case is simply where A=o0.
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m \ h h
i Gty iz (N =
Lok (ho—qBE7 ) 4 p <in.vﬁ> G@n< (pwr+t+)> (D.187)
| for 2nd line first term, we write t" e “(wmgBT O _ g (—aE T -;)eiwt‘
w
| then integrate by parts and drop surface term
_ / AP dw i (h—gBr+ye 4 ipr
(2mh)3 27
il
‘ ( heet Uy 50 My g v ingE v, >G(G” (por+t*) (D.188)
_ / dp diwefiﬁ(fwfqﬁ-ﬁ+)t_+%17-?_
(2mh)3 27
0 ih g p 0 (GI)< L4
(mw + —p Vs +ihgE - <vp+ mh&u)) G (pwr ) (D.189)

Thus the LHS to use when the electrons are driven by a constant E is

LHS for constant E: (zha + — ih P Vs +ihgE - (V + pﬁ aa >) GED< (Pur 1) (D.190)

[Driving by constant E and by constant B: ] We will now carry out the full derivation where
the LHS is driven by a constant E and a constant B introduced via a vector potential. When the final
expression is obtained, the reader can set B = 0 and see that the same driving term as above will be
obtained.

The vector potential for constant E and constant B is as follows,

A7 t)=—tE - =Fx B (D.191)

SH N
<

where d =number of dimensions = V- 7. ® We quickly verify the vector potential using the Maxwell’s
equations.

E = —V(b—%ff:—%(—tﬁ):ﬁ (D.192)
B = VXAZ—%(V;X(FX§)>:—$ [(v;-é)w—(v;-f’)é} (D.193)
| withVyz-B=0and Vs -F=d
- B (D.194)

The gauge invariant Fourier transform to use in this case is,

— — -,

GO (pwrttt) = / dt=di ~ et e~k (PaBtt =Gt X B) 7 Gl A) (g~ eyt (D.195)

8d = 3 since we are usually working in 3-dimensions. d = 2 when we deal with Hall geometries and Landau levels.
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H(without KE term) = h(7,t) (D.196)

ihg - h - 2
= iy (V;-A) + L 224 g (D.197)

m 2m 2m

. L1 . .
| we have 9 =0, A= —tE — =7 x B and V- E =0 (no source)
ihg o 7 2
= M B v+ L (+E
M pE-v+ (1B
ihgl _ = ihg 1 . = @1, =
U (7 x B)- Ve - (vT.(pr))Jr%@( x B)? (D.198)
| use vector identity, V- (Fx B) = B (Vy X 7) — 7 (Vi x B)
| then Vzx 7=0and Vi x B =0°
ihq, = ¢t =y ihg, . = @ e
= Mp.ov+ L g "MEpyp). B D.1
- V—|—2m md(rx )VT+2md2(r>< ) (D.199)

The subtraction of the external field in pre-QKE is of the form, (here we cannot say that the external

field is hermitian)

ihq, = %2 ., ihg, o 22 L
—h(’l:ih) + hT(FQtz) = ﬂIflE' . V,rl — qilE'2 + ﬂtQE . V@ + q72E2
m 2m m 2m
ihg,. = @ . a0 ihg,_ = ¢ . =
Tnd X B) Vi m g p (B g x B) Vs, = 5 (72 X B)
1 1
| write 41:7?++§F andFQ:F+—§f’*
_ ihg 5 7 2042 42
— EE . (tlvqu + tQVFQ) %E (tl - t2)
thq [, 1, 5
(7 % B (T 4 Vi) 57 B (Vi Vi)
¢ T T
o2 (7 ><B)+§(r x B)) - ((7 ><B)+§(r x B))
| _ Lo .
—((F* x B) — 5(?* x B))- ((F" x B) — 5(?* X B))} (D.200)
. . L1 L 1
| change to Wigner coordinates, t; =t + 515 and ty =7 — §t
ihq — 1 _ q2 o
ihqg (., = 1, 5
+M (T XB)'(V,Z‘1+V7?2)+§(T XB)'(vﬁ vfz)
¢ 5 5
_W(F+ x B)- (7~ x B) (D.201)
| change to Wigner coordinates, Vi — Vi, =2Vz- and Vi + Vi, = Vs

ha — 2,
B (1Yo + V) — LBt
m m

ihq (, . = .. B
%E«r x B) -V + (7 xBpr>—

2

L7t x B)- (7~ x B)

9V x B = 0 from Maxwell’s equation since there are no sources and a constant field causes no induction. Hope the

argument is correct.
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Now we substitute this expression into LHS of pre-QKE and use the Fourier transform modified for the
vector potential.

LHS = <zh£+ + EQV Ve 4 Mg E-(t7Vp- +17Vpe) - i#t—E?
+% ((7?+ x B) - Ve + (7~ x B)- V,F) - nj;(w x B) - (7~ x é)) G< (7= =7t
— < ha% + h2v wy Ve + Z%qE (t" Ve +t7Vee) — ;]:L#t_EQ
+Z% <(F+ x B) - Vi + (7~ x B) - vf_) - nj;(w x B) - (F~ x E))
[ e R A BT GO (D.202)

Since the expressions are quite complicated, we shall work them out term by term.

First term = /(QdZ;)BW <Zh6f+) oWt 4 (F—qEtt =47 T xB) 7~ (GI)< (P TtT) (D.203)
™
_ / ( dp) diwe—zwt ++ (p th*—frJrXB)
2mh)3
X <m <h E.-7 > ”%Z) GED< (G +iT) (D.204)
i h i
| write 7 Ter?" = —(Vzer?" ) and integrate by parts then drop surface term

7

h
| essentially we have the “replacement” 7~ — ——,Vﬁ =ihVy

_ /( dp diwefzwt + ( E+*%F+Xé)-77 (’thE v +2h 8

(GD)< (7 =44+
27h)3 27 8t+) ¢ (port™)

dp d h? (e 7 N
Second term = /(2];1)32&] (V;+ 'VF) Wt 5 (P BT =47 X B)-T T (GI)< (pr TtT)
7h)3 2 \'m

_ / dﬁ diwefiwt_
B (2mh)3 27
2 - : _ _
xh—un - (;i <ﬁ— gEtt — Lp+ « E) e (P=aBtT {7 *xB) 7~ (GI)< (P +t+))
m
| use vector identity V - (A) = ¢V - A+ A - Vi) where 9 is a scalar function

_ / dﬁ dﬁefiwt_ Fﬁ
N (2wh)3 27 m

« [e%(ﬁ—qﬁt+—3F+X§)'FG(GI)<(]3’WF+1;+) —%%V;+ (7T x E))
5 (P Bt = 5 % B) - (Ve eh B AT BT GOD *tﬂ)]

| the first term is zero as we shown V - (¥ x B)

| write 7t x B-#T =B x7 7T
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/ dp dw —zwrh B” i (5qBtt— g7+ xB)7 -
27h)3 orC m

(
X [ j—qBtt —Lpt x é) : ((—Z %é X F‘) +V7~:+> GUED< (o 1t

d [
N / (2d17)1)3 gﬁe"wt*ei@—qﬁt*—%’”xé)F‘
T T
L B i) - L B (Bx i) -~ x B (B x
d (BxT )_mdt (BxT )_W( ) (Bx77)
+% (ﬁ— qEtt — %(ﬁ X E)) : vﬁ] GG (G +tT) (D.205)

Third term = /( _dw (qu t~ V- ) zwt—+%(ﬁ—qﬁt+—%F+x§)'F_G(GI) (i TtT)

omh)3 21
= /dﬁdwew“(ﬁ_thJr)'F( gt E-i(p —th+)) GED< (G +T) (D.206)
_ / dp dwezwt +2 (p thJrff +><B)

(2mh)3 27

Wy UGB~ L o B) GOED< (gar et

<A E. h( qEtt - 15 B)G (P +T) (D.207)
_ / dp dwezwt ++ (p qEt+ 7%T+X§)-F’_

(2mh)3 27

2

X <—t E-F+ t+t E? + 51de'<F+ xé)) GED< (G ttt)  (D.208)

Fourth term = / dp_dw <th ARV ) it + 1 (P-aBtt =47 xB) 7~ (GD)< (P )

(27h)3 21
| write 7T x B-#T =B x 7 -7t
_ / dp dw zwt +1 (p th*—f Jr><B)
(2mh)3 o ¢
h g = ihg . =
x <’ Myt ( %B x F) + 2 g vﬁ> GED< (o TT) (D.209)
m
_ / dp diweiwtf-&—%(p—th*—gF*XE)F*
(2wh)3 27
¢ hq
x <mt+E <B x *-) + B vH) GOD< (oF Tt+) (D.210)

Sixth term = / p_dw <2hq(f,+ x B) - V;+) et T 7 (P-aBtt = {7t xB)-¥ GUD (po )

(2wh)3 27 \'md
| write 7t xB-F-=Bx7 -7t
AP dw i~y i (p—qBt+— 4w+ xB) 7
(2wh)3 27

x (thi(ﬁ « B) - (—'Lqé x r) + M . vﬁ) GED< (i H+YD.211)
m
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dp dﬂeiwt*+% (P—qEtt— 47+ xB)7 -
(27h)3 27

2 .
q - — — o th . GI<
X (md2 (7t x B)-(Bx77)+ @(ﬁ x B) - vH) G (Puwr 1) (D.212)

Seventh term

dp dw (ihg,, = -y Bt 97+ x B Gl ot
— / 27Th 327[_ <md(7’ X B)VF> elw (;D q ar ) G( ) (pwr t ) (D213)
= / dp _dw piwt™ i (P—qBtt =57t xB)-7

27h)3 27r

(
A ] _
x (Z 7 : (; (ﬁ— qBtt - %w x B))) GED< (i ) (D.214)
_ / ( dp)Sdweiwt‘—&—é("—qﬁt"‘—gf"*xé)q?_
2mh)3 27

2
Y (nﬁN‘ x B) i+ (7 x B) Bt + L < B) - (7 B)) G (o 1)

So, we can now put all the terms together and many will cancel. Then we extract the (gauge invariant)
Fourier component.

LHS = / 00 it (paBit 47+ xB)-7

(2wh)3 27
0 — @ = =5 ih
X | tho— +ihgE -V Bx7 )= ——t"E-(Bx7 )+ —p-Vz
(Zaﬁ“q b Lp B - DB (B )+ v
9,- @, m 7 q 5 (GD< N
——t E-p+—t FE-(F"xB)——(F xB)-p|G t D.215
LB LB x B - L B ) 6 ) (D)
: — —iwt™ 10 —iwt
| write t"e =% then integrate by parts and drop surface term
—i Qw
10
| effectively t7 — ——
i Ow
i h P
| write 7 Te” "P" = —Vze #P" | then integrate by parts and drop surface term

i
h

| effectively ¥~ — —=Vz=1ihVy
i

— / dp  dw T ptwt ++ ( qEt+—
(2mh)3 27
< 0 ih - iq= _0 2ihq _,

. q o
h— V= hgF -Vz+ —F - p—
8++ p-Vz+ +ihq Vp+m paw—i—mdp

3 > GED< (uwr 1) (D.216)

1 . g =
X <z’h+l ﬁ-VF++ith-Vﬁ+gE-( —gF+xB)—
m m

. ihg . .
+oA5 (B x V)+—d( —gt"E) (B x Vy)

N———
Q
Q
D
@
£t
3
+
~
\__l_

(D.217)
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Gauge Invariant LHS for constant E and constant B

B 0 ih T 9= (o q.y =\ 0
= <h+ -V;++thE‘Vﬁ+EE~(p—g XB)%

e+
ihg .. L — 3 (GD< (o7 T+
+-5 (B x V) + d( gt E) (vap)>G (i +tt) (D.218)

It is obvious that when we set B = 0 in the above expression, we get the same gauge invariant LHS for
constant F introduced by a scalar potential. We need to turn LHS from pre-QKE form to QKE form,
i.e. from G(GD to fW. Recall the definition of Wigner function,

FIV ) = GODS e g = [ e GO o) (D.219)
h o © ——0
So we perform the temporal Fourier transform on LHS
B dw _j. - 0 th I iq= (L Gy =\ 0O
LHS = /%e (m@ﬁ+ ~V;++thEon+EE~( — xB)a
h o g h — —
+ M5 (B x vy + (ﬁ— qt+E> (B x V) ) GED< (i *tt) (D.220)
md’ md -0
| only the 9 term is affected
Ow
| o o o ..
: —iwt (GI) _ —iwt GnHY _ [ Y —iwt (GI)
|  write e 8wG %% <e G ) <8we ) G
| drop surface term and with ¢t~ = 0, the second term = 0
_ 9 | ih, ihgq ihq n _
- <m8t++ v++thEv+—dp (B x Vz) + 7(;9 gt E).(vap)>
xGEN<(p 1~ = 0,7t (D.221)

|  now write %fw =GED<(= =0)

_ 9 y o 1 > (B 9 (>_ 5. (B W (=gt
= (W+m'VF++qE-Vp+mdp~(B><Vp)+md(p qt E)-(vap) i erTeT)

(D.222)

This is the final LHS in QKE form for constant E and constant B (introduced via the vector potential
which does not matter). We make some remarks

1. For RHS, the step t~ = 0 must also be carried out. However, the RHS remains in pre-QKE form
(i.e. G(¢D remains in the RHS). Then GKBA is required to turn RHS into QKE form (i.e. only

" appears).
2. If only one type of field is applied to the system, just set the other field to zero.
3. For homogenous systems, we drop terms with ¥ and drop the argument 7

4. For steady state considerations, we drop terms with t* and drop the argument ¢™.

D.4.1.4 Gauge Invariant Collision Integral (RHS) for constant E and B:

The RHS is more complicated, thus we can only gives expressions for special cases: either it is resctricted
to the spatially homogenous case or it is gradient expanded.
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D.4.1.4.1 Full collision integral (but restricted to spatially homogenous case) The full
collision integral is

oo
RHS = / dts / iy (SRG= + <G4 — GPE< — G<%4) (Pita7sts) (Fstaiata)  (D.223)
—Oo
We define a simplified notation
I(Fit17ts) = /dtg/dng(Fl — T, by — tg, DTS BBV (7 7y 1y — to, T2 fadl2)(D.224)

To proceed, we have to assume spatial homogenity (drop 7 ) otherwise most of the subsequent working
will not go through. We go over to Wigner coordinates,

I(F ) = /dtS/dF?)X(Fl — 7y, 1 — tg, BEB)Y (75 — 7y, tg — to, BE12) (D.225)
The gauge invariant inverse Fourier Transform (for constant E) to use is,

G = [ i [ et e GO ) (0:226)

I(Fftlitf) = /dt3/d7‘3/ dpl dwy e—iwl(t1—t3)eh(p1 thIHS) : (7?1 - Fg)X(ﬁl,Wh t1-5t3)

2m
/ dp2 dee—zwzt e'(ﬁrqﬁmgtz)'(7?3—7?2)1/(];27002}3?2) (D.227)
27h)3
= / dts / dry / o / dm/ = / 2 et ta)ientto=to)
2mh)3

% - t1+t3) Fl@h(l’z qE 3+t2 " T

; +ty Ftittsy .
weh PmaBEEE — Py + gERG) "X (P, w1, BEB)Y (P, wo, B32) (D.228)

| carry out the integral /ng and get 0(py — p1 + %thI) where t| =1t —ty
dp?

(2wh)3

/ dpy _dwy dwy i, (1) -13) ,—iwn(ts—t2) (1 —aEEF) - (71 — 72)

S(2rh)? 21 2n
tl-gtg

| then evaluate integral /

)Y (o, wo, 512) (D.229)

| write frequencies back to time

dpr  i(g _ gty . (7 _ 7
= /dt3 (2 p};)?’eﬁ(plin 12 3) (Tl T2)X(p1 t1 — t3, t1+t3)Y(p2,t3 — tQ, t3+t2 )(D.Q?)O)
™

x X (P, wi,

Now we Fourier transform the expression I(7 t;t]).

1) = /drl /dt I TR I () (D.231)
— /dﬁ dt7 dts (2dphl) ok 1—gBBEE — §+qEt]) - 7 gity

XX (Pt — t3, B5R)Y (P, t3 — to, B32) (D.232)
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| carry out /dFl_ to get 0(p1 —p'— qﬁ%) then carry out /dﬁl

= /dtldtgeiwth(ﬁ+ qEBFR ) — t3, WA )Y (54 gEBSH 5 — t,, tatt2) (D.233)

1 1
| write t1 = tf + §t1’ and ty = tf _ Qtf

+
tl

= /dt dtgeMtIX(erqE(g—?Jr%)) 4+ 4 ,%+%(t3+%))
" + -
xY(ﬁ+qE(%—%—t—) S SRR TR Ltz —%)) (D.234)
This is equation (7.19) in [Haug2007].

D.4.1.4.2 Zeroth order gradient expansion collision integral The zeroth order gradient terms
are

Zeroth Order Collision Integral
= / dt3/df[(2> —YN) G = (G7 = G°) =S| (7, — 5,17 —tg, 7, t]) (Pt T ) (D.235)

| in vector potential gauge, we change notation

= / dtg/dr
[(Z(ﬁ) (A)<> ah< _ (G(ﬁ)> _ G(Zx)<) E(AK} (7 — T3, ty — tg, 7, ) (Ptsi T t))

(D.236)

In general, we handle the term,

00 o o
/ dts / ngX(A) (771_ — 773, t; —ts, 771+> tiF)Y(A) (F3t3fl+tii_)
—00

| introduce the inverse (gauge invariant) Fourier transform

= [ i [

dwy dpy —zw 1— + (P -7 LT = =
/ / 27rh 1(t1 t3) h(pl thl 1 XB)( B)X(GI)(plwlrl‘i’tif’)

dwz dpz - iy Bt — 97+ By (G o =

| perform /dt3 to get 5(w1 — w9), then evaluate /dwg

_ dcu dpy P2 (poi) 75 o (1 —aBtf — 47y % B) 7 ity
(27h)3 271'71)

x X )(pmr YD (B 7 ) (D.238)

| carry out / drs to get §(p2 — p1) and evaluate / dps

_ /dW1/ dpl e iwity (p1 th1 —47 ><B) e X(GI)(plbUlT‘ +t+)Y( )(p1w17“1 )(D 239)
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Fourier Component = X0 (5w 7 7)Y @D (5w 7)) (D.240)

This expression is the same as before. Thus the zeroth order collision integral is already gauge invariant.
We shall simply just rewrite it with the explicit notation of “(GI)”.

Fourier component of the zeroth order collision integral
= Y7 (P )G (pror ) — G (Pru ) 2= (Prw ) (D.241)
SED> (B 7, +t+)G(GI)<(p1w1r ) — G@n> (plwlrf’tf)il( )<(]§’1w1771+tf) (D.242)
D.4.1.4.3 First order gradient expansion collision integral The first order terms represent
correlations between the particles. It turns out that the fields £ and B appear in the first order,

indicating that the fields are part of the correlations in between collisions. This is known in the literature
as the “intra-collisional field effect”. Recall the first order collision integral,

First order collision integral

o R 0 o _ 0
= /OO dtg/dT;J, (Tg . V,?l + tgﬁ — (T’l — 7“3) .vfﬁl — (tl — tg) 8t1+’>

x (5GS = bR ) (77 = 7,47 — ta, 77, 4) (Fta 't D.243
(v (7 = it = ta, 5 ot )| s (D.243)
| in vector potential gauge, we change notation
= mdt dr: ﬁ-Vﬂ+t4Q~—G*—F).V w—@*—tij
- 3 3 3 ] gatf 1 3 7?1-&- 1 3 8t1~_/
X@M@MK_ymgMﬂﬁT_%JI—Mﬂﬂﬁﬂ%mTﬂwﬂy#”#t+®2M)

L LS R
In general, we handle the term,

First order collision integral

0 0
= dt d t —73) - L — (t7 — ¢t —7
[ o (s %)
x X(4) AR ) AU G A D.245
( T37 1 35 rl 71 ) (TS 3T1 1 ) F1+ _7’1 ,t +/ _t+ ( )
| introduce the inverse (gauge invariant) Fourier transform
> N 0 o _ 0
dwi dpl _ -_ i _gEtt—4 B).(7 -7 GI) /- N
/ / 27h)3 el ) h(pl WP AT B) ) ) (Prani )
d d (5 —aE +/_E"+/ 5) .7 ’ ’
/ = / P iats o (PomaPi 47 <B) Ry (e (oot} (D.246)
27h)3 FH =t =t

=T

_ / dtg/dTg/dW1/ dpl /dwg/ dp2

. 0 I, _ 0
X <T3 . Vf’l +t3% — (7”1 - 7'3) -VF1+/ — (tl - tg) atfl>

. — P [ = =+ 4B (o— = . iz o q
ety —t3) o (B1—qEt] — 57" < B)-(7y —T3)e*lw2tseﬁ<P2 aEtf — 47 B)
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x XD (G Y G (Gown ) gt (D.247)
Due to the complexity, we will deal with the above term by term.
First term
dwq dpy dwo dpa
= dts | d
[ fas [ 5 [ oo [ e [ gy
<r3 v +> e—iwr(ty —ts) i (P1—qBt] — 47 xB)~(f‘1——F3)e—iw2t3e%(ﬁ2 qEt] ,7%F1+/X§)'F3
(GI) =>+1+\y(GI) 2+ g+
x XD (ron ) YD (Pawar ) S E—— (D.248)
| use vector identity e (—d7xB)- (7 =73) = o= §(BX(T )" hen take derivative Vit
dun dpi dws / dps
= dts [ d
/ 3/ TS/ / 27h)3 / 27h)3
o o1 (17 —t3) o & (F1—a Bt — 47 < B)(7, _—Fg)efiwgtgeg(ﬁZ—qE‘tl/ 4t 5)
5 2 — o - . St /
XT3 - <—h§B X (Fy —73) + VF1+> X G (5o T, thJr)Y(GI)(pgougrl+ ) ooy (D.249)
=Tt = 1
| write 7 - (é x (77 — Fg)) =B (F7 — ) x 75
i= = h i= =
| write erP2"373 = —Vj5,erP?" then integrate by parts and drop surface term
i
| E (vﬁQe%ﬁﬁg) x(@Dy(GI) _ Evﬁz (e%’ﬁgFaX(GI)Y(GI)) _ Ee%ﬁﬁgvﬁ? (X(GI)Y(GI))
i i )
h h
| essentially 73 — — V];'Q and 7 — 73 — _,v
dwl dpy / dws / dpz
= dts | d
/ 3/ T3/ / omh)? oh)?
e~ wi(t] —t3) o & (PL—aEt] = 47" x B)-(7|” —73) ,—iwats h(p2 —qBt{ - %F1+/X§>'F3
hq = h ot s
X (_ing -V X Vg, — vaa -VF1+> XD (G 7, +t+)Y(G1)(p2w27“1+ ) . D.250)
=Tt =t
Second term
dw dp1 / dwa / dpa
= dts | d
/ 3/ r3/ / 27h)3 27h)3
X( 8t+> e—lwl(t —ts) (Pl th+—gf E)( _—7‘3)6—iw2t36%(772’th1+,*%7?1+/><§)'7?3
(GI) +\y (GI)
x XD (G 7)Y D (Fawnr ) S (D.251)
dwy dpy de/ dps
= dts | d
IRTEI ST
Xefmq@;fg)eggﬁ—qEq<—gﬂ Xé)(ﬂ_—ﬁﬁGAiwﬁgeﬁOﬁ—qEﬁ_ —47 xB)
T = o 5 0 R
X t3 (—th (P = T8) + XED (5w 7, +t+)Y(G )(p2w2r1+ ) (D.252)
oty it =t =
1 1>
, 1 .
| write e” 28t = — 72! then integrate by parts and drop surface term

—1 Owy
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1
essentially t3 — — write also 7] — 73 — —Tvﬁl

T
dwn dpy dws dpa
dt d
/ 3/ T3/ / 2mh) / / 27h)3
Xe—iwl(tfftg)e%(ﬁi—thl_11'*‘1 xB).(F;—ﬁz,)efiwgtg %(1?2 th+ —apt E)
1 = 0 10 0 p
—qE V5 — x(@h )y (©h) it D.253
% <iq Vi Ows i i Ows 8t+> (Preaary E0)Y T (P 81 ot ,t+( )
Third term
dwy dpy dwo dpa
= dt d
/ 3/ T3/ / 2mh) / / 2h)3
X ((Tl — ?”3) . Vﬂy) eiiul(tlﬁ*t?’)e%(ﬁl_thl _%771 XB’)'(Fli—ﬁ)e*iwztse%<ﬁ2_th+ % E)

X X( )( 1wir +t+)Y(G )(ﬁQWQFf'Jti’J)

(D.254)

!
r1+ —7'1 ,t+ —t+

/

then carry out the derivative Vo
1

. / —
o a(ag ><B>~F3 _ 19 (Bxg) T
| use vector identity eﬁ( a1 = ¢~ d(BX7) T

o 5% |

dwl

dtg d?’3

Xe Zwl(tl 7t3)e%(p1_th+_E 1 Xé)‘(Fl_—Tg)e Zw2t3eh<p2 th 7%F1+,XB‘)'F3
L = Zq — 5 - - - RN
X (f —1m3)- | —==B x 3+ V_y X(GI)(p1w1T1+tf)Y(GI) (powe T t]) (D.255)
hd E it =t =
‘ write (771_ — _'3) é X T_"3 = g _’3 X (771_ 773)
h h
| then “replace” 73 = ——Vj, and 7] — 73 = —=V,
i i
d dp’ d dp:
:/ dtg/drg cvl/ 1/@/192
w ) (2wxh)3 ) 2x J (2wh)3
xe ity _t3)e%(q1_qﬁt1+_%ﬂ+ B)-(7~ —73) p—iwat3 h(p2 th+ %F1+,Xé>"?3
hq — h G N N G — ! ’
X <idB Vg X Vi, — ;Vq -VF1+/> X G (G170 Y GD (Gown ) i N (D+ 256)
1 :7"1 gt =ty

Fourth term

e

o I e, ) i(5 bt _a7
% (t_ _ tg) 0 i e w1 (t] 7t3)eh(p1 th+—5r B) (7] —7‘3)6le27§36}7 (P2—th1 ar B)
! ot

X X(GI) (ﬁlwlfl—"_ti_)Y(G[) (ﬁgW2F1+/ti|—/)

!
it =t =

dwy dpy dwo / dpa

= dt d
/ 3/ TS/ / 27h)3 / 27h)3
—iwy (8] ~t3) o 1 (P1—aBt{ — 47 XB)'(Fl_—Fg)e—intgeg(ﬁ2*qétf/*%TI+IXB‘>-T3

xXe
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_ i = 0
X (t] —t3) —ﬁqE T3t —— XED (gY@l )(pgwgrl tf b (D.258)
oty it =t =
1 h
| then “replace” t] —t3 — z@awl and 73 — — VZ;Q
dw dp, dws dpQ
= dts | d
/ 3/ rg/ / 2mh)? / / o)
e~ wi(ty —t3) o (F1—qEt] — 47" x B)-(7y —T@e—ﬂwﬂgeEOD qEﬁf,%;ﬁfxé)%s
1 5 0 10 0 o
x | ~qE Vg =— + ) XED (G5 Y ED (Gowor F i D.259
(Zq p2 aWI 1 8(»01 ati’— ) (pl ) (p2 271 ! ) F+/:F+ t+/:t+ ( )
1 1 "1 1
First order collision integral
dw dpi dw dp?
= dts | d
[ [ [ 52 [ s [ 5 | i
oo (17 —ta) & (F1—a Bt — 7, X B)-(7” 1) y—ivonta , & (P20 Bty =47, < B)-75
h({ q= 0 o 0
X; (—dBVﬁl va2 Vm VH+ +(JE Vplha s +matj—g3 V sz
Vs Vo —qB V0~ 0O} (6D (307 Y OD () (D.260)
n Ty b2 hown howy 8t'1"l ! f‘1+ 7, ,t+/_t+

| put X (G and YD into their respective differentials, the limit 7—,»1+’ =7, and tf =t is trivial

| carry out /dtg and /df’g to get d(w1 — wa) and §(p1 — Pa) respectively

| use the definition of the generalised Poisson bracket

_ /dwl/ dpi —zwltl eh(pl th ffr+><B) L E (_ |:X(GI) Y(G])]
27h)3 i ’ GPB

, (ox(GD oy (6D 29 =
—qE - (ha (VYD) - (V5 X)) — B (Vy, XD x (V5 YED) | (D.261)

h8w1 d

Fourier component of the first order collision integral

i . aa(GI) 8G(G1)<
- =z _ 5@ q(Gh< _ (GI)< LGN
(z) ( [U G }GPB Gk ( hdw, (Vi@ )= (Vo) hduwr

_fg, (V5,6D) x (vﬁlG<Gf><)>

d
i - ) - ox(GD<
() [ Z[ien s@n< _ (GI)< ey 9=
(z)( [b 2 }GPB aE- <h8 (Vi )= (Vab )hawl
2
—qu (V5 b<Gf>)x(vﬁlz<Gf><)> (D.262)

Notice that the fields only appear from the first order onwards and recall that the gradient expansion is
an expansion about the correlations between the particles. This implies that the fields are now mixed
into the correlations between the particles. This is known as the “intracollisional field effect” in the
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literature. These extra terms can also be seen in [Kita2010] equation (6.10).

D.4.1.5 Problems with KB ansatz

In the chapter on NEGF, we developed the KB ansatz and derived phonon Boltzmann equation from
it. Exactly the same thing can be done and the electron Boltzmann equation can be derived. We
started with casual quantum field theory but ended up with Boltzmann equation which is non-causal.
See [Haug2007] pg 95 for more details. Thus the question is, can we have an ansatz to reduce the
(gauge invariant) Green’s function in pre-QKE to the distribution function while preserving some form
of causality (and obeys gauge invariance and allows gradient expansion)?

The answer is the Generalized Kadanoff-Baym (GKB) ansatz. The ground-breaking paper is
[Lipavsky1986] and the important review paper [Spicka2005]. Here we follow [Haug2007] section 8.2 for
a simple derivation.

D.4.1.6 Generalized Kadanoff-Baym Ansatz

D.4.1.6.1 Systematic “expansion” about the time diagonal We will show how it is possible
to systematically the 2-time function about its time diagonal part.' We start by defining auxiliary
functions (we only keep time labels here)

GE<(tity) = 0(t1 — t2)G<(t12) (D.263)
G (tity) = O(t1 — t2)G” (t1ta) (D.264)
GAS(tity) = O(ty — t1)G<(t1t2) (D.265)
G (t1t9) O(ty — t1)G™ (t1ts) (D.266)
Convolve GE~1 from the left of GE<
/ dtsGE Y (t1t3)GT< (t3ts)
- / dts (G<0>R—1(t1t3) - ER(tltg)) GE<(t5t2) (D.267)
= /dt3 <<i£ — € > Sty —t3) — ER(t1t3)> GR<(tsts) (D.268)
1 1

| use the definition GF<(t1t9) = 0(t; — t2)G=(t1t2)
.0
= /dt3 (Z8t1 (0(ts — t1)G=(tata)d(t1 — t3)) — e, (b1 — t3) G (tatz) — SF(t1t3) G~ (tgtg))

= Zi (G(tl — tQ)G< (tltg)) — (9(751 — t2)6E1G< (tth) — /dthR(tltg)g(tg — t2)G<(t3t2) (D.269)

oty
0
= i0(ty — t2)G=(t1te) + i0(t1 — tg)aTG<(t1t2) —0(t1 — ta2)eg G=<(t1t2)
1
t1
- / dts SR (t1t3)G=(tsta) (D.270)
to

t1
= 08t — )G (tita) + Oty — to) <<i£ - eEl> G=(t1ta) — dtng(tltg)G<(t3t2)) (D.271)
1

to

The first term is the time diagonal term and that gives the Wigner distribution function, id(t; —

10This is a mathematical exercise. Whether there are physical justifications to say that time off-diagonal terms can be
dropped, depends on the particular application.
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t2)G<(t1ta) = —6(t1 — t2) £V (t2). We rewrite Keldysh equation,

G< = GEy<gt (D.272)

= ghi-lg< = »<g4 (D.273)
t1 to

(iai—elgl— / dtlER(t1t3)>G<(t3t2) = / dts S (t1t3)G* (tsta) (D.274)
1 to to

t1 to t1
rewrite / = / + /
to to to

t1 to
<Z88751 — 6E1 — / dtlzR(t1t3)> G<(t3t2) = / dts (ER(tltg)G<(t3t2) + E<(t1t3)GA(t3t2))

to to

This is substituted into [ dtsGT1GE< to get,

1)
/dtgGR_lGR< = i0(t) — to)G=(tita) + O(t — tg)/ dts (S0 (t1t3)G=(tstz) + = (t1t3) G (t3t2))

to

Convolve G on both sides so that only GF< is left on LHS.
GB<(t1ty) = i / dtsGE(t1t4)6(ts — t2)G=(tato)
t1 to
+/ dt4/ dtsGR(tita) (SR (Lats)G=(tsta) + B (tat3) G (t3t2))
to to
iGR(t1t9)G=(tats)

t1 to
- / dty / dts (GR(t1ta) SR (Lats) G=(tsta) + G (t1t2) 5= (tat3) G (t3t2))
to to

We repeat for GA< and get,
GAS(tity) = —iG<(t1t1)GA(t1t2)

to t1
+ / dty / dts (G=(t1t3) S (tata) G (tata) + G (t1t3) X< (t3t2) G (Lat2))
t1 to

With these 2 terms, we can reconstruct G<,

G<(tity) = GB<4+GA< (D.275)
= iGE(t1ta) G (tatz) — iG<(t1t1) G (t1t2)

to to
— / dty / dts (GP(t1ta) SR (tat3) G=(tata) + GR(t1ta) X< (Lats) G (tst2))
t1 to
to t1
+ / dty / dts (G=(t1t3) S (tsta) G (tata) + G (t1t3) = (t3t4) G (tat2) (D.276)
t1 to

This results in an infinite series when we iterate G< from second term onwards. Usually only the first
term is kept and its validity is justified by saying that the interaction is weak. This can be seen as the
self energy terms enter only from the second term onwards. Thus the lowest order GKB ansatz can be
written as

G<(t1t2) ~ —GR(tltg)fW(tth) + fW(tltl)GA(tth) (D.277)

The G~ component is constructed by calculating the equal time commutator to see the difference
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between G< and G~ on the time diagonal.

D.4.1.6.2 GKB ansatz For Electrons in constant E and constant B: We will deal with
constant E and later we see that the constant B field can be incooperated into the result trivally.
From the zeroth order terms in the time diagonal expansion, we put back the 7+ argument and change
notation in view of the vector potential gauge used.

GUED<(B 7 b, ty) = G<GI> (7,7 11, t2) GO (5,7 T ta, 1)
D= (7t tl,t1)G(GD (0,7 b1, 12) (D.278)
Going to Wigner time coordinates is tricky for G(CD<(5, 7+, t5,t5) and GED<(F, 7+, t1,t1) and we need

to handle them seperately from the other terms. We start by considering the gauge invariant Fourier
transform.

G(GI)<(ﬁw7—,»+t+) _ /dt di — ettt o= 1 (F—aBt))-7 = o #)<(7:’—t1—f’+ti") (D.279)
| reverse the temporal Fourier transform
G(GI)<(_H+L‘ ) = /df’—eiwtfe—é(’ﬁ—qﬁtf) G(A)<(_'_t 7 (D.280)
| reverse the Wigner time transformation
GOD= (57 T tyts) = / dit —ei ot ¢~ HF-aENGE) TGS (= gy 1) (D.281)
|  now set t; =ty
G(GI)<( Pt ) = /dfeé(ﬁthZ)‘FG(g)<(F’F+7t27t2> (D.282)

| LHS is the term that we want to tackle

| RHS gives the expression to carry out the Wigner time transformation

G(GIK(ﬁ, -+ 0,%) _ /df*—e—g(ﬁ—qﬁtz)fG(I‘Y)<(1:'—’F+,(),t2‘5t2) (D.283)
1
| write to =t — 3t
GED< (5,7t 0,4 — 3t7) = /dpe;(ﬁqE“(tfétl))-F GO, 7+ 0,tF — 37) (D.284)

| take the steady state condition and thus drop ¢

| and drop the “center of time” argument

G(G1)<(ﬁ Ft0) = /df—e—h(p+qﬁét1)-FG(ﬁ)<(;—’7f+7o) (D.285)
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Now compare with the usual definition of f" 1

G(p,t~ =0,7T,tT) %fW(ﬁFthJr) = /df—e—éﬁf‘aﬂf—,t— =0,7,tt)  (D.291)

| take steady state condition

Gt =07 = LV = [are i

G<(F~,t7 =0,7") (D.292)

Thus for the (constant E) gauge invariant version, it is just a “shifted momentum” modification to the
Wigner function.

GODS (Gt ty) = GO 7,00 = 2 V(5 + JaBi7,77) (D-293)
_ /df_e_g(ﬁ+§qﬁt1—).f‘—G(ﬁ)<(F—’7:»—1-70) (D.294)

It can be easily deduced that

GOt nn) = GONE T, 0) = LY (- jaBy 7 ) (D-295)
_ /df—e—;;(ﬁ—;qﬁwG(A‘><(F—,f»+,o) (D.296)
We can now reconstruct G(ED<(5, 7+, 1, )
G(GI)<(ﬁ, P, ty) = Z’G(GI)R(]E»7 Pt tQ)G(GI)<(ﬁ, 7 ta, t9)
—iGED<( 7T 4, )G EDAR P 1, 1) (D.297)

| go over to Wigner time coordinates
| which is trivial for LHS, G(¢DE and (@14
| we impose the steady state condition
GO, 7Yy = iGOEDRG e, mHifV (5 + LqEty,7T)
—i?fW(p— LBty , 7 H)GEDAp 7 ) (D.298)
| recall the definition of the spectral function A = i(GF — G4)
| recall the step function in the definitions of G and G then,
| At > 0,7T) =GR 7T

UErom the equal time anticommutation relation,

[w(t), P! (t)] , =1 (D.286)
GO () + 9 ) = 1 (D.287)
| take statistical average
@ )+ @'mer) = 1 ‘ _ (D.288)
| recall G< = %@pw) and G~ = f%@pw
=ilG” -G%) = 1 (D.289)
| insert G = %fw
& = —2a-f") (D.290)

h
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| At < 0,7F) = —iGEDAG 1)
=A@t > 0,7 ) YT+ SaElt | 7T

+if" (5 + SqElty |, 7 HA@ < 0,7 ) (D.299)
= QiA@Y (B SeEl | T) (D.300)

See [Haug2007] equation (8.19) for the time dependent £ GKBA (introduced via the vector potential).

To include the constant magnetic field, we realise that the Fourier kernel e~ #PaBtH —{TEXB)}T T which
involves only spatial variables in the magnetic field related term. Spatial variables are not involved in
the time diagonal expansion, thus we only get another trivial “momentum shift”.

GV ey, %) = iA@Y+ jaElty| - §7F < Byt (D-301)
GD>(pty, 7)) = =A@ty 7T) (1 — V(P + 3qElty | — 47T x g,m) (D.302)
where the second GKBA is obtained via the relation i(G= — G<) = A. This is the final result. We see
that (even in steady state) the momentum, time and space variables have been mixed up. This could

mean interesting quantum effects but it makes the quantum kinetic equations (QKE) very difficult to
handle.

D.5 Summary and Receipe of QKE

Here we want to write some kind of receipe for QKE so that people can quickly construct the QKE
they want and it also serves as a summary for this appendix.

1. Choose a LHS. Various choices for the driving are: mechanical driving or (time dependent or time
independent) electromagnetic fields driving. Various choices of approximations for LHS are: full
distribution or linearized distribution. Various choices of conditions are: spatial homogenity or
temporal steady state.

2. Choose a matching RHS. Decide whether to use the full collision integral (which only works with
spatially homogenous systems) or use the gradient expanded ones. Then decide how many orders
of gradient expansion should be kept.

3. Choose a self consistent self energy for RHS from the Hedin’s equations according to the interaction
the researcher is interested in.

4. Choose a matching GKB ansatz and the pre-QKE becomes QKE.

For an example of such an implementation of the receipe, refer to the section on the QKE treatment of
electron-phonon interaction.

D.6 From NEGF to Linear Response Theory

The derivation has already been given in the chapter on NEGF. Here we will just apply the linear
response formula to electronic transport, i.e. calculate electrical conductivity.
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D.6.1 Application: Electrical Conductivity

Here we follow [Bruus2004] chapter 6. The time-dependent Hamiltonian with electromagnetic driving
fields (introduced by scalar and vector potentials) is

V) = / dro(F)6(F, t) + / dr () - A7 1) (D.303)

where p(7) and J(7) are treated as operators and ¢(7,t) and A(F,t) are treated as functions with
parametric time dependence.

We first write the retarded response function in the Kubo correlator form. Choose a gauge such
that the Hamiltonian becomes

Vi) = /dfr"'p(fr‘*')(;S(F) (D.304)
andlet V. = p(F) , f(t)=¢(F 1) (D.305)
Following the procedure, we first take the time derivative.

d‘jzit) - / ngb(F,t)dZ(tm (D.306)

d -
| use (operator) continuity equation, d—’j + Ve J(F) =0

S / A (7, t) (vf'f(f‘)) (D.307)

| integrate by parts and drop the surface term

_ / AT () - Vro(F, 1) (D.308)
| use Maxwell’s equation, —V¢(7,t) = E(7, )
= — / dFE(F,t) - J(7,t) (D.309)
So, V = J () and we choose operator A to be J and now we can write the linear response formula for
electrical conductivity. 12
S(J(F 1) = (J(Ft) (D.310)
| since there is no current when no field is applied
oo
_ —> <R . > = _ (=
= /_Oo dt1 dry™x A:J_',\A/:J_'(r r1,t tl)E(Tl, tl) (D.311)

Taking spatial and temporal Fourier transforms, we get the Ohm’s law form,

{

Thus the electrical conductivity

W) = =SNG W) E(Gw) (D.312)

S

is simply

0ap(@w) = —XFj,5(0w) (D.313)

12Note that all these manipulations are done so that the linear response formula looks like the transport law we are
interested in. In this case, the transport law of interest is Ohm’s law.
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= /d(F— 7)e” @) Tim [ d(t — ty)el@ 1)

e—0t
p M 5 M -
<[ sy sty = i) g0, 70) (D.314)
0

. 1 "
| introduce — [ dif =1
Vv
| assuming spatial translational invariance, we can rename (7,7 — ) — (7, 71)

1 > N ), T SR io—e) (t—
= v/dr/d(r—m)e T hm+ d(t — tp)elw=t—t)

e—0
B

X/O dr™ <J57H0+Hint (Flvtl - ihTM)Ja7H0+Hint (Fv t)> (D'315)

[ > ooyt [ . M .
= V El_lglJr 0 d(t - tl)e 0 dr <J67HO+Hint(_Q7t1 — iht )JOC,HO+Hint (q7t)>
| now we can write the average explicitly in terms of (¢t —t1) & rename t —t; — ¢

Lo % oo [° L ,
= 3 lim i dteliw=ot /0 dr™ (Jg ot i (— @ —0T™ ) T b4 i (001) ) (D.316)

This is our final result in Kubo correlator form. 13

We want to write the commutator version. Choose a gauge such that V' (¢) becomes
V(t) = / drJ(F) - A(F,t) (D.317)

where the current operator J is to be substituted for V, the function f(¢) to be the vector potential A
and choose operator A as J. The linear response formula is now written as (again, we take no current

when V (t) = 0)

(71, t1) (D.318)

<
3
=
Il
—
g 8
QL
S
—
QU
!
=]
‘JT- oy
=~
F)
~
<
|
-
o
~
|
=
o

We want to write it so that it looks like Ohm’s law so that we can identify the electrical conductivity
expression. To this end, we take the spatial and temporal Fourier transforms and use Maxwell’s equation,

— —

A(qw) = 3, B (g, w).

1
W

-

(T(d.0) = R BAd.0)—

Ad, w)iwﬁ(cﬁ w) (D.319)

~ ™

Thus the electrical conductivity is simply identified as

S 1 .
0as(T,w) = —XJ7 (T w) (D.320)
1 —i

_ o i (=) 1 % (iw—e)t . .
—— [ d(F—)e Jim [ die (oo (75 0), Jo(F)] ) (D.321)

—

1
| use the same trick where we insert v /df’: 1 and rename (7,7 — 1) — (7, 71)

—1 0

S [ (fw—e)t - -
oy [ e (ot 1,0 (@ 1), o ()] ) (D.322)

13In some references, Laplace transform is used early in the derivation and the results are the same. Now we can see
that Laplace transform is a compact way of accounting for the retarded response, i.e causality. One may also think of the
the € as coming from the Fourier representation of the time step function in .
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The other commutator version is simply

o 2. % (iw—e i
ros(@) = gyl [ et gy ()50 (D.323)




Appendix E

Proofs

E.1 Subjecting the Phonon self energy to the ®-Deriviability condi-
tion

One must read the famous paper by Baym in [Baym1962]. The ®-derivability condition amounts to the
satisfaction of 4 conservation laws (in the electronic case). In terms of diagrams, it amounts a certain
symmetry in the vertex. The check is at the level of Feynman diagrams, so these are the contour time
self energies. Thus by visual inspection of the diagrams, we expect the terms type 1,2,3 do not satisfy
the diagram symmetry and hence do not satisfy the conservation condition. We checked 2 versions of
the self energy; the general version from the iteration of the Hedin-like equations and the sign-assigned
version. All times are contour times, I apologize for using the notation ¢ here. The ®-derivability
condition comes from the “curl” condition of the self energy,

05(1,2)  6%(3,4)
§D(4,3)  4D(2,1)

(E.1)

E.1.1 V" Term (Yes)

Version 1: General Self Energy
The self energy is (in the abbreviated notation, as an argument 1 = j;qi1t; and as a subscript

1 =j1q1)

5(1,2) = -5 Zvléé’f Dsg(t112)d(t1 — t) (E.2)
£(3,4) = Z Vit Dso (tta)5(ts — ta) (E.3)
LHS = m (E.4)
- i S (©:5)
= Z VAR e 48630 (1 — £4)8(ts — t3)5(t — t2) (E.6)
- ;hvfjg;)a(tl — 1) (ty — t3)0(t1 — t2) (E-7)

460
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5%(3,4)
pu— E.
RHS (5D(2 1) (E-8)
= 21/3564 0520610 (t3 — t2)d(ts — t1)8(t3 — t4) (E.9)
1h
= =5 ‘@(;ff)& — t4)0(t2 — t3)0(t3 — ta) (E.10)

the (contour) time delta function leads 6(t3 — t4) to (1 — t2)

|
| use symmetry ‘@(;ff) = V(fgl)

LHS (E.11)

Version 2: Sign-assigned Self Energy

2(1,2) = ——- Zvlggj Dsg(t1t2)8(t1 — to) (E.12)
$(3,4) = —WZVB;;’I Dsg(t5ta)d(ts — ta) (E.13)
6%(1,2)
LHS = ———~ E.14
5 dD(4,3) (E-14)
B 7 4ph) )0 Ds6(t1t2)
- _772 1562 W)(S(tl —12) (E.15)
= lhf/(“ph)ét t4)8(ty — t3)3(ty — t E.16
= 57 Vi 0(t1 —ta)d(t2 — t3)d(t1 — t2) (E.16)
_0X(3,4)
RHS = 50 (E.17)
_ 1h ~ (4ph) 0 D56 (t3t4)
o 23 ;%56‘4 5D21(t2t1)5(t3 ta) (E.18)
1A~
- _ﬁv;;fpa(tg — 19)8(ts — t1)8(ts — ty) (E.19)
| use the symmetry of %(fo)
1h
= vaj;’fé(tl — )8 (ty — t3)5(ts — t4) (E.20)
| the (contour) time delta function leads d(t3 — t4) to 6(¢1 — t2)
— LHS (E.21)
E.1.2 VEGPY® Term (Yes)
Version 1: General Self Energy
The self energy is
x(1 Z ‘G(gé)h 3ph D57(t1t2)D86(t2t1) (E.22)

5678
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%3 ZV?,Sph Sph Ds7(t3ts)Dse(tat3) (E.23)
b 5678
LS = S E21)
_ 1h 73ph) 7 (3ph) 0 D57 (t1t2) dDge(tat1)

_ 5;78 156 Vi 5Dttt )DSG(t2t1)+D57(t1t2) IO (E.25)

3ph) 3 h

= Z V1(5g p )

b 5678

_ Z VPRSP D (tath )3 (1 — £4)6(t — t3)

+f— Z VSPRTEP Do (t19)8(ts — £4)6(t1 — t3) (E.27)
(3ph) 3 h)
L N
5678
((552(571(5(t3 — tg)é(t4 — tl)DSG(t4t3) + D57(t3t4)582(5615(t4 — tg)é(tg — tl)) (E.28)
_ Z VS [ 8PR) 1o (tats) 0 (ts — t2)(ts — 1) (E.29)
+~ Z VPRS0 D (ta) 0 (s — £2)5(ts — 1) (E.30)

| rename 6 <+ 8 in the first term

| the second term is the same using the symmetry of V) and that of the delta functions

= ZVB?’“‘ Vo™ Des (tat3)d(ts — t2)8(ta — 1) (E.31)

"EE: V15ph)v?3ph Ds7(tit2)0(ta — t4)0(t1 — t3) (E.32)

| use D(jg(t4t3) = Dgg(tsts) and use the (contour time) delta functions
— LHS (E.33)

Version 2: Sign-assigned Self Energy
The paired momenta are (1, ), (¢5,q7) and (45, gs)-

X(1,2) = Z‘Gggh 39R) Dy (t1£2) Ds (t2t1) (E.34)
' 5678
oL
3(3,4) = 21/353;’ ) Dex (t5ta) Do (tats) (E.35)
! 5678

1h
LHS = 5= Vi Vi Deo(tat)(t1 — ta)5(t2 — t3)
68
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RHS

1h
+5 STV D (t1£2)0 (b — ta)8(t1 — t3) (E.36)

57

1h ~
= 57 2 Vi Vit Des(tata)(ts — 2)0(ta — 1)
68

+—f Z VIR0 Do (t3t4)8(ts — 2)5(t3 — 1) (E.37)
rename 6 <> 8 in the first term then write Dgg(t4t3) = Dsg(tsts)

= Z Vézggh 1§fh Dgg(tsta)o(ts — t2)0(ts — t1)

+” Z Ve VST Dan(tata)(ts — t2)3(ts — 1) (E.38)
| interchange the signs of ¢s and ¢ so that V3(23g ?) Vl(:f ) — V}g’g h)Vl(g’f ")
| interchange the signs of g3 and ¢ as well as ¢; and ¢ so that Vg(;f h)Vg’f M = ‘7})(;%) ?) ‘77(55 ?)
= LHS (E.39)
E.1.3 VG’ Y @h) Type1 Term (No)
Version 1: General Self Energy
1 /h\? -
%(1,2) = 3 <> Z /dt7V1(3ph)V7(3§p1h0)‘G(ﬁqg?g72D5,7(t1t7)D9,11(t7t2)D12,10(t2t7)D8,6(t2t1)
Y 5,67,89,10,11,12
1 /h\?
£3,4) = 5 <> /dt7‘%(35pg) V#%pfg ‘G(f]ig?8,4D5,7(t3t7)D9,11(t7t4)D12,10(t4t7)D8,6(t4t3)
Y/ 56,7,89,10,11,12
LHS
0%(1,2)
= — 17 E4
3D(4,3) (E.40)

1 (h\? 3ph) < (3ph) T (4ph
3 (z) > /dt7V1(5p6 V7(9p13V1(1€2?8,2
5,6,7,8,9,10,11,12
<5Dw(ﬁtﬁ
6 Dy3(tats)

oD t-t

Dg 11(t7t2) D12,10(t2t7) Dy 6(t2t1) + Ds,?(tlt?)M
0Dy3(t4t3)

dD12,10(t2t7)

dD43(tats)

Di210(t2t7)Dg 6 (tat1)

oD tot
Dgg(tat1) + D5,7(751t7)D9,11(t7t2)D12,10(t2t7)M)E-ﬂ)

+Ds 7(t1t7) Do 11(t7t2) 5Das(tals)

1 /h\?
3 <Z> > ‘G(ipg )‘G(?ép{lg‘/l(ﬁg)s 2Dg11(t3t2) D12,10(t2ts) Ds 6(tat1)0(t1 — ta)
6,8,9,10,11,12

1 /h\?
+5 () S© VIRV 3 Ds 2 (t1t4) D1 1o (tata) Dy s(t2t1)d (b2 — ts)
5,6,7,8,10,12

2
<z> > V1(3ph)V7(3ph)V1(fi7§,2D5,7(t1t3)D9,11(tztz)D8,6(t2t1)5(t2 —14)
5,6,7,8,9,11



APPENDIX E. PROOEFS 464

1 (h\?
T3 <> Z /dt7v1 2V 2@8‘/1(14%?4,21)5,7(751757)179,11(757754)1712,10(752757)5(252 —t4)0(t1 — t3)
5,7,9,10,11,12

RHS
_6%(3,4)
SDET) (E.42)

1 /h\? 3ph) - (3ph) v (4ph
= 3 <2> > / dt V},(5pﬁ 9p18V1(1]{2?8,4
5,6,7,8,9,10,11,12
<5D577(t3t7)

5D21 (t2t1)

dDg 11(t7ts)

0Do1 (tQtl) D12,10 (t4t7)D8,6 (t4t3)

Dy 11(t7ts) Di2,10(tat7)Dg 6(tats) + D5 7(tst7)

dD12,10(tatr)
(5D21(t2t1)

1 (h\?
= 3 <> S VIV 4 Do (t184) Dis o (tat) Ds (Eats)(ts — 1)
6,8,9,10,11,12

oD tat
Dg 6(tats) + D5,7(t3t7)D9,11(t7t4)D12,10(754t7)M)E-‘B)

+Ds 7(tst7) Do 11 (t7ta) 5 Do (fat)

1 /Rh\?
*3 (z> > ‘%(?épg)v;gp{g‘ﬁ(m ) 4 Ds.7(tst2) Dig,10(tatz) Ds o (tats)3(ts — t1)
5,6,7,8,10,12

1 (h\?
" <> ST VBN | Dy o(tat) Do (tita) D o(tats)d(ts — t2)
5,6,7,8,9,11

1 (h\?
D) () > /dt VU V), \Ds 7(tstr) Do 11 (t7t4) D1z a0 (tate)d(ta — t2)0(ts — 1)
5,7,9,10,11,12

Hence the fourth line of LHS and RHS matches. However, the curl condition is not satisfied by noticing
that in LHS, the external index 4 appears in V") and in RHS, the external index 4 appears in V#h).
E.1.4 VG @) Type-2 Term (No)

The same situation in Type-1 term appears here, thus the curl condition is not satisfied.

E.1.5 VG’ YUk Type 3 Term (No)

Type-3 term is different from Type-1 and Type-2 terms, so we need to check the curl condition explicitly.
Version 1: General Self Energy

1 (h\*
2(1,2) = - () > /dt7V1 ) Vé‘é”gﬁomﬁ 12)2175 7(tit7) Do 11 (trt2) D12,10(t2t7) Ds 6(t7t1)

4 \ 1
5,6,7,8,9,10,11,12

B\ 2
() Z /dt V33ph V#épg)lovl(fzig)ﬂ-%ﬁ(t3t7)D9,11(t7t4)D12,10(t4t7)D8,6(t7t3)

$(3,4) =
L 5,6,7,8,9,10,11,12

1
4

LHS

L)) (E.44)

3D(4,3)
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WA (3ph) v (4ph 3ph
= 4 (z) Z /dtﬂ/l g V7(8p9)10V1(1€2)2
5,6,7,8,9,10,11,12

0D 1t oD t7t
(WD9,11(t7t2)D12,10(tQtY)DS,G(t7t1) + D5,7(t1t7)MD12,10(t2t7)D8,6(t7t1)
oD tot oD t-t
+D5,7(t1t7)D9,11(t7t2)MDM(MM) + D5’7(t1t7)D9’11(t7t2)D12’10(t2t7)5Di§((t:t31))>
1 /h\? 3ph) v (4ph 3ph
= 7 () > V1( p )‘/3%(8],09,)10‘/1(1[{2)2179,11(t3t2)D12,10(t2t3)D8,6(t3t1)5(t1 —t4)
6,8,9,10,11,12

1 /h\?

+ <> > Vfgpg)vfépﬂo‘é(?ighz)D5,7(t1t4)D12,10(t2t4)D8,6(t4t1)5(t2 —t3)
t 5,6,7,8,10,12

1 h h h

+ < > VOV V) Ds 7 (t13) Do 11 (t3t2) Ds 6 (tst1)0(t2 — ta)
5,6,7,8.0,11

1/h

+ <> V1(?ép§)V;ipgaovﬁﬁg)zfja?(t1t4)D9,11(t4t2)D12,10(t2t4)5(t1 — t3) (E.45)
¢ 5,7,9, 10 11,12
RHS
55(3,4)
e S E.4

5D(2,1) (E.46)

1 /h\> (3ph) > (4ph) = (3ph
= 1 <Z> > /dt V3 { V7(8p9)10V1(1]i2)4
5,6,7,8.9.10,11,12

§Ds - (tst 6D 11 (trt
<cSDZl?((tjtl?))Dg’n(t7t4)D12’10(t4t7)D8’6(t7t3) + D5,7(t3t7)MD12,10(754757)D8,6(757153)
§D12.10(tat §Dg g (-t
+D577(t3t7)D9,11(t7t4)51;22711&(2?1)7)1)876(75%3) + D5,7(t3t7)D9,11(t7t4)D1z,10(t4t7)M)z’f((t;f)))
1 /h\2 e o
= 1 () > ‘%(épg : 1{@{’@10‘/1(5%)4179711(t1t4)D12,10(t4t1)D8,6(t1t3)5(t3 —12)
v/ 680101112
1 /h\?
*1 <1> ST OV oV Ds 7 (tste) Dia to(tata) Ds (tats)d(ts — t1)
5,6,7,8,10,12
1 /Rh)?
T3 <> > VES VY VTS Dsr(tat) Do, (tita) Ds s (trta)d(ts — t2)
5,6,7,8,9,11
1 /Rh)?
*1 <z> > VoV e o Vi Ds 7 (tst2) Do 11 (tat4) Do 1o (tat2)3(t5 — t1) (E.47)
5,7,9,10,11,12

Note that indices 1,2,3,4 are all “external indices” and some external indices are in the coupling
constant V#") on LHS but in V3P%) in the corresponding term on RHS. The corresponding term is
identified by looking at the time delta functions. Hence they don’t match even after renaming indices.

E.1.6 V"’ Term (Yes)

Version 1: General self energy
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A% 4ph) o (4ph
<i S VS Vi 0 s Dsr(tat) Dso(tit2) Diog(tath)
5,6,7,8,9,10

2
> Z V:a(;é’;) Vs(g 18 4Ds7(tats) Dsg(tsts) D1o6(tats)
7

1 (h)* (4ph) ¢, (4ph) [ 0Dsz(t2t1)
LHS = 31\ 7 Z Viser V8.0.102 T()Dw(tlb)DlOG(tQtl)
S\t 5,6,7,8,9,10

0 Ds9 (tth)
dDy3(tat3)

1 /h
= 3 () > Vanv, épfo2D59(tltz)Dlo,G(t2t1)5(t2—t4)5(t1—ts)
5,6,9,10

1 /h
—= () Z ‘Gfé“? 8?{10 o Dg7(tat1)D1o,6(tat1)d(tr — t4)6(t2 — t3)
6,7,8,10

+Dgr(tat1)

0D tot
Do 6(tat1) + D87(t1t1)D59(t1t2)10’6(21)>

dDy3(t4t3)

1 h
( ) S VsV D (tatr) Dso(t1t2)d (ks — ta)d(tr — ts)
5,7,8,9

55(3,4)
3D(2,1)

0 1 <h> (4ph) 17 (4ph)
~ s | 3\ Vsser Vi Dg7(tats) Dsg(tsta) Dio,6(tats)
0D(2,1) ( 3\ i 56%9:10 3567 V89,10,4

RHS =

1 (h aph) =~ (aph) [ 6Ds7(tat3)
= 3 <Z> Z V3(5é)7 Vs(gqo)z; ((SD()D59(153t4)D10 6(tats)
: 5678910

dDsg(tsts)
5D21(t2t1)

- ( ) Z ‘/Z’>5ph)‘/é;z{g 1Ds9(t3ta) D106 (tatz)o(ta — t2)d(ts — t1)
569,10

+Dg7(t4t3)

oD tat
Dyo6(tats) + D87(t4t3)D59(753754)10’6(43))

5D21(t2t1)

( > 3 Vi VA, Dy (tats) Dioo(tats)d(ts — t2)8(ts — 1)
678,10

( ) > Vast Vit Dez (tats) Do (tata)d(ts — t2)3(ts — 1)
5789
| rename 6 <> 10, 8 <> 7 in the second line

- ( ) Z V:%Sph)VQ;% 1Ds9(t3ta) D106 (tats)o(tsa — t2)d(ts — t1)
569,10

< ) Z %;%)8 1452 Drg(tat3)De 10(tat3)o(t3 — t2)d(ts — t1)
678,10

466

(E.48)

(E.49)

(E.50)

(E.51)

(E.52)

(E.53)

(E.54)

(E.55)
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1 /h\?
e (Z) VAP Veob) Dz (tats) Do (t3ta)8(ts — t2)6(ts — t1) (E.56)

| use Drg(tat3) = Dgr(tsts), De10(tat3) = Dioe(tsts)
2

1 /(h ~
] () Vse1 Vaorioa Do (tsta) Dio6(tats)d(ts — t2)3(ts — 1)
’ ¢ 569,10
1 (h\? = (4ph) ¢ (dph)
—a (5 VaoholsVaies Dr(tata) Diog(tsta)d(ts — t2)8(ts — t1)
’ ¢ 678,10
L (R o) o (aph)
3\ 3517 Vagos Ds(tats) Dso(tsta)d(ts — t2)d(t3 — t1) (E.57)
’ 5789
— LHS (E.58)

Version 2: Sign-assigned Self Energy
The pa'ired momenta are (617 672)7 (J& (77)a ((757 @)7 (q_'107 Jﬁ) and (@37 q_'4)

1 (B\? .
2(L,2) = -5 <> > ‘/1(54(15)?)‘/(% ]% 87(tat1) Dso(t1t2) Diog(tatn) (E.59)
: 5,6,7,8,9,10
L (h\? o7 (o) 1 (4p1)
D 5567 Va.0.10.4087(tats) Dso(tsta) D1o6(tats) (E.60)
' 5,6,7,8,9,10
55(1,2)
LHS = ——~ E.61
5 = SD@3) (E.61)

A 2
7 S vy (% P Dso(t1t2) Dios(tat1)d(ta — t2)3(t1 — t3)

1 (h\? ~ (4ph)
- (Z) S VIR  Dsz(tat) Dio s(tat)d(t — ta)d(ts — ts)
( D87(t2t1)D59(t1t2)5(t2 — t4)5(t1 — t3) (E62)

55(3,4)
HS = E.
RHS 5D(2,1) (E.63)
1 (h)? 4ph) ¢ (4ph
= -3 <z> Vi )V2(9p18 1Dso(t3ta) D1o6(tat3)d(ta — t2)d(t3 — t1)
5,6,9,10
1 (h\? 4ph) v (4ph
3 <Z> > %(257)‘@( 1p13 4 Ds7(tats) Diog(tats)o(ts — t2)d(ts — t1)
6,7,8,10
<> AR ggg Da7(tts) Dsg(tsts)d(ts — t2)8(ts — t1) (E.64)
5,7,8,9

| use the pairing (¢1, @) and (5, @1) to change signs in the momenta and first line matches
| use the pairing (g1, ¢2) and (g3, @) to change signs in the momenta and third line matches

| rename 6 <> 10 and 8 <> 7 in the second line
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| use D78(t4t3) = D87(t3t4) and D6,10(t4t3) = D10,6(t3t4) in second line
| use the pairing (g, ¢7) and (gi0, Gs) to change signs in the momenta and second line matches
— LHS (E.65)
E.1.7 VG' Term (Yes)
Version 1: General Self Energy

N(1,2) = 1<7?

3ph) < (3ph) < (3ph) > (3ph
53 / dt7dt8V1( q )‘/7(91)13‘/1(1];2)8‘/1(3114)2

)2
5,6,7,8,9,10,11,12,13,14
X Ds7(t1t7) Do 13(t7t2) D14,11(t2ts) Di2,10(tst7) Dgs(tst1) (E.66)
1 (h\? 3ph) o (3ph) v (3ph) > (3ph
E(3°4) = § (z) Z /dt7dt8v3( 1 )‘/7(91)13‘/1(1?2)8‘/1(3}14)4
5,6,7,8,9,10,11,12,13,14
X Ds7(tst7)Dg 13(t7ta) D1a,11(tats) D12, 10(tst7) Dse(tsts3) (E.67)

_62(1,2)
LHS = 5D 3) (E.69)

1 ()’ 3ph) < (3ph) & (3ph) > (3ph
= 9 (z) Z / dt?dtSVl( q )V7(9p18V1(1712)8V1(3’i4)2
5,6,7,8,9,10,11,12,13,14
0Ds7(t1t
(57(17)D9,13(757752)D14,11(t2t8)D12,10(t8t7)D86(758751)
0Dy3(t4t3)

dDg 13(t7t
mD14,11(t2t8)D12710(t8t7)D86(t8t1)

dD14,11(t2ts)
dDy3(tat3)

+Ds7(t1t7)

+Ds7(t1t7) Dy 13(t7t2) D1 10(tst7)Dse(tst1)

dD12,10(tst7)

+Ds7(t1t7) Do 13(t7t2) D14,11(t2ts) 5Das(tats)

Dgg(tst1)

0 Dgg(tst
+Ds7(t1t7) Do 13(t7t2) D1411(t2ts) Di2,10(tst7) (wigtitio (E.70)

1 /h\? 3ph) +(3ph) v(3ph) 7 (3ph

-~ 9 <z> Z /dtSV( Y 9p13V1(1112)8V1(3Ii4)2
6,8,9,10,11,12,13,14

X Dg 13(t3ta) D14,11(tats) D12,10(tst3) Dse(tst1)o(t1 — ta) (E.71)

1 (R 3ph) (3ph) 7+ (3ph) < (3ph

-~ 9 <z> Z /dt V( g V7(4p18V1(1]{2)8V},(1Z2)
5,6,7,8,10,11,12,14

X Ds 7(t1t4) D111 (tats) D12,10(tsta) Dgs(tst1)d(ta — t3) (E.72)

1 /h\? (3ph) 7 (3ph) v (3ph) < (3ph

= B} <z> Z /dt7V1 5p6 9p1(2V3(1352V1(322)
5,6,7,8,9,10,12,13

X Ds 7(t1t7) Do 13(t7ta) D12,10(tst7) Dge(tst1)0(ta — ta) (E.73)

1 /h\? 3ph) < (3ph) < ~ (3ph
- 5 <> Z ‘/1(,5{)6)‘/7( 1 )V( §V1(3]i4)2
5,6,7,8,9,11,13,14

7
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RHS

X D5 7(t1t3)Dg 13(t3t2) D14,11(t2ts) Dse(tat1)

1 /(h\? ~ (3ph) > (3ph) 7 (3ph) +(3ph
3 <z> Z / dt?Vl(,51,13)V7( 9p13 ‘/1(1112)4‘/1(3];4)2
5,7,9,10,11,12,13,14

X D5 7(t1t7) Do 13(t7t2) D141 (t2ta) Di2,10(tat7)0(t1 — t3)

6%(3,4)

6D(2, 1)

1 (h\? 3ph) < (3ph) < (3ph) < (3ph

§ <z) Z /dt7dt ‘/5(5176)V7(9p18‘/1(11{2)sv(3q4)4
5,6,7,8,9,10,11,12,13,14

0 Ds7(tst
(57(37)D9713(t7t4)D14,11(t4t8)D12,10(t8t7)D86(t8t3)
d Doy (tat1)

6D t7t
(MD14,11(t4t8)D12,10(t8t7)D86 (tst3)

0D14.11(tats)
0D91 (tQtl)

+Ds7(tstr) Do 13(trta) D14,11(tatg)

+Ds7(tatr)

+Ds7(t3ty) Do 13(t7ts) Di2,10(tst7)Dgs(tsts)

dD12,10(tst7)

Dgg(tst
5Dor (ta1) s6(tst3)

6 Dgg (tst3) >

+D57(t3t7)D9,13(t7t4)D14,11(754758)1712,10(758757)5D2l(t2tl)

1 /h\? (3ph) 7 (3ph) ¢ (3ph 3ph

3 <Z> Z / dt V3 1 V1(9p13V1(1ﬁ2)8V1(3z1’4)4
6,8,0,10.11,12,13,14

X Dg 13(t1ta) D1a,11(tats) D12,10(tst1) Dse(tsts)o(t3 — t2)

3ph) < (3ph) - (3ph) +(3ph

( > /dtsvs( 1 )‘/7(2p1(3‘/1(1,1?12)8‘/1(12312
56781011 12,14

X D5 7(tsta) D111 (tats) D12,10(tst2) Dse(tsts)d(ta — t1)

2

3ph) < (3ph) 7 (3ph) 7 (3ph

5(5) > [annavimviseiy,
5,6,7,8,9,10,12,13

X Ds 7(tst7)Dg13(t7ta) Di12,10(t1t7) Dgs(t1t3)0(ts — t2)

2
3ph) < (3ph) < (3ph) < (3ph
< ) ‘/:3(51)6)‘/7( 9p1 )V1(1g,8) V1(3 1{4?2
5,6,7,8, 9 11,13,14
X D5 7(tst1)Dg 13(t1ta) D1a,11(tat2) Dge(tats)

2
(3ph) (3ph) 7 (3ph) > (3ph
( > Z / dt7V3 5p1 V7( 9p13V1(11;2)2V1(3114)4
5,7,0,10,11,12,13,14

X Ds 7(tst7)Dg 13(t7ta) Diaj1(tata) D12,10(tat7)0(t3 — t1)

RHS first line (expected to match with LHS second line)

1 /h\? 3ph) 7 (3ph 3ph 3ph

5 <z) Z / dt8V1(9p10) 3114)4‘/1(11;2)8‘/})( o
6,8,9,10,11,12,13,14

X Dy 13(t1t4)D14,11(tatg) D12,10(tst1)Dge(tst3)d(ts — t2)

469

(E.74)

(E.75)

(E.76)

(B.77)

(E.78)

(E.79)

(E.80)

(E.81)

(E.82)

(E.83)

(E.84)
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| rename 9,10 — 5,6, 13,14 — 7,10 and 6 — 14
1(h)? 3ph) 17 (3ph) 7 (3ph) 7 (3ph
) <z) Z /dt V1(5p6 V7(11(9)42V1(11;2)8V3(2p12
14,8,5,6,11,12,7,10

X Ds7(t1ta)D1o,11(tats) Di2,6(tst1)Ds 14(tsts)d(t3 — t2) (E.85)
| write Dg14(tsts) = Diag(tsts), Dio11(tats) = Di1,10(tsta)
| rename 11 — 12,8 — 11 and 12 — 8

1 (h)? 3ph) <(3ph) ¢ (3ph) 7 (3ph
-~ 9 <z> /dtSV( g V7(1;()J4)V1(2I§ 1)1‘/?,(21712
56781011 12,14

X Ds7(t1ta)D12,10(tsta) Dge(tsti)Dia,11(tsts)d(t3 — t2) (E.86)
= LHS second line (E.87)

RHS second line (expected to match with LHS first line)

L(h ’ 3ph) - (3ph 3ph 3ph
- 2<> 2 / VA VE2 Vi s Vi
5,6,7,8,10,11,12,14

X D5 7(tst2) D1411(tats) D110 (tst2) Dge(tsts)o(ta — t1) (E.88)
| rename 14 — 6, 5,6 — 9,10, 7,10 — 13,14, 8 — 12, 12 — 11 and 11 — 8

1 /h\? (3ph) v7(3ph) 77 (3ph) 7(3ph)
= 3 <Z> Z /dthl P 9p10V8(1€ 12V13gl4
9,10,13,12,14,8,11,6

x Dg 13(t3t2) Deg(tats) D11,14(tst2) D12,10(tsts)d(ts — t1) (E.89)
‘ Write D11714(t8t2) = D14711(7f27f8) and Dﬁg(t4t8) = Dgﬁ(t8t4)
= LHS first line (E.90)

RHS third line (expected to match with LHS third line)

1 /h\? 3ph) 7 (3ph) v (3ph) ¢ (3ph
-~ 9 () Z /dt7v1(1ggv7(9p1gv3( g )‘/1(32,2
5,6,7,8,9,10,12,13

1

X Ds 7(tst7)Dg13(t7ta) D12,10(t1t7)Dge(tits)0(ta — t2) (E.91)
| rename 12,8 —+5,6,10 - 7,6 - 8,5 — 12 and 7 — 10

1 /h\2 (3ph) 77 = (3ph) 77 (3ph
= 5 (l) 3 /dt7V1 1 %V(1§7§V1(3§72
12,8,10,6,9,7,5,13

x D12.10(t3t7)Dy,13(t7t4) D5 7(t1t7) Deg(t1t3)0(ts — t2) (E.92)
| write Dﬁg(tltg) == Dgﬁ(tgtl)
= LHS third line (E.93)

RHS fourth line (expected to match with LHS fourth line)
1 (h)* 3ph) < (3ph) < (3ph) +(3ph
-~ 9 <z> Z V7(,},D )‘/%(,51,)6)‘/1(3}[{4)2‘/1(15,8)
5,6,7,8,9,11,13,14
X Ds 7(tst1)Dg13(t1ta)D1a,11(tata) Dge(tats) (E.94)
| rename 7,9 — 5,6 and 13,14 — 8,11
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1 /(r\? 3ph) < (3ph) < (3ph) < (3ph

9 <z> Z V5( g )Vs( 4 )Vs(ﬁ 2‘/1(42,1)3
7.9,5,13.6.14,8,11

X D75 (tst1)Deg(t1ta) Di1,14(tata) D13 g(tats)

1 /(n\? 3ph) < (3ph) < (3ph) < (3ph

9 <Z> Z V5( % )Vza( 4 )‘@(1?4)‘/1(4,2,1)3

5,6,7,8,0,11,13,14
X Ds7(t1t3)Dg 13 (t3t2)D14,11(t2ta) D 6(tat1)
LHS fourth line

RHS fifth line (expected to match with LHS fifth line)

1 /h\?
2 \i
5,7,9,10,11,12,13,14

X D5 7(tst7) Do 13(t7ta) D141 (tat2) Di2,10(t2t7)d(t3 — t1)
rename 14 <> 11, 12+ 13 and 10 < 9

; <h>2
2\ 5,7,10,9,14,13,12,11

X D5 7(tst7)D1o,12(t7ta) D11,14(tat2) D13 o(tat7)d(ts — t1)

write Dig12(t7ta) = Di210(tat7), Di1,14(tata) = Dia11(tats) and Dizg(taty)
LHS fifth line

3ph) 17 (3ph 3ph 3ph
Z / dt V1(5p3 V’? 91’18 ‘/1(3 1{4)4‘/1(1 112)2

3ph) 7 (3ph) v (3ph 3ph
Z / dt7V1(5p3 12(0) 3‘/1(2111)4‘/1(423)2

Hence the curl condition is satisfied.
Version 2: Sign-assigned Self Energy

Paired momenta are (¢, ¢2), (¢5,q7), (G, ¢13), (14, q11), (q12; G10) and (G, go)

5(1,2)

(3, 4)

LHS

2
(3ph) v(3ph) 77 (3ph) {7(3ph)
< ) /dt7dt V156 V910V11 128‘/131‘
567891011 12,13,14
X Ds7(t1t7) Do 13(t7t2) D1a,11(t2ts) Di2,10(tst7) Dss (tst1)
(3ph) 77 (3ph) t7(3ph) /(3p )
< ) /dt7dt V356 7910V11128V13
567891011121314

X Ds7(tst7) Do 13(t7ta) D14,11(tats) Di2,10(tst7) Dgs(tst3)

5%(1,2
5D(4,3

| —

[\

h 3ph) 7 (3ph) 7 (3ph) 7 (3p )
Y (2) Z /dt8V146 3,9 0V11 12,8 V’s
6,8,9,10,11,12,13,14

x Do 13(t3t2) D141 (tats) Di2,10(tsts) Dse(tst1)d(t1 — ta)
L(ny® (3ph) ¢ (3ph) v7(3ph) 17(3ph)
*3 <z> Z /dt V156 Via10Vin, 128V 14,2
5,6,7,8,10,11,12,14
X D5 7(t1t4) D1a,11(t2ts) Di2,10(tsta) Dse(tst1)d(t2 — t3)

1 /h\? Sph 3ph) - (3ph) 77 (3ph)
+§ <z) Z /dt V 910V §V1‘3,21,2
5,6,7,8,9,10,12,13

471

(E.98)

(E.99)

= Dy 13(t7t2)

(E.100)

(E.101)

(E.102)

(E.103)
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RHS

X D5 7(t1t7) Do 13(t7t2) D12,10(t3t7) Dse(tat1)d(t2 — ta)

1 (h\? (3Ph) {7(3ph) 7 (3ph) {7 (3ph)
+5 <Z) Z V56 V793 Vl 218V‘3‘
5,6,7,8,9,11,13,14

X Ds 7(t1t3) Do 13(tat2) D1a,11(t2ta) Dgs(tate)
L(hY? (3ph) v (3ph) v (3ph) (3ph)
3 <z> > /dt Viss Vioao VitV me
5,7,9,10,11,12,13,14
x D5 7(t1t7) Do 13(t7t2) D1a,11 (t2t4) D12 10(tat7)d(t1 — t3)

LRy’ (3ph) y7(3ph) t7(3ph) 17(3ph)
2<Z> Z /dt V326 V1910V11128V13144
6,8,9,10,11,12,13,14

x Dy 13(t1t4) D1a1(tats) D12, 10(tst1) Dss(tsts)d(ts — ta)

L (Y (3ph) 7 (39h) 7 (39h) 7/(3ph)
3 <z> Z /dt V356 72,10 V11, 128V1 14,4

5,6,7,8,10,11,12,14

X D5 7(t3ta) D14,11(tats) D12,10(tst2) Dge(tst3)d(ts — t1)

1 /n\? (8Ph) 7(3Ph) 77(30h) {7 (3ph)
5 <2> Z /dtV356 70,10 V112,8 V324
5,6,7,8,9,10,12,13
X D5 7(tst7) Do 13(t7ts) D12,10(t1t7) Dss(t1t3)0(ts — t2)

1 (h\? (3ph) T7(3ph) 77 (3ph) 77(3p )
+ <z> Z V356 V791 V11,2, V’3
5,6,7,8,9,11,13,14

(tgtl)Dg 13 <t1t4)D14 11(t4t2)D86 (t2t3)

A% () 760 1) 7600
Z> Z /dt V351 79,10V11,1 V‘g £
5,7.9,10,11,12.13,14

X D5 7(tst7) Do 13(t7ta) D141 (tat2) Di2,10(t2t7)d(t3 — t1)

RHS first line (expected to match with LHS second line)

follow earlier to rename 9,10 — 5,6, 13,14 — 7,10 and 6 — 14

1

2

(

h

1

2
3ph 3ph) (3ph) v(3ph)
> Z /dt8V3214 1,5,6 V11128V1’4

14,8,5,6,11,12,7,10

X D5 7(t1ta) D111 (tats) D126 (tst1)Dg 14(tsts)d(ts — t2)
write Dg 14(tst3) = Diag(tsts) and D1 11(tats) = Di1,10(tsta)
then rename 11 — 12, 8 — 11 and 12 — 8

1

2

(

h

7

2
3ph 3ph) (3ph) v7(3ph)
) Z /dtv3214 1,5,6 Vms V7,1‘0,4

5,6,7,8,10,11,12,14

X Ds 7(t1ta)D12,10(tsta) Dg 6 (tst1)Dia1(tsts)d(ts — t2)
use the pairing (10, ¢12) and (14, G11) to change signs
LHS second line

472

(E.104)

(E.105)

(E.106)

(E.107)

(E.108)

(E.109)
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RHS second line (expected to match with LHS first line)
| follow earlier to rename 14 — 6, 5,6 — 9,10, 7,10 — 13,14, 8 — 12, 12 — 11 and 11 — 8
2
-5(5) > Jammeam i
9,10,13,12,14,8,11,6
X Dy 13(t3t2) Des(tats) D11,14(tst2) D12,10(tst3)d(ts — t1) (E.110)
| write Di1,14(tst2) = Dia11(t2ts) and Deg(tats) = Dse(tsts)

LR\ (30h) {7 3ph) §(30) [/(3ph)
- 2(2) Z /dt V3910 13,2 1V 112Vl64
6,8,9,10,11,12,13,14

X Dg 13(tst2) Dge(tsta) D111 (t2ts) Di2,10(tsts)d(ts — t1) (E.111)
| use the pairing (g5, Gs) and (qi1, G14) to change signs
= LHS first line (E.112)

RHS third line (expected to match with LHS third line)
| rename 12,8 — 5,6, 10 - 7,6 — 8,5 — 12 and 7 — 10
| then write Dgg(t1t3) = Dsg(tst1)

L (h\? 30h) {7 (3ph) {7 (3ph) 7 (3ph)
- 2<z> Z /dtvzams 10,9 7V56 Vissa
5,6,7,8,9,10,12,13

XD12710(t3t7)D9,13(t7t4)D5,7(t1t7)D86(tgtl)é(t4 — tQ) (E.113)
| use the pa‘irings ((?57 (?7)7 (Jﬁu 68)7 ((710; 512)) (J& 54) and (6717 6‘2) to Change Signs
— LHS third line (E.114)

RHS fourth line (expected to match with LHS fourth line)
| rename 7,9 <> 5,6, 13,14 <> 8,11

| then swop all indices in all the Green’s functions, D

1 (h>2 > (3ph) ¥7(3ph) 77(3ph) 7 (3ph)
= — — V V V m Vg
5,6,7,8,9,11,13,14

5\ 3 3,79 V56,1 V142,13V8,114

x D5 7(t1t3) Do 13(t3t2) D1a,11(t2ta) Dse (tat1) (E.115)
| use the pairings (¢1, @), (5, 7), (@3, d4), (q11,¢1a) and (i3, o) to change signs
= LHS fourth line (E.116)

RHS fifth line (expected to match with LHS fifth line)
| rename 14 <+ 11, 12 <+ 13, 10 > 9
| then write Do 12(t7ta) = Di2,10(tat7), Di1,14(tate) = Dia11(tats) and Di3g(taty) = Do 13(t7t2)
2
- % (?) Z /dt V335p{l V(?;](D)hgvl(jl : ng ‘)
5,7,9,10,11,12,13,14
X D5 7(t3t7) D12,10(tat7) D1a,11(t2ts) Do 13(t7t2)6(t3 — t1) (E.117)

| use the pairings (di, @), (@, @) and (di1, Gia) to change signs
= LHS fifth line (E.118)
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Some concluding comments are

1. Indeed the satisfaction of the curl condition amounts to certain symmetries of the vertex parts.

2. The 3 cross terms do not satisfy the curl condition and it can be seen from the Feynman diagrams
that the vertex parts are not symmetric.

3. V3P term satisfies the curl condition as the ladder vertex correction has the required symmetry.

4. Thus there is no ®-derivability for certain diagrams of the combined 3-phonon and 4-phonon
interaction, though there may be ®-derivability for each interaction seperately. Perhaps the reason
is just like that for electron-phonon interaction. There are 2 systems where energy can distribute.
In this case the “2 systems” are the 3-phonon system and the 4-phonon system. And just like in
electron-phonon interaction, to get conservation, we need pairs of diagrams to take into account
the total energy in the 2 systems which is conserved.

E.2 Subjecting the Phonon self energy to the Landauer Energy Cur-
rent Conservation Sum rule

E.2.1 VG Term

The Landauer energy conservation sum rule is,
dw C C c C
0= [ Gor Y (B9 @)D" — =97 @)Dl @) (E.119)
1,2

We drop the central device superscript label (C) from now on. First establish an identity, D3} (—w) =
D3y (w)

D3 (-w) = / dte' ) D3 (1) (E.120)
= / dte™ =) D3 () (E.121)

o0 oo
| rename t — —t so / dt — / dt
—0o0 — 0o
= dte™“' Dy (—t) (E.122)

| compare the 3 expressions at steady state: D3 (t) = D3;(t1 — ta) = —%<u2(t1)u1(t2)>

| DA(-1) = D3i(t — 11) = —1 (ua(ta)om 1)

| DR(t) = DRyt — t2) = — (wm(ta)un (1)) s0 Dig(t) = D5 (~1)

= / dte™' D5 (t) (E.123)
~ DHw) (E.124)

Now we check this sum rule for the self energy V(3Ph)? which has been checked for conservation by

kinetic theory and by Baym’s ®-derivability condition earlier in this appendix.
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The self consistent self energy is

h h
Sh(tits) = Z VISPV D2 (t182) D, (tat1) (E.125)
3456

We have assumed steady state so we can Fourier transform to the frequency domain.

Y5 (w) = / d(ty — to)e™tM2)0> (1) — ) (E.126)

| write the Green’s functions into Fourier form D3;(w;) and Dg;(w2)

dw dw
_ Z ‘G:ifh 563§>h / 1/ Q/dtl—tz) i(w—w1Hws) (t — t2)D35(w1)D64(w2)
EEWER

1 )
| use representation of delta function o / dte™" = §(w) then evaluate / dws
7r
(3 h dwq
- Z Vi Vi / 5 Das(w) Dgy(wr —w) (E.127)
' 3456

The other self energy is

1h (3ph) (3 duwq
Ihw) = 27 Z 13i7 Véég /2 D35 (w1)Dgy(w1 — w) (E.128)
345

First term of sum rule

- /d‘”thz w) D3, (w (E.129)

dw 3ph) 7 (3ph
B / / > Vi Ve Dis(wn) Diy(wr — w) D3 (w)hw (E.130)
1 2,3,4,5,6

Second term of sum rule

duwy 3ph) 5 (3ph
- / / > Vi Vi D3 (wn) Dgy(wr — w) D5 (w) (E.131)
1 2,3,4,5,6
| rename w — —w and w1 — —w

dwy 3ph) 1 (3ph
- 53/ 5 / ST TV DX (1) DGy (—(r — @) D5y (~w)h(—w) (B132)
1,2 3 45,6

1<y

] useD = D3, (—w)

dwy 3ph) <(3ph
_ / / ST VEMTEN DS (w1) Dig(wi — w)Diy(w)h(—w) (E.133)
1,2 3 4,5,6

1<y

| rename3<—>5 4<»6and 1+ 2

dwy 3ph) < (3ph
= i [ Y B DR ) DG - D7 k() (E.134)
1,2 3 45,6

I ]

The Sum Rule
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dwy 3ph)<7(3ph) | (7(3ph) </ (3ph
= i S o (VY - V) toDi e Disen ) D)
1,2,3,4,5,6
] the coefficients are complex conjugates of each other
dw1 (3ph)
- / / S 2R (VP (he) Dss(wn) Dy (wn — w) D () (E.135)
1,2,3,4,5,6
£ (E.136)

Hence the sum rule is not satisfied. We try again following the slightly different approach in [Lu2007]
between equations (B5) and (B6).

Second term of sum rule

dwy (3ph) 1 (3ph
= / / ST VIS D2 (1) Dy (w1 — w) Dy (w)fiw (E.137)
1,2,3,4,5,6
|  rename w — —w
dwy 3ph) ¢ (3ph
L / ST VI D2 (01) Dy (1 + ) D5 (—w)h(—w)  (B.138)
1,2, 3 4,5,6
| use D5j(—w) = D7y(w) then shift wy — w; —w
dwy 3ph) +(3ph
o / S VTS DY (0 - ) D @) DRR(~w)  (BA30)
1,2, 3 4,5,6
| rename3<—>6 4 5and 12
dwy 3ph) +(3ph
— i [ [ B DR - DR @)D @A) (E140)
1,2, 3 4,5,6

and we get exactly the same expression as the first approach hence the sum rule is not satisfied.

So what is the problem? I suspect the sum rule for energy current is somehow incorrect. Looking
back at the derivation of the sum rule in the chapter on NEGF (mostly phonons), we realize that
the frequency integral plays no part in the derivation but definitely plays a part in the final sum rule
expression. We display the role of the frequency integral by decomposing the expression, !

Tr (2% (w)D” (w) — £7(w)D<(w)) = “odd in w part” + “ even in w part” (E.142)
Then with the frequency integral

d
whw“odd in w part” + / —hw“even in w part” (E.143)

The second integral is zero whatever the even part is because we recall odd x even = odd and odd
integrals are zero. The first integral is nonzero and is the expression we got earlier. So for the sum rule
to hold, Tr(X<D~ — X~ D<) must be even in w, there is no odd (in w) part.

It is interesting to note that the particle current conservation rule sum rule which is derived in

'Recall the standard way to decompose a function into even-odd parts is

f(@) =5 [f (@) + f(=2)]+ 5 [f(z) = f(-2)] (E.141)

even part odd part

N =
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essentially the same way says a different story. This is equation (12.34) in [Haug2007]

0= / ;ler (E(C)<(w)G(C)>(w) _ E(C)>(w)G(C)<(w)) (E.144)

™

and the sum rule holds when Tr(...) is odd in w and has no even (in w) part.
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